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FOREWORD 


The existing Syllabi of Mathematics for Classes 
VI to X in the Schools recognised by the Board 
have been running in phases since 1981. 
Accordingly, the text books of Mathematics for 
Classes VII to X are published by the Board. The 
text book of Mathematics for Class VI is the 
publication of Govt. of West Bengal. The 
Government, however, arranges for free 
distribution of the book. 


Necessity had been duly felt to rearrange the 
contents of the erstwhile two different 
Mathematics books, one each for Class IX and 
Class X. This was particularly in consideration 
that the Syllabus of Mathematics as the Syllabi of 
all other Subjects for Madhyamik Priksha of the 
Board is an integrated one for Classes IX and X. 
Consequently, as well as in view of the volume of 
the book, the Mathematics text book for Classes 
IX and X taken together is now published in two 

arts — Part I consisting of Algebra ` and 
Arithmetic, Part H of Geometry, Trigonometry 
and Mensuration. l 


This has been a matter of privilege to the Board 
that many teachers, educationists and also some 
students had suggested some corrections in our 
text books on Mathematics. Efforts have been - 
made to incorporate the corrections as well as to 
minimise certain shortcomings to uplift the 
standard of the books. 


In this context I like to impress upon of all 
concerned that the books prepared by the Board 
are the only text books on Mathematics approved 
by the Board. The School authorities are, 


therefore, requested not to put the guardians and ` 


their wards in confusion by prescribing any other 
Mathematics book whatsoever as text books for 
Classes VI to X. 


I look forward for the cooperation of teachers, 


educationists and students also in future as in the 
past. 


Chittaranjan Bandopadhyay 
President, 
West Bengal Board of 
Secondary Education. 
77/2, Park Street, 
Calcutta - 700 016, 


The 17th July, 1992. 
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Revised Syllabus in Mathematics for classes IX & X 
[ Geometry, Mensuration & Trigonometry ] 


Geometry Marks 30 


1. Revision of previous works through simple exercises. 


2. To establish the following propositions : 

(a) Each diagonal of a parallelogram divides the parallelogram into 
congruent triangles. 

The popposite sides and angles of a parallelogram are equal and 

the diagonals bisect one another. 

(b) A quardrilateral is a parallelogram if 

(i) opposite sides are equal, or 
(ii) opposite angles are equal, or 

(iii) any two opposite sides are equal and parallel, or 

(iv) its diagonals bisect one another. 

(c) Tf there are three or more parallel lines and the intercepts made 
by them on any one straight line that cuts them are equal, then 
the corresponding intercepts on any other straight iine that cuts 
them are also equal. 

(d) The straight line, drawn through the middle point of one side of 
a triangle parallel to another side, bisects the third side and is 
equal to half of the second side. The line segment joining the 
middle points of two sides of a triangle is parallel to the third 
side and is equal to half of it. 

(e) (i). Parallelograms on the same base and between the same 

parallels (or of the same altitude) are equal in area. 

(ii) Triangleson the same base (or on equal bases) and between 
the same parallels (or of the same aititude) are equal in 
area, 

(iii) Triangles having equal area, on the same base and on the 
same side of it, are between the same parallels. 

(iii) If a triangle and a parallelogram stand on the same base 
and between the same parallels, the area of the triangle is 
half that of the parallelogram. ji 

(0 (i) The perpendicular bisectors of the sides of a triangle are 

concurrent. 

(i) The perpendiculars drawn from the vertices of a triangle on 
the opposite sides are concurrent. 


(iii) The bisectors of the angles of a triangle are concurrent. 
(iv) The medians of a triangle are concurrent. 
. ‘Pythagoras’ Theorem—Statement and demonstration through 


3 
activity only. 


4. Constructions with proofs : 


(i) 
(ii) 


To draw a parallelogram equal in area to a given triangle and 
having one of its angles equal to a given angle. — 
To draw a triangle equal in area to a given quardrilateral. 


5. Simple problems based on the above propositions and constructions. 


6. Revision of previous work through simple exercises. 


7. To prove that 
(a) There is one circle and only one which passes through three 


(b) 
(c) 
(a) 


(e) 
(f) 


(g) (i) The tangent at any point of a 


8. Properties of Ratio and Pro; 


given points not in a straight line. 


A straight line drawn from the centre of a circle to bisect a chord 
which is not a diameter is at right angles to the chord, and 
conversely. 

The angle which an arc of a circle subtends at the centre is 
double that which it subtends at any point on the remaining part 
of the circumference. 

Angles on the same segment of a circle are equal. If a line 
segment joining two points subtends equal angles at two other 
points on the same side of it, the four points shall lie on a circle 

The angle in a semi-cirlce is a right angle. ! 


The opposite angles of any quadrilateral inscribed in a circle are 
supplementary. and conversely. 


\ circle and its radi 
that point are perpendicular t radius through 


" o one a 
(ii) The segments of two tangents of a diis iu an external 
point to the points of cóntact are equal and they sub F 
.. qual angles at the centre. iii 
(iii) If two circles touch, the 


point of contact lies on t i 
line through the centres he straight 


1 portion with reference to ; 
figures. geometrical 


9. To prove that : 


(a) 


(b) 


(c) 


If a straight line is drawn parallel to one side of a triangle the 


other two sides are divided proportionally, and the converse. 
(Proof based on the area proposition should be used.) 


If two triangles are equiangular, their corresponding sides are 
proportional, and conversely, i 


If a perpendicular is drawn from the vertex containing the ri 
u Í right 
angle of a right-angled triangle, on the nitens the 


triangles on each side of the perpendi imi 
eee: icular are 
whole triangle and to one another. ae 


(d) Pythagoras’ theorem and its converse, 


r 


"~ 


10. Constructions with proofs : 

(i) To drawa circle circumscribing a triangle. 

(i) To draw a circle inscribed in a triangle. 

(iii) To draw a tangent to a circle : 
(a) from an external point, 
(b) at a point on the circle. 

(iv) To draw common tangents to two given circles. 

(v) To draw the mean proportional of two line segments. 


11. Simple problems based on the above propositions and constructions. 


Mensuration j Marks 15 
1. Perimeter and area of a rectangle, a square, a triangle. Area of any 


rectilinear figure. 
2. Circumference and area of a cirlce. (The approximate value of 
7 to be taken as) 
` (only statement of formulae and their numerical applications) 
3. Revision of previous work through simple exercises. 


4, Surface and volume of 
(i) A rectangular parallelopiped, 
(ii) a right circular cylinder, and a right circular cone, and 


(iii) 8 sphere. 


Marks Í 


Trigonometry 


1, idea of trigonometrical angles : 
Positive and Negative angles. Measurement of angles in Sexagesima! 
and Circular measures only. (7 radian = 180° to be assumed) 


2. Definition of Trigonometrical ratio of an- acute an le 
Trigonometrical ratios of the following angles : 0°, 30°, 45°, 60° ov 
(except undefined values such as tan 90°, cot 0°). ——— 


3, Trigonometrical ratios of complementary angles, 


4, Simple problems on heights and distances reducible to the solution of 
right-angled triangles involving the angles mentioned above 
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GEOMETRY 


CHAPTER | 
"Revision Exercises on Previous Lessons 


Exercise 1 
(In every case give reasons in support of your answer) 


1. ABC is a right-angled triangle in which LÀ is a right angle 
and LC = 55°; DE is drawn perpendicular to the side BC from 
any point D on the side AB. What is the measure of LBDE ? 
What is the relation between AABC and ADRE? 


2. (i) What is the sum of the interior angles of a polygon f 
10 sides? If the sides of this polygon be produced pma 
order and in the same direction, what will be the sum of the 
exterior angles so formed? Had the number of sides of the 
ploygon been 12, what would have been the sum of the interior 
and that of the exteiror angles? 

(1). What is the number of sides of a regular ploygon 
each of whose exterior angles is 40?? 

(iii) What is the number of sides of a regular polygon 
each of whose interior angles is 150°? 

(iv) What are the measures of each interior and each 
exterior angle of a regular polygon of 9 sides? 

3. Side BC of AABC is produced to the point D. /ACD — 
112°, and /B—3 LA; find the value of LA. ; 

4. In the isosceles triangle ABC, AB — AC, /A — 70°: 
bisectors of the two exterior angles obtained by producing BC 
on both sides meet ‘at the point O. What is the measure of 
LBOC? What type of quadrilateral is ABOC ? 

5. In which of the following cases will the three points P, Q, 
R be collinear? 

(i) QP=QA=QR; LAQP and /AQR are two adjacent 
angles; LAPQ=70°, LQAR=4S°. 

(ii) QP=QA=QR; /AQP and /AQR are two adjacent 
angles; LAPQ=70°, LQAR=20°. 

(iii) An equilateral triangle APQ and an isosceles triangle 
AQR, whose side AQ=side QR, are such that [AQP and LA QR 
are adjacent angles; /QAR-—30*. 
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(iv) An equilateral triangle A PQ and an isosceles triangle 
AQR, whose side AQ=side OR, are such that /A QP andlAOR 
are adjacent angles: /OAR=40°. 

(v) Q is the mid-point of the line segment AB: two line 
segments AP and BR are drawn in such a way that they are on 
opposite sides of the line segment AB and {PA Q=/RBQ. 

(vi) Q is the mid-point of the line segment AB; two equal 
and parallel line segments A P and BR are so drawn that they are 
on opposite sides of the line segment AB. 

(vii) In AAPQ, LAPQ=60° and LPAQ—30*; in AAQR, 
AQ=QR and LQAR=45°; LAQP and LAQR are two adjacent 
angles. 

(viii) QST is a triangle. /PQT — LOTS and they are on 
opposite sides of QT. LROS=/OST and they are on Opposite 
sides of QS. 

6. Side BC of the equilateral triangle ABC is produced to 
the point D such that CD=AB. What is the measure of /BA D? 


7. In AABC, AC- BC and LABC=70°. BC is produced to 
the point D such that BC=CD. What is the measure of /BAD? 

8. In AABC, AB=AC and /ACB=50°. CA is produced to 
the point D such that LABD=40°. What is the relation between 
AB and AD? 

9. In the parallelogram ABCD, (BA D=45°; find the 
measure of each of the other three angles. 

10. ABCDEF isa hexagon and O is an interior point, If the 
angles subtended by the sides of the hexagon at the point O are 
equal to each other, find the measure of each angle. Which line 
segments through the point O will lie on the same Straight line? 
If those line segments are of equal length, what type of polygon 
will ABCDEF be? " 

11. (i) In AABC, LABC-SO*, [BCA - go», 
sides of the triangle in descending ord 

(ii) In AABC, AB=5 cm, BC= 
the angles of the triangle in ascendi 


Arrange the 

er of their lengths, 

4 cm and CA=7 cm. Arrange 

ng Order of their magnitudes, 
12. Two line se 

point O. 


If LAQD = 


ements AB and CD intersect each other the 


3 n 
8 /DOB, what is the measure of each angle? 
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REVISION EXERCISES © 5 

13. In the following figures (without producing the line 

segments to any direction) find the condition or conditions 

under which the two line segments AB and CD will be parallel to 
each other. 


A B A B 
c C D 
(i) (ii) 
E 
A B 
E E 
Fig. 1 


14. In which of the following cases will it be possible to 
construct a quadrilateral ? In each of those possible cases the 
sides are to be taken in a certain order: state that order. 


(i) Length of a diagonal is 7 cm and the lengths of the 
sides are 5 cm, 2 cm, 6 cm and 4 cm. 


(ii) Length of a diagonal is 7 cm and the lengths of the 
sides are 3 cm. 5 cm, 4 cm and 2 cm. 


.(iii) Length of a diagonal is 7 cm and the lengths of the 
sides are 6 cm. 5 cm, 4 cm and 4 cm. 


15. AB, BC and CA are three line segments. BC is greater 
than AB by 4 cm and CA is smaller than AB by 8 cm. The length 


of the line segment AB should be greater tham at least how many 


6 Ma ı HEMATICS 
centimeters such that the three line segments can form a 
triangle? $ 
16. AB is a straight nne and O is an external point. P, Q; R 
S ate points on the straight line in the “above order such that 
LOPB=60°, LPOQ=20°, LPOR=30° and LPOS=40°. Which of 
the four line segments OP, OQ, OR, QS is the smallest and 
which two are equal in length ? Is it possible to draw any line 
segment from the point O to AB which is smaller than the above 
smallest line segment ? 
17. Rewrite the following statements after TN the 
geometrical érror in them. 
(i) If two adjacent angles are equal, each one of them 
will be a right angle. 
(ii) If two sides and an angle of a triangle are 


respectively equal to two sides and an angle of another triangle, 
the two triangles will be congruent. 


(iii) If two angles and one side of a triangle are 


respectively equal to two angles and one side of another triangle. 
the two triangles will be congruent. 


. (iv) If two triangles are congruent, any side of one is 
equal to any'side of the other and any angle of one is equal to 
any angle of the other. 

(v) The straight line EF intersects two straight lines AB 
and CD at the points G and H respectively. (a) Since /BGE and 
LDHG are corresponding angles, AB and. CD are parallel. (b) 
Since /BGH and /GHC are alternate angles, AB and CD are 
parallel. 


18. (i) AABC and APQR are congruent as AB- QR, :BC=RP 
and /ABC = LQRP. Which of the other two angles of the first 
triangle are respectively equal to the other two angles of the 
second triangle? 

(ii) APQR and AXYZ are congruent as /POR = 
LYZX, LPRQ = LYXZ and QR=ZX. Which pairs of the other 
two sides of the two triangles are equal ? 

(iii) AABC and AXYZ are congruent as AB=ZY, 
BC=YX and CA=XZ. Which pairs of the three angles óf the 
two triangles are equal ? 
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‘REVISION EXERCISES 9 
Exercise 2 


1. Draw a line segment AB of length 6 cm. At the point A 
draw one angle 60° with AB as one arm and cut off AC of length 
4:5 cm from the other arm of the angle. Draw straight lines 
through the points C and B parallel to AB and AC respectively. 
These two lines meet at the point D. What type of quadrilateral 
is ABDC? 


2. Draw a line segment AB of length 8 cm. Take a point C 
outside AB. Draw a line through the point C parallel to AB. 
Take a point D on this parallel line. Join A, C and A, D. 
Through the point B draw two lines parallel to AC and AD. 
intersecting the line CD at the points E and F respectively. 
Name the two parallelograms thus formed. 


3. Draw any líne-segment AB. Mark O, the midpoint of AB 
(by ruler and compasses only). Draw a line-segment OC through 
the point O and from CO produced cut off OD equal to OC. 
With the help of set-square can you say what is the relation 
between AC and DB ? What is the relation between AD and CB 
also ? , 

4. Construct a parallelogram ABCD, such that side, 
AB-8:5 cm, side AD— 5-7 cm and /BAD=60°. Take a point E 
on DC and join B, E. Through the point A draw a line parallel to 
BE to intersect CD produced at the point F. Can you sav what 
type of quardrilateral is ABEF ? 


5. Construct a rhombus ABCD such that length of each side 
is 6cm and [BAD 45". Draw perpendiculars to AB at the points 
A and B to meet CD produced and CD at the points F and E 
respectively. Find, with the help of set-squares, the relation 
petween the sides AB and FE of the quardrilateral ABEF. What 
type of quadrilateral is ABEF ? 

6. Construct a triangle ABC such that AB-— 7:5 cm, 
BC= 12:5 cm and CA=10 cm. Now construct a right-angled 
triangle BCD such that /C is a right angle, CD=6 cm and the 

int D is on the same side of BC as the point A. Draw the line 
AD. With the help of set-squares find the relation between AD 
ane lr END a triangle ABC such that AB=8 cm, BC= 5 cm 
adtA BC=60°. Draw perpendiculars from each vertex of the 
sanis to the opposite side. Observe how the three perpendicu- 


lars are’ situated. 
2 
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g. Construct a triangle ABC such that AB=3-5 cm, BC-4 
~n and CA=4-7 cm. Draw a straight line through the point A. 
zarallel to BC. Now through the point B draw a straight line 
parallel to CA to intersect the previous parallel straight line 
through the point A at the point P. Again through the point C 
draw a straight line parallel to AB to intersect the parallel lines 
through the points A and B at the points Q and R respectively. 
What types of quardrilaterals are ABCQ, APBC and ABRC ? 
Find with the help of compasses, the relations between the 
following pairs of the line segments: 


(i) AP and AQ, (ii) BP and BR, (iii) CR and CQ. 
(iv) AB and QR, (v) BC and PQ, (vi) CA and RP. 


9. Consiruct a triangle ABC such that LABC=75°, 
LBCA-—45" and BC—7 cm. Draw the perpendicular bisectors of 
the sides of the triangle. Observe how the perpendicular 
bisectors are situated, 

10. Construct a triangle ABC such that /A is a right angle, 
hypotenuse BC=10 cm and AB=6 cm. Draw the interna! 


bisectors of the angles of the triangie. Observe how these 
internal bisectors are situated. 


` 11. Construct a triangle ABC such that LBAC=105°, 
i8CA=45° and AC- 4:6 cm. Find the mid-points of thé sides 
(with the help of ruler and compasses). Now draw the medians 
of the triangle. Observe how these medians are situated. 


12. Construct a triangle ABC such that LABC=30°, 
AB=AC=9 cm. Bisect BC. Through the point A draw a straight 
"ne parallel to BC. At the mid-point O of BC construct 
/COD=60 such that OD intersects the line parallel to BC at the 
point D. Now through the point C draw a straight line parallel to 
OD io intersect the line parallel to BC at the point E. Can you 

say what type of quadrilateral is CODE ? 


13. Construct a quadrilateral ABCD, such that AB=4 cm, 
BC=5 cm, CD=3 cm, DA=6 cm and diagonal AC=7 cm. Draw 
a straight line through the point B parallel to AC. 


14. Construct a square with side.6:8 cm. 


15. In AARC, [B is a right angle, hypotenuse CA- 15cm 
and BC=6 cm. Construct three squares ACKL, BCDE and 
ABFG on the three sides of the triangle outside it. 


REVISION EXERCISES 9 
Exercise 3 


1. ABCD is a parallelogram. Write its properties from the 
definition. By drawing the diagonal AC, prove that 
AABC = ADC. 


2. Two line segments AB and DC are equal and parallel. 
AC and BD intersect each other at the point O. Prove that 
AQ=OC, BO=OD. 


3. In the quadrilateral ABCD, AB=DC and AD=BC; 
prove that AABC = AACD. 


4. What is the sum of the faur interior angles of a 
quadrilateral ABCD ? If each pair of opposite angles of this 
quadrilateral are equal what will be the sum of /A and /D ? Can 
you now say what is the relation between AB and DC ? Give 


reasons. 


5. In the quadrilateral ABCD, AB=DC and AB i DC. 
Prove that AABC = AADC. 


6. Two line segments AC and BD bisect each other at the 
point O. Prove that AABC = ADOC; hence prove that 
AB=DC and AB i: DC. 


7. In the quadrilateral ABCD, AB and DC are equal and 
parallel. Prove that AABC-» ACDA. Hence prove that AD 
and BC are also equal and parallel. 


8. D is the mid-point of the side AB of AABC. A Straight 
line through the point D intersects AC at the point E. From that 
straight line cut off DF making equal to ED. Join B, F. Prove 
that AADE = ABDF. Hence prove that EC || FB. Had the 
straight line drawn through the point D been parallel to BC, 
what type of quadrilaterai would BCEF have been? Give 


reasons. 


9. D and E are the mid-points of the sides AB: and AC 
respectively of thé tríanlge-A BC. Join D, E and produce it to the 
point F such that EF- DE. Join F, C. Prove that AADE = 
ACEF and hence prove that BA = CF. 


19 MATHEMATICS 

X 10. ABC is a triangle. The perpendicular to AB at its 
mid-point D intersects the perpendicular to AC at its mid-point 
E at the point O. Join O; A; O, B and O, C. Prove that 
AAOD = ABOD and AOE = ACOE. Hence prove that 
OA=O0B=O0C. 


11. Internal bisectors of /B and /C of AABC intersect each 
other at the point /. JD, IE and IF are perpendiculars drawn 
from the point / to the sides BC, CA and AB respectively. Prove 
that ACID = ACIE and ABID = ABIF ; hence prove that 
ID-IE-IF. 


12. O is a point in the interior region-of /BAC such that OD 
and OE, perpendiculars drawn from the point O to AB and AC 
respectively, are equal. Prove that AOAD = AOAE. 


13. AB and CD are two line segments. E and F are two 
points on the line segment.CD in the order C, E, F, D, AE and 


BD are equal and parallel; AC and BF are also equal and 
parallel. Prove that AACE = ABFD. 


14. AP and BQ are perpendiculars to the line segment AB 
at the points A and B respectively. If AP=BQ, prove that 
AABP = AABQ; hence prove that BP=AQ. 


15. AP and BQ are perpendiculars to the line segment AB ` 
at the points A and B respectively. AQ and BP intersect.each 


other at the point R. If AP>BQ, prove that LABP > [BAQ; 
hence prove that AR>BR. 


16. B and Care two points on the line segment DE such that 
the four points are in the order D—B—C—E. AABC is such that 
AB=BD and AC=CE. Prove that [ADB = 3 LABC, LAEC = 


3 LACB and LDAE=90° + } /BAC. 
17. In AABC, LA is obtuse. 


, 1 Side BA of AABC is produce 
m ni point D such that AB=CD. Prove that LBAC=90° + 5. 


18. Side BA of AABC is produced to the point D such that 
AD=AC. Prove that {BAC = 2/ADC. 


Dey 


CHAPTER 2 
Theorems 


2.1 Theorems on the properties of parallelogram : 


The properties that we get from the definition of a 
parallelogram are that its opposite sides are parallel to 
each other. Apart from this there are other properties of a 
parallelogram also, which we will get from the following 


theorems. 


Theorem 17 


Any diagonal of a parallelogram divides it into two 
congruent triangles qnd opposite ‘sides and angles of a 
parallelogram are equal. 

D [6 


Fig. 2 


Let ABCD be a parallelogram, where AB || DC and 
AD || BC. 
Diagonal AC is drawn. 
It is required to prove that 
(i) AABC = ACDA. 
(ii) AB=DC and AD=BC 
(iii) BAD = LDCB and LABC = CDA. 


Proof :*. AB | DC and AC is a transversal 
<. LBAC=alternate /DCA. 
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Again, '. AD || BC AC is a transversal 
.. LACB=alternate /CAD. 
Now in AABC and A CDA 
LBAC = LACD (proved) 


LACB = LCAD (proved) 
and AC is common 


^. AABC x ACDA (i) 


Again, ` .AABC = ACDA 
: AB=DC 
and AD=BC | (corresponding sides) tii 
Again, `° AABC = ACDA (corresponding angles) 
it has been proved earlier that 


LBAC =LDCA and LCAD = ACB 
'. LBAC + LCAD = LDCA + LACD 
'. LBAD =1DCB (iii) 


Coroilary : . Opposite sides of à rectangle are equal 
and each of its ku is a right angle 


2. Sides of a square are all equal and each 
of its angles is a right angle. 


b 


* 


P 


A 


THEOREMS T 
Theorem 18 


The diagonals of a parallelogram bisect each other. 
"EOD l c 


A ` B 
Fig. 3 
Let ABCD be a parallelogram.where AB || DC and AD 
BC. The diagonals AC and BD intersect each other 


at the point O. 
' [tis required to prove that AO = OC and BO = OD. 


Proof : `< AB || CD and AC is.a transversai. 
.. LOAB = alternate LOCD. 


Again, ;. ABCD is a parallelogram 
.. AB=DC 
Now in AAOB and ACOD 
LOAB = LOCD (proved) 
LAOB = vertically opposite (COD 
and the two corresponding sides AB=DC 
s. AAOB = AOCD 
-. AO=OC and BO=OD (corresponding 
sides) ‘ 


Some applications : 
1. The bisectors of a pair of opposite angles of à 


h other. 
ram are parallel to each « 
pee bisectors of LA and LC intersect DC and AB at 
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the points P and Q respectively. 
D P. Cc 


A Q: B 
Fig. 4 
it is required to prove that AP || OC. 
Proof : LDPA = LPAQ (alternate) |: DC || AB | 
} DAB 


5 LDCB [ '- opposite angles of a 
parallelogram and equal] 
= LDCQ (corresponding) 


Il 


`. the straight line DPC is a transversal of AP and QC 


and the two corresponding angles are equal. 
-. AP FOC 


2. ABCD is a paralielogram with AB>AD. Prove that 
LBAC < LDAC. 


D c 


Fig. 5 
Prooj : ';. ABCD is a parallelogram 
` AD = BC 


Ry 


EY 
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Again, AD || BC and AC is a transversal 
.'. LDAC=alternate /ACB 
"s AB>AD 
<. AB>BC 


'. in AABC, LBAC < LACB 
-. LBAC« LDAC 


3. ABCD is a parallelogram with AB=2AD. Prove 
that the bisectors of LA and /B meet at right angles at 
the mid-point of DC. 

D P e 


A B 
Fig. 6 


Let the bisector of LA of the. parallelogram ABCD 
meet DC at the point P. P, B are joined. 


It is required to prove that (i) Pis mid-point of DC 
(ii) BP is the bisector of ¿B and (iii) LAPB =! right angle. 


Proof:'. AP is the bisector of LA 
-. LDAP = LPAB 


= [DPA (alternate) [ DC||AB) 
+. in ADAP, DP = DA =; AB = LDC 
Y PC=DP=DA=BC. 
-. Pis mid-point of DC (i) 
In ACPB, ICBP-LCPB | `~] PC=BC | 
= Alternate LPBA [ DC| AB] D 
ii 


e. PB is thebisector of LABC 
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Again. LPAB + LABP = 1 (LDAB + LABC) 


tm po 


=} x 180°=90° 
-. LAPB = 180° — (LPAB + LABP) 
; = 180° —90— 90° = 1 right 
angle (iii) 


4. Diagonals AC and BD of the parallelogram ABCD 
intersect each other at the point O. A straight line through 
the point O intersects AB and DC at the points P and Q 
respectively. Prove that OP- OQ. 


Fig. 7 
Proof : In APBO and AQDO 
LPBO = LQDO (alternate) [ -.. DC || AB ] 
LPOB = LQOD (vertically opposite) 
and OB=OD (-." the diagonals of a para- 


llelogram bisect each 
other) ' 


-. APBO = AQDO 
^. OP-OQ (corresponding sides) 


^y 


A 
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Exercise 4 


1. Without using diagonal prove. only. from the properties 
of parallel lines, that opposite angles of a parallelogram are 
equal. 

2. Prove that the quardrilateral formed by the bisectors of 
the four angles of a parallelogram is a rectangle. 


3. Prove that the.two diagonals of a rectangle are equal. 


4. Prove that the diagonals of a square are equal and they 
bisect each other at right angles. 

5. ABC ıs an equilateral triangle and D. E, F are the 
mid-points of BC, CA, AB respectively. Prove that AAEF and 
A BDF are also equilateral. Hence prove that DE and CF bisect 
each other. . > 

6. Prove that the two angles adjacent to any one of the 
parallel sides of an isosceles trapezium are equal. 

7, Prove that a parallelogram with a pair of supplementary 
opposite angles is a rectangle. 

8. ABCD is a parallelogram. Two squares ABPQ and 
ADRS are drawn on “ie sides AB and AD respectively and are 
situated outside the parallelogram. Prove that APRC is isos- 
celes. 

9. LA of the parallelogram ABCD is obtuse. Two equilateral 
triangles ABP and ADO are situated outside the parallelo- 
gram. Prove that ACPQ is equilateral. 

10. P is a point on the side BC of the square ABCD. 
Perpendicular drawn on AP from the point B intersects DC at 
the point Q. Prove that AP=BQ. 


11. OP, OQ and OR are three line segments; three . 


s parallelograms OPAQ, OQBR and ORCP are drawn. Prove 


that AR, BP and CQ bisect each other. 

12. ABCD is à parallelogram and EF is a straight line 
outside it. Perpendiculars AP, BQ, CR.and DS are drawn from 
the four-points A, B,C, D respectively lying on the line. EF. 


Prove that SP + SQ = SR. 


13. O is a point inside A POR. The parallelograms QORX, 
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ROPY and POQZ are drawn. Prove that APOR =A XYZ. 


14. PORS is a parallelogram. The strai i 
: : ight line d 
through the point R Parallel to the bisector of LQ needs PO 


15. Through the points A, B, C of AABC lines 
iue ] A, D, are d 
parallel to opposite sides. First and second parallel lines fiber 
each other at the point P, second and third meet each other at ` 
the point Q and third and first-meet each other at the point R 
Prove that B, C and A are the mid-points of O i > 
respectively. AURERE 
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2.2 Conditions for a figure to be a parallelogram and concerned 
theorems. 
à The first condition of a quadrilateral to be a parallelogram 
is obtained from the definition. This condition is that if each pair 
of opposite sides of a quadrilateral are parallel then it is a 
parallelogram. Apart from this, there are some other conditions 
which are obtained from the folio wing theorems. 


Theorem 19 
If the two pairs of opposite sides of a quadri 
x ilateral 
equal, the quadilateral will be a peu Arun ru 


D c 


A B 
Fig. 8 


Let ABCD be a quadrilateral such that AB=DC and 


AD=BC. 
It iè required to prove that ABCD is a parallelogram. 


Construction: Diagonal AC is drawn. 
Proof: In AABC and ACDA 
AB=DC , 
BC-AD } (hypothesis) 
AC is common. 
^. AABC = ACDA 
<. LBAC =LACD (corresponding) 
But these. are alternate angles. 
... AB || DC. 
^ NABC = A ADC 
s. «ACB = =CAD (corresponding) 
But these are alternate angles. 
A 


Again, 


a ABCD is a parallelogram. 


Corollary : Rhombus is a parallelogram. 
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Theorem 20 


if the opposite angles of a quadrilateral be equal, the 
quadrilateral will be a paralleogram. 


D c 


Fig. 9 


Let ABCD be a quadrilateral such that BAD = LDCB 
and LADC = LCBA. 


It is required to prove that ABCD is a parallelogram. 


Proof : LBAD = [DCB , 
and LADC - [CBA (hypothesis) 


BAD + LADC = LDCB + LCBA 
= 3 (BAD + [ADC + LDCB + |CBA 


i X 4 right angles ('." sum of the four angles 
of a quadrilateral is 4 right angles) 
— 2 right angles. 


© <. ABI DC. 
Similarly, it can be proved that AB || DC. 


.,. ABCD isa parallelogram. 
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Theorem 21 


If any pair of opposite sides of a quadrilateral be equal and 
parallel, the quadrilateral will be a parallelogram. 


D c 


Fig. 10 


Let ABCD be a quadrilateral such that AB=DC and 
AB || DC 


It is required to prove that ABCD is a parallelogram. 
Construction: Diagonal AC is drawn. 


Proof: '^ AB || DC and AC is a transversal 
`. LBAC = alternate [DTA 


Now,in ABAC and ADCA 
AB=DC (hypothesis) 
AC is common 


and included LBAC =included LDCA (proved) 
'. ABCA = ADCA. i 
*. [BCA = LDAC (corresponding ). 


But these @ are alternate angles. 
BC || AD. 
"ad p || DC (hypothesis) 
and BC || AD (proved). 


*. ABCD is a parallelogram. 


— W.S. eos. 


Bare gt 
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Theorem 22 


If the diagonals of a quadrilateral bisect each other, the 
quadrilateral will be a parallelogram. 


D Cc 


Fig.’ 11 


Let the diagonals AC and BD of the quadrilateral 
ABCD bisect each other at the point O, that is, AO=OC 
‘and BO=OD. 


It is required to prove that ABCD is a parallelogram. 


Proof: In AAOB and ACOD 
OA = OC | 
OB = OD } (hypothesis) 
and included LAOB=included /COD (vertically opposite) 
-. AAOB = ACOD. 
^. AB=DC , 
* 4 and LOAB=LOCD 
“that is, LCAB=LACD. 


cs 
But these are alternate angles. 
AB nc ^! 
'"—" AB-DC and AB | DC 
-. ABCD isa parallelogram: 


Remark: It can be proved that the sides BC and AD 
are parallel by proving that ABOC and ADOA are 
congruent. Then the two pairs of Opposite sides will be 
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parallel and hence from the detinition it can be said that 
the quadrilateral ABCD is a parallelogram. 


Some applications $ 


1. Prove that, if a pair of opposite angles and a pair of 
opposite sides of a quadrilateral are equal,the quadrilater- 
al wili be a parallelogram. 

D c 


A B 
Fig. 12 ; 
Let ABCD be a quadrilateral,such that LABC=LCDA 
4 and AB || DC. 


It is required to prove that ABCD is a parallelogram. 
Construction: Diagonal AC is drawn. 


Proof: ` AB || DC and AC is a transversal. 
<. LBAC=alternate DCA. 


in AABC and AADC 
Now BAC=LDCA (proved) 
LABC=LCDA (hypothesis) 
*. the remaining LACB 
=the remaining LDCA. 


.But these are alternate angles. 
+. AD || BC. 
-< AB || DC and AD || BC 
<. ABCD is a parallelogram. 
- 2. ABCD is a rectangle. The points E. F, G, H are 
Ss 
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situated on AB, BC, CD, DA respectively, such that 
AE=BF=CG=DRH. Prove that EFGH is a parallelogram. 


D G Cc 


Fig. 13 
Construction: EF; F,G; G,H; H,E are joined. 
Proof: `< ABCD isa rectangle .. AB- DC 
Again, ^ AE-CG .. EB=DG. 
Similarly. AH=FC. 
Now. in AGDH and AEBF - 


DH- BF (hypothesis) 
DG=BE (proved) 


and included /GDH=included LEBF ['." each angle of a 
rectangle is a right anglel 


^ AGDH = AEBF. 
^e HGZEF/ 
Similarly. it can be Proved that: EH=FG, 


:. quadrilaterz ; 
EHLFG. ateral EFGH is such that EF=HG and 


C. EFGH is a parallelogram. _ 


i 
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3. If each of the three angles of a quadrilateral is 
right angle, prove that the quadrilateral is a rectangle. 


D € 


Fig. 14 


Let each of ZA, 7B and /C of the quadrilateral ABCD 
be one Fight angle. 


It is feqiied to prove aar id ABCD isa rectangle. 
Proof: ” LA 1B zi LC + LD-4 right angles 


But LA; + LB 4 1C —3 right angles: 
^. LD=1 right angle. 
" LA 7 LC and LB = LD (each is a right 
i angle) 


23 tu angles of the quadrilateral ABCD are | 


equal. 
+, ABCD is a parallelogram. 
Again, ABCD is.a parallelogram and LA is a right 
angie. 
:. ABCD is a rectangle. 


4. ABCD is.a parallelogram. -DA and DC are 
produced to the points P and Q respectively, such that AP 


D 
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= DA and CQ = DC. Prove that the three points P, B, Q 
are collinear. 

D 


P B 
Fig. 15 
Construction : P,B ; B.Q and A, C are joined. 
Proof : *- ABCD is a parallelogram 
^. DA-CB and DA || CB; 
But AP=DA (Hypothesis) 
-- AP and CB are equal and parallel. 
-- APBC is a parallelogram. 
-. AC || PB. 
Similarly, AB and CQ are equal and parallel. 
«^. AC || BO. 
`. two line segments through the point B are 
parallel to the same straight line AC. 
-. the two line segments are on the same straight 
line. 
.'. the three points P, B, Q are collinear. 

5. Two medians BP and CQ of AABC are produced 
to the points R and 5 respectively, such that BP—PR and 
CQ- QS. Prove that the three points S, A, R are collinear. 

E] A R 
B y. C 
Fig. 16 
Construction ; S, A ; A;R ; S.B and R,C are joined. 


oc 


N 
~ 
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Proof : *- BP is a median <. AP- PC. 
Again, BP=PR (hypothesis) 
-. ABCR is a parallelogram. 
-. BC || AR. 


Similarly, ACBS is a parallelogram. 
BC | SA. 


.'. two line segments through the point A are parallet 
to the same straight line BC. 
*. the two line segments are on the same straight 
line: ` 
^. the three points S, A, R are collinear. 
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Exercise: 5 


i. ABCD isa parallelogram, P and Q are the mid-points of 
AB and DC respectively: Prove that APCQ is a parallelogram. 


2. Diagonal SQ of the parallelogram PORS is trisected at 
the points K and L. PK meets SR at the point M and RL meets 
PQ at the point N. Prove that PMRN is a parallelogram. 


3: ABCD ida CDEF are’ two parallelograms. Prové that 
ABFE is a parallelogram. arf 


4. ABCD is a rectangle. On the two sides AB and CD two 
equilateral triangles ABP and CDQ are drawn on the outer side 
of the rectangle. Prove that APCQ is a parallelogram. 


5. KLMN is a parallelogram. Equal lengths KP, LQ, MR 
and NS are cut off from KL, LM, MN and NK respectively. 
Prove that PORS is a parallelogram. 


6. ABCD is a parallelogram. AD is produced to the point E, 
such that AD=DE. BE intersects CD at the point F: Prove that 


ADEF=A BFC. Hence prove that the quadrilateral BDEC is a 
parallelogram, 


7. Prove that the quadrilateral obtained by joining, in 


order, the mid-points of the sides of a parallelogram is another 
parallelogram. 


8. Prove that the quadrilateral obtained by joining, in’ 
order. the mid-points of the sides of a rectangle is a rhombus. 
> 


9. Prove that the figure obtained by joining. in order, the 
mid-points of the sides of a rhombus is a rectangle. 


r 10. Prove that the figure obtained by joining, in order, the 
mid-points of the sides of a square is another square. 


11. ABCD is a quadrilateral. If AD=BC and. LBAD= 
LABC, prove that ABCD is an isosceles trapezium. 


12. POR is a right-angled triangle with LP right angle. 
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Mid-point of QR is A. ST is drawn through the point P parallel 
to QR in such a way that PS=PT=PA and the points Q and S 
are on the same side of the line PA. Prove that ORTS is a 
parallelogram. 


13. PQR is a triangle. S and T are points on the sides PQ 
and PR respectively. Prove that RS and QT cannot bisect each. 
other. 


- 14. AC is a common diagonal of the two parallelograms 
ABCD and AECF. If.the points B, E, D; F are not collinear, 
prove that BEDF is a parallelogram. 


15. ABCD is a quadrilateral. Two parallelograms ABCE 
and BADF are drawn. Prove that CD and EF bisect each other. 


16. Prove that a parallelogram with equal diagonals is a 
rectangle. Hence prove that if AB and CD are two diameters of 
a circle, ACBD is a rectangle. 


17. PORS is a rhombus. SA is drawn from the point $ 
perpendicular to the line drawn through the point P parallel to 
QS. The point of intersection of the diagonals PR arid QS is O. 
OA intersects PS at the point B. Prove that (i) POSA is a 


r 1 
rectangle, (ii) BO—5 PQ. 
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2.3 Theorems on mid-points. 


Theorem 23 


The straight line drawn through. the mid-point of one , 
ide of a triangle and parallel to'a second side bisects the 
third side and the segment of this line between the sides of 
the triangle is half the second side. 


Fig. 17 


Let us suppose that the straight line drawn through D, 
the mid-point. of side AB of AABC parallel to. BC 
intersects AC at the point E. i 


It is required to prove that (i) AE= EC, 
(ii) DE-5 BC. 
Construction : 


Through the point C a straight line is 
drawn parallel to BA to meet extended DE at the point F. 


Proof : ^ BD || CF and DF || Bc 
^: BCFD isa parallelogram. 
<. BD=CF, 

But BDS DA V D is mid-point of A), .-. DA=CF. 

` Now, in AADE and ACFE 

LDAE~alternate LFCE (v BA l| CFand AC 
isa transversal) 


^ 
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LAED — vertically opposite /CEF. 


and AD=CF (proved) 
z^. AADE = ACFE 
J. AE-EC 


a(i) 


and DE=EF (corresponding). 


^. DE- 1 DF- BC 


exte ifii 


[Remark : This theorem can, also be proved ‘by 
constructions different from what has been done above 


(i) Let us suppose 
that the straight © line 
drawn through the point E 
parallel to AB intersects 
BC at the point F. 


Now prove the 


theorem after proving that B 


AADE and AEFC are 
congruent. 


F c 
Fig. 18 

(ii) ED is 

produced to 


the point F jn 
such a way that 
DF = ED. 

Now prove 
that AADE and 
ABDF are con- 
gruent — and 
BCEF is a para- 
llelogram: 
Hence. prove the 
theorem.] 
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: Theorem 24 


The line-segment joining the mid-points of anv two 
sides of a triangle is parallel to and half of the third side. 


A 


Fig. 20 
Let D and E be the mid-points of the sides AB 
AC respectively of AABC. D, E are joined. 
It is required to prove that i) DE || BC, 
(ii) DE=} Bc. 


and 


Construction : A straight line is drawn through the 
point C parallel to BA to meet DE produced at the point 
F. 


Proof : *- BA || CF and AC is a transversal 
_., LDAE=alternate /FCE 


Now, in AADE and ACFE: 
‘LDAE=LFCE 
LDEA=vertically Opposite LFEC 
and AE=EC (^. E is the mid-pcint of AC) 
These are corresponding sides, 
0 AADE = ACFE 
(C AD=FC 


e 


L4 
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But AD=DB ('- Dis the mid-point of AB) 
+, DB=FC 
: DB || FC and DB=FC 
-7 BCFD is a parallelogram 


„x DF || BC 
thatis, DE || BC : (i) 
: eov d 
Again, ^. AADE = ACFE 
es nt 1 ; 
vc DESPO onexm ve) 


< 
Alternative Proof : 


, } Fig. 21 
- Let us suppose that D and E are the mid-points of the 
sides AB. and AC respectively. D. E are joined. 
It is required to prove that. (i) DE || "e 
(ii) DE — j BC. 


If DE is not parallel to BC let us suppose that 
the straight line through the point D drawn parallel to BC 
intersects AC àt.the point P: 


..P is the mid-point of AC. 
g to the hypothesis E is the mid-point of 


) Proof : 


But accordin 
AC. : , : 

But it is impossible to have two mid-points of the 
same line segment. 
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Hence DE will be parallel to BC. cV AED 
‘the straight line through the point. D drawn 
parallel to BC intersects AC at the point E, 


" DE = $ BC. nate fil) 


[Remarks : (1) Since Theorem 24 is the converse of 
Theorem 23, this theorem is proved by the above method. 


(2) In this case also, the theorem can be 
proved by means of different constructions. 


(i) Through the point E a straight line is drawn, 
parallel to AB to intersect BC at the point F, 


a £ 
Fig. 22 

With the help of Theorem 23 

parallelogram. Hence prove the th 


(ii) DE is produced to the 
EF = DE: 


Cc 


Prove that BDEF is 4 
eorem. 


point F in such a way that 


C 


Fig. 23 
Now prove the theorem by pro 
ACFE are congruent and that BCFD | DE MAE ra 5 n 
SUE Bram 
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Some Applications : 
1. Prove that the line segment joining the mid-points 
of two sides of a triangle and the median on the third side 


bisect each other. 


Fig. 24 
Let us suppose that D and E are the mid-points of the 


sides AB and AC respectively of AABC and AP, the 
median on the side BC, intersects DE at the point Q. 


It is required to prove that DO=QE and AQ=OP. 
Construction : P, D and P, E are joined. | 


Proof ::. D and P are the mid-points of AB and BC 
<. DP | AC, i.e., DP || AE 
and DP=AE [~ DP= 1 AC, AE= ! AC] 


.. DPEA is a parallelogram. 
.: ` DE and AP, the diagonals of the parallelo- 
gram, bisect each other. 


<. DQ=QE and AQ- QP. 


E is the mid-point of the median AD of AABC. 
is the 
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BE. when produced. intersects AC atthe point F. Prove 
that AF= $ AC, 

A 


B y D C 
Fig. 25 
Construction : Let G be the mid-point of FC. D, G 
are joined. $ 


Proof : In ACBF, D and G are the mid-points of the 
sides CB and CF respectively. 


; DG|BF tatis DG| EF —— 
Again, in AADG, E is the mid-point of 4p and EF |) DG 
-. Fis the mid-point of AG; j 
<. AF=FG=GC [E by supposition (7 .is the 
1 mid-point of. FC.] 
MAPS 3 AC. 

3. ABCD isa Square. Diagonals AC and BD intersect 
at the point O. The bisector of LBAC intersects BO at the 
point P and BC at the point Q. Prove that OP = : CQ. 

D c i 


Fig. 26 
Construction : Through the pant C a Straight line is 
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: drawn parallel to OP to intersect AQ produced at the 
point R. 
Proof : :." O is the.mid-point of AC and OP | CR 
. ^. from AACR, we get OP-j CR. 


Again, `.. OP || CR 4 
and LAOP=90° [-.*. diagonals of a square bisect each 


: [ other at right angles.] 
^. LACR=90° (cofresponding angles) 


'. in AACR and AABQ 
LACR = LABQ [each is 90°] 

LEAR = LBAQ [AQ is the bisector of LBA C] 
Remaining /CRQ- remaining LAQB. 

But /AQB = LCOR (vertically opposite) 
.. LCRO = 1COR 
in ACQR, CR=CQ. 
^ OP-LcQT- OP =} CR] 


4. E and Fare mid-points of the oblique sides AD and 
BC respectively of the trapezium ABCD. Prove that 
EF || AB and EF = 5 (AB* DC). 


Fig. 27 


R : D, F are joined and produced to meet 
‘onstrt! : D, ] 


AB produced at the point G. 
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Proof : In ACFD and ABFG 
CF=BF [. F is the mid-point of BC] 
LCFD- vertically opposite /BFG- 


LCDF=alternate LBGF [~ DF|| BG and DG 
is a transversal] 


^. ACFD = ABFG 
-. DF=FG (corresponding) 
that is, F is the mid-point of DG. 
Now, in AADG, E and F are the mid-points of the 
sides DA and DG respectively. 


^. EF || AG 
and EF=5 AG 


=} (AB+BG) 


=! ` 
=3 (AB+DC) [.- ACFD = ABFG] 


_ 
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Exercise 6 


1. X, Y, Z are the mid-points of the sides AB, BC and CA 
respectively of AABC. Prové that AXYZ is a parallelogram. 
Prove also that AAXZ. AYZX, AXBY and AZCY are 
congruent. 


2. D and E are points on the sides AB and AC respectively , 
of AABCsuchthatAD = | ABand AE= AC. Prove, that 


DE || BC and DE = } BC. 


. 3.Disthe mid-point of the side BC of AABC. The straight 
lines drawn from D parallel to CA and BA intersect BA and CA 


at the points E and F respectively. Prove that EF = j BC. 


4. A and B are the mid-points of the sides PO and SR of the 
parallelogram PORS. PB and AR intersect the diagonal SQ at 
the points C and D respectively. Prove that SQ is trisected at the 
Points C and D. 

5. X and Z are the mid-points of the sides QR and QP 
repectively of APQR. QP is produced to the point $ in such a 
Way that PS=ZP. SX intersects PR at the point Y. Prove that 
PY. = } PR. 


d-points of the sides AB and AC 


respectively of AABC. C, E and B, F are joined and iode 
to the points X aiid Y respectively in such d way that EX= 
and FY- BF. Prove, with the help of Theorem 24,that the three 
- points X, A, Y are collinear. 


' 6. E and F are the mi 


ral formed by joining. in order. 


adrilate inn d 
7e Prove a s of another guadrilateral is a 


the mid-points of, the four side 
paralleiogram. 

8. You have proved the following properties earlier. Now. 
with the help of Theorem 24: 


uadrilateral formed by joining. in 


edic Send e sides of a parallelogram is a 


order, the mid-points of th 
parallelogram. 
4. 
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(ii? Prove that the quadrilateral formed by joining, in 
order, the mid-points of the sides of a rectangle is a rhombus. 


(iii) Prove that the figure obtained by joining, in order, 
the mid-points of the sides of à rhombus is a rectangle. 


(iv) Prove that the figure obtained by joining, in order, 
the mid-points of the sides of a square is à square. 


9. LA of AABC is a right angle and D is the mid-point of 
ihe hypotenuse BC. Prove that AD = j BC. 


10. E and F are the mid-points of the oblique sides AD and 
BC respectively of the trap: zium ABCD. The line segment EF 
intersects the two diagonals AC and BD at the points G and H 


respectively. Prove that EG=HF. Hence prove that 2EF 
=AB+DC. : : 


11. In AABC, D and E are the mid-points of the sides AB 
and AC respectively. P and Q are the mid-points of CD and BD 
respectively. Prove that BE and PQ bisect each other. 


12. The medians BE and CF of AABC intersect at the 
point G. P and Q are the mid-points of BG and CG respectively. 
Prove that POEF is a parallelogram. Hence prove that each of 
the two medians is trisected at the point G. 


13. The side AB of the parallelogram ABCD is produced to 
the point E such that BE=AB. DE intersects AC and BC at the 


‘points P and Q respectively. Prove that Q is the mid-point of BC 
and PC = 1 Ap. 


14. You have seen that Theorem 24 can be proved without 


converse of Theorem 24 


— c — a 
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2.4 Theorems on Transversals : 


Theorem 25 
_.. If the lengths of the intercepts made by three or more 
parallel straight lines on a transversal are equal, the lengths 
of the intercepts made by them on any other transversal will 
also be equal. 
First we prove the theorem for three parallel straight 
lines. It can then be proved for more than three paralllel 
straight lines. 


Fig. 28 


Let us suppose that the intercepts KL, LM made by 
the three parallel straight iines AB, CD; EF on the 
transversal GH are equal. that is. KL=LM. 


The intercepts made: by those three parallel straight 
lines on the transversal PQ are RS and ST. 


It is required to prove that RS=ST. 


Construction : K, T are joined. Let KT interseet LS at 


the point O. 
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Proof: in AKMT, L is the mid-point of KM 


(hypothesis) 
and LO || MT (hypothesis) : 


-. O,is the mid-point of KT. 
Again, in ATKR, O is the mid-point of TK (proved) 
and OS || KR (hypothesis) 
-. Sis the mid-point of RT. 
That is, RS=ST. 


Alternative Proof : 


Fig. 29 


Let us suppose that the intercepts KL, LM made by 
the three parallell straight lines AB, CD and EF on the 
transversal GH are equal. that is, KL=LM. | 


The intercepts made by tho 


i i se three parallel straight 
lines on another transversal PQ 


are .RS and ST. 
It is required to prove that RS=ST. 


Construction : Through the point S a straight line. is 
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drawn parallel to GH to intersect AB and EF at the points 
U and V respectively. 


-Proof : In-the quadrilateral KLSU 
KU || LS. (hypothesis) 
KL || US (construction) 


- KLSU isa parallelogram 


. KL=US. 
e) Similarly. it can be proved that LM= =V. 
. But KL=LM 
. US=SV 
Now, from ASRU and ASVT 
LURS=alternate /VTS [^ AB || EF and PQ is a trans- 
versal] 
LUSR=vertically opposite [VST 
SU=SV (proved) 
1 and these are corresponding sides of the two triangles. 
“` ASRU = ASVT 
*, SR=ST (corresponding). i.e.. RS=ST. 
[Remarks : (1) Note that in the first proof we have 
ow taken help of Theorem 23,whereas in the second proof we 
à 3 i have not taken its help. . E 
P ? , (2) Süfposhig that the property is proved 


for three parallel straight lines, prove the property for four 
or more parallel lines.] 


Corollary : 1. One side of a triangle is divided into a 
number of equal parts. From the points of division straigh: 
lines are drawn parallel to one of the other two sides. 
. These parallel lines, will divide the third side of the triangle 
into as many equal parts as the first side. 
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2. A straight line through the mid-point of 
an oblique side of a trapezium drawn parallel to its two 
parallel sides wili bisect the other oblique side. 


Some applications : 


1. In AABC, D is the mid-point of BC. PQ is any 
straight line through the point A. Perpendiculars drawn 
from the points B, C and D to PQ intersect it at the points 
L, M and N.respectively. Prove that DL-DM. 


L A 
P N 
M 


Q 


B D c 
Fig. 30 


Proof :*." each of BL, DN and CM is perpendicular 
to PQ ; therefore, they are parallel to each other. 


' BL || DN || CM 
and BD = DC 
< LN = NM 


Now, in ADLN and ADMN 
LN = NM (proved) 
DN is common to both 


and included LDNL = included LDNM 


[< DN | PQ] 
-ADLN = ADMN 


=. DL = DM (corresponding). 
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Exercise 7 


1. C is the mid-point of AB, and PQ is any striaght line. 
Least distances of the points A, B and C from PQ are AR, BS 
and CT respectively. Prove that AR-- BS-2CT. 


2. AD isa median of AABC. Two straight lines BE and CF 
are parallel to DA. A straight line perpendicular to .AD 
intersects BE and CF at the points P and Q respectively. Prove 
that AP = AQ. > 


3. In a trapezium ABCD, the straight line through the 
mid-point of an oblique side AD'and parallel to AB intersects 
BC and the two diagonals AC and BD at the points F, G and # 


respectively. Prove that EG=HF and EF = j (AB+DC). 


4. ABCD is a parallelogram and PQ is a straight iine outside 
the parallelogram. AE, BF, CG, DH are perpendicuiais to PO 
from the points A, B, C, D respectively. OR is the perpendicular 
from O, the point of intersection of the two diagonals of the 
parallelogram, to PQ. Prove that AE + CG = 20R = BF + DH. 


5. In Class VIII you have learnt two methods of dividing a , 
straight line into a number of equal parts. Take a line segment 
AB and divide it into six equal parts by.the above two methods. 


6. You have seen that Theorem 25 can be proved without 
the help of Theorem 23. Now prove Theorem 23 with the help of 


Theorem 25: 
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2.5 Area: 


You have already some idea about the area of a plane 
figure. For having better idea it is necessary to have 
knowledge about some other concepts. These concepts are 
region of a plane figure and the boundary and inside of 
that region. 


The collection of all the points that are inside andona 
plane figure is called its region. The plane figure is called 


its boundary and the collection of points within the plane 
figure is called its inside. 


If we suppose that the Square region of a definite 
measure is associated with the number ‘1’, then that 
square may be called a unit square. Now let us consider a 
rectangle whose length and breadth are respectively equal 
to 5 times and 3 times the length of a side of the above 
square. Then the unit square may be placed 15 times in the 
region of the rectangle. That is, with respect to the square 
it may be supposed that the region of the rectangle is 


related with the number ‘15’. This number ‘15’ may be said 
to be the area of the rectangle. 


Ow we shall discuss relationship 
ome plane figures like parallelo- 
gram, rectangle and triangle. Before doing so,let us have 
some more discussion about area. 


We have already said that area is a magnitude. But 
there is a dissimilarity between the ideas of the value of 
area and the magnitudes of the length of a line segment 
and of an angle. If the lengths of two line segments be 
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equal, one of them can be made to coincide with the other. 
This is also true for two angles. But this may not be true 
for area. If the areas of two figures be equal it may not be 
possible to make one of them coincide with the other: that 
is, the two figures may not be congruent; the two figures 
may not even be of same geometric character. 2 

For example, the areas of a rectangle of length.9 cm. 
and breadth 4 cm, a rectangle of length. 12 cm and. breadth : ` 
3 cm and a square of side 6 cm are same: even though, - 
inspite of the -first two being rectangles they are not^ | 
congruent and the third is a different type of geometric: 
figure. But two congruent figures will always have same 


` area. 


In proving the thoerems we shall assumé that 
(i) congruent figures are of equal area, - 


(ii) if the area of a figure is added to each of the 
areas of two figures of equal areas the süms will 
also be equal, : 

(iii) if the areas of two figures of equal area be 
added to the areas of two other figures of equal 

^ area, the sums will also be equal, 

(iv) if the areas of two figures.of equal area arc 
subtracted from the area of a figure, the 
differences will be equal, y ; 

(v) if the area of a figure is subtracted from the 
areas.of two figures of equal area, the differ- 
ences. will be equal, 

(vi) if the areas.of two figures of equal area be 
subtracted from the areas of two other figures 
of equal area, the differences will be equal, i 

(vii) if a figure is divided into two parts. the sum of 
the areas of the two parts will be equal to the 
area of the whole figure, - 

(viii) if one figure is a part of the other, the area of 
the part will be less than the area of the whole 


figure. oat 
We shall discuss some more definitions-before discus- 


sing theorems on area. 
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“1. Altitude of a parallelogram : 


The perpendicular distance _between any pair of 
parallel sides of a parallelogram will be called the altitude 
of the parallelogram. In this case,any one of those two 
„sides will be taken as the base. 


D.P c 


Fig. 31 


In fig. 31, if AB or CD be taken as the base of the 
parallelogram ABCD, then PQ will be its altitude, 


whereas if any one of AD or BC be taken as its base. the 
altitude will be RS. 


2. Altitude of a triangle : 


The distance between any side of the triangle and the 
opposite vertex will be called the altitude of the triangle. 
That is, the length of the perpendicular drawn from any 
vertex of the triangle to its opposite side will be called its 
altitude. The Opposite side will be called base. Any one 
side of the triangle may be taken as base. 


B D 


In Fig. 32, 


AD is the altitude when BC is base, BE is, 
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the altitude when AC is base and CF is the altitude when 
AB is base. 


Note furtiter that, in the following figure. the para- 
lielograms and the triangles lie between the. same pair of 
parallel lines. 


c D 
A A 


Fig. 33 
In this case, the altitudes of the parallelograms, and 
the triangles are same (if the sides lying on one of the 
parallel lines are taken as bases). This altitude is equal to 
the distance between the two parallel lines. 
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2.6 Theorems on area : 


Theorem 26 


Parallelograms on the same base.and between the: same. > 
parallels are equal in area. 


v. 
(i) 
Fig. 34 
Let the parallelograms ABCD and ABEF be on the 
same. base AB and between the same parallels AB and 
DE. 
It is required to prove that > 


parallelogram ABCD = parallelogram ABEF. 
Proof: AD and BC are Opposite sides of the 
persion ABCD. 
- AD and BC are parallel and DE is a transversal. ; A 
- LBCE = corresponding LA DF. : 


tert AF and BE are opposite sides of the párallelo- s 
gnam. ABEF 


. AF and BE are parallel and DE is a transversal, / 
. LBEC = corresponding /AFD. 
3 Now, in ABEC and AAFD. 


LBCE = [ADF (proved) 

LBEC = LAFD (proved) 

BE = AF (opposite sides of a parallelogram) 
- ABEC = AAFD 

'". ABEC = AAFD 


í 


t 
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'. quadrilateral ABED — ABEC 3 
= quadrilateral ABED — AAFD. 
'. parallelogram ABCD = parallelogram ABEF. 


[Remark : In the case of the first figure,the areas of 
the two pazallelograms could also be proved as equal by 
adding the areas of A BEC and AAFD to the area of the’ 
quadrilateral ABCF. But in the case of the second figure, it 
could not have been possible to prove the theorem in the 
above manner. That is why, as.a method applicable to 
both cases, the areas of the two triangles have been 
subtracted from the area of the whole quadrilateral. ] 


Corollary : |. Parallelograms with same base and 
-same altitude are equal in area. ; 

, Parauc;ograms with same altitude vil lie between 
same: parallels. . ' 


: 2, A rectangle and a paralea on ihe same base Bh bn, 
i and between the same parallels are equal in area. 


3. Area ofa parallelogram = base x altitude. d 


feu 0. see bee NT 


Fig. 35 


= e ABEF. 
Parallelogram ABCD rectangle AB 
But, area of the rectangle ABEF = AB.BE. 
D = AB.BE. 
*. area of the parallelogram ABCD | 
But with respect tothebase AB, BE is the altitude of 


the parallelogram. 


*. area of a parallelogram = base X altitude. 


52 MATHEMATICS l 
4. If two parallelograms have equal bases and lie 
between same parallels,they are equal in area. 


D Cc j H G 


A B E F 
Fig. 36 

Two parallelograms ABCD and EFGH have equal 
bases AB and EF and lie between the same parallels AF 
and.DG. 

It is required to prove that they are equal in area. 

Proof : Let the distance between the two: parallel 
lines, i.e.. the altitude of the. two parallelograms be A. 

Then O ABCD.= AB x h 
EF xh ['.- AB = EF] 
O EFGH. 


lt 


Some Applications : 


l. O is any point on the diagonal AC of the 
parallelogram ABCD. The straight line through the point 
O drawn parallel to AB intersects AD and BC at the points 
E and F respectively and the straight line through the point 
O drawn parallel to AD intersects AB and DC at the 


points G and H respectively. Prove that parallelogram 
. BGOF=parallelogram DEOH. x 


D H Cc 


pala LEA 


XE. 
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Proof : EF || AB | DC and AD || GH || BC. 

`. each of AGOE, BGOF, CFOH and DEOH isa l 
parallefogram. 

AC is a diagonal of the parallelogram ABCD. 

^. AABC = AADC 
<.“ AABC = AADC 
Similarly, AAGO = AAEO and AO: C = AOAC 
.. AABC — Af48AEO — AOFC 
=AADC — AAEO - AOHC 
'. O BGOF = O DEOH. 

[Remarks : (1) Parallellograms AGOE and CFOH 
are called parallelograms about the diagonal AC and the 
parallelograms BGOF and DEOH are called their respec- 
tive complements. 

From this we can enunciate the above problem in the 


following way : l 
The complements of the two parallelograms which are 
about the diagonal of a parallelogram are equal in area. 


(2) Using this property we can construct a parallelo- 
gram equal in area to a given parallelogram if one of the 
Sides of the required parallelogram be given. 


Let ABCD be a parallelogram. It is required to 
construct a parallelogram equal in area to the given 
parallelogram when the length of a side of the required 
parallelogram is equal to the length of a line segment p. 


D E 


ie yea 


Fig. 38 
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Construction : DC is produced to the point E such 
that CE=p. E,B are joined and produced to meet DA 


produced at the point F. The parallelogram FDEG is 


formed. AB and CB produced intersect GE and FG at the 
points L and K respectively, 
Then BKGL is the Tequired parallelogram. | 


2. Two parallelograms ABCD and ABEF are on the 
same side of AB and the 


area of ABEF is greater than that 
of ABCD. Prove that à 


(i) DCEF is a parallelogram 


(ii) OABEF-~ O ABCD = O DCEF 
F N ' 


Ax. T 
Fig. 39 ` 


Proof: (i), EF = and | ABC. ABEF isa Paralle 


Also, EF = and || DC (*.; ABCD 
2 DCEF is ap 

(ii) Let a Perpendicul 
paralle! ines AB, DC and 
L, M and N respectively, 
Then the altitudes of the p 
ABEF and DCEF are LM, LN 
'" O ABEF — O ABCD 


logram) 
isa parallelogram) 
arallelogram. 


ar transversal to thé three 


FE intersect them at the points 


arallelograms ABCD, 
and MN respectively, 
SABEN = AB.LM 

AB(LN — LM) 
AB.MN 


= DC.MN 
Parallelogram DCEF 


ll 


ll 


base X altitude of the 
OC DCEF. 
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Exercise 8 


1. In the parallelogram ABCD, P and Q aie mid-points of 
AB and DC. Prove that © APCQ = 1 O ABCD. 


2. (i) P is a point on the side AD of the paralleiogram 
ABCD. The straight line through the point C drawn parallei to 
BP intersects AD produced at the point Q and the straight line 
through the point Q drawn paraliel to PC intersects BC 
produced at the point R. Prove that. CPQR is a parallelogram 
and its area is equal to that of ABCD. 


(ii) In the above figure, if RO produced intersects BP 
produced at the point S, prove that Œ CPSQ = O ABCD. 


3. In AABC, D, E and F are the mid-points of the sides 
BC, CA and AB respectively. In ADEF, K, L, M are the 
mid-points‘of EF, FD, DE respectively. KL and KM intersect 
BC at the points P and Q respectively. Prove that quadrilateral 
‘CEKQ=quadrilateral BFKP. 


4. Two parallelograms ABCD and ABEF are on the 
opposite. sides of AB in such a way that the points D, A, F are 
non-colliner. Prove that DCEF is a parallelogram and CJ ABCD 
+ O ABEF = O DCEF. 


5. In the rhombus ABCD, the distance between the sides 
AB and DC is PQ and that between AD and BC is R5. Prove 


that POSRS. 


6. Prove that the area of the sqaure ABCD is more than that 
-of the rhombus ABEF. 
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Theorem 27 


If a triangle and a parallelogram are on the same base 
and between the same parallels, the area of the triangle is 
half that of the parallelogram. 


F E C D F CE D 


(i) (ii) 


Fig. 40 


Let AABC and parallelogram ABDE be on the same 
base AB and between the same parallels AB and ED [Fig. 
40 (1)] or AB and CD [Fig. 40 (ii)]. 


It is required to prove that AABC = j LT ABDE. 
Construction : The strai 


ght line through the point A 
drawn Parallel to BC interse 
F, 


cts DC produced at the point 


Proof : By construction A BCF is 


à parallelogram and 
AC is one of its diagonals, ` 


^ AABC = $ O ABCF 
^ AABC = 1 G ABpE 
[^ the two parallelograms are on the same baite and 
between thẹ same Parallels, ] 


[Remark : The t 
Ra pm ; Point C parallel to 
either EA or DB. But in these two Cases, the reasonings 
would have been a little different. Try to prove the 
theorem in this way.] 


heorem could 


also be proved by 
ne through the. 
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Corollaries : 

1. Uf a triangle and a parallelogram are on the same 
base and have same altitude, the area of the triangle will 
be half that of the parallelogram. 


If they have same altitude, they will be between the 
same parallels. Hence the area of the triangle will be 
equal to half that of the parallelogram: 


2. If a triangle and a rectangle be on the same base 
and between the same parallels. the area of the triangle 
will be half that of the rectangle. 


3. Area of a triangle — j X base X altitude. 


AABC and rectangle BCDE are on the same base 
BC and between the same parallels BC and ED. 


S.AABC = } rectangle BCDE = 5 BC.CD 
=} BC.AP (© APCD isa rectangle.) 


Fig. 41 


4. If a triangle and a parallelogram have equal bases 
and lie between the same parallels, the area of the triangle 
will be equal to half that of the parallelogram. 
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Some Applications : 

l. P is any point inside ae parallelogram ABCD. 
Prove that AAPD + ABPC = 5 O ABCD. 


D sS c 


A R B 
Fig. 42 


Construction : Through the point P a Straight line is 


drawn parallel to BC to intersect the Sides AB and DC at 
the points R and § respectively 


Proof : AAPD = } Cl ARSD 


[^ they have the Same base AD and lie between the 
same parallels 4D and RS.] 


Similarly. ABPC = ! g BRSC 


S RAPD + Agree T (O Arsh + OBRSC) 


= $ O ABCD, 
A 
2. ABC is an j 


d is à 
triangle with AB=4 


Point O are OP 


and OO respectively ang that 3 
of AC ‘from the Point B i p 
BD. Prove that op +0Q = ? 
BD. B [6] 

Fig. 43 
4 


- 
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Construction : A,O are joined. 


Proof : AAOB = } AB.OP-1 AC.OP 
[." AB=AC] 

AAOC = 4 AC.OQ 
^. AAOB + AAOC = 1 AC. (OP OQ) 
Again, AABC = $ AC.BD 
^ AABC = AAOB + AAOC 

1 1 
55 AC.BD = 5 AC.(OP+0Q) 
^. BD=OP + OQ: 

[Remark : Try to prove this without using the formula 


for the area of a triangle and by cutting DE from DB equal 
in length to PO.] 


Exercise 9 


1. In the parallelogram ABCD, P and Q are mid-points of 
AB and DC respectively. Prove that PBQD is a parallelogram 
and APBC = j 1 PBQD. 

2. Side AB and DC of the trapezium ABCD are parailel and 
AB». DC. From BA the portion BE is cut off equal in length to 
CD. Prove that AACD = 3 quadrilateral BCDE. 

3. The sum of the perpendicular distances of the sides of an 
equilateral triangle from any point inside it is equal to the 
altitude of the triangle prove: 

4. ABC is an isosceles triangle with AB=AC. P is any point 
on BC produced, The perpendicular distances of AB and AC 
from the point P are PQ and PR respectively. The perpendicular 
distance of AC from the point B is BS. Prove that PO — PR = 
BS. 

5. ABC is an equilateral triangle.. O is a point outside the . 
triangle and within. the angular region ABC. OP, OQ and OR 
are the perpendiculardistancesof AB, BC andCA respectively 
from-the point O. Prove that the altitude of the triangle = 


OP-0Q-OR. 
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6: In the parallelogram ABCD a straight line parallel to. the 
side AB intersects AD, AC and BC or those line segment 
produced at £, F and G respectively. Prove AAEG = AAFD. 

7. E is any point on the side DC of the parallelogram ABCD. 
AE produced intersects BC produced at F. D, F are joined. 
Prove that (ii AADF = AABE (ti) ADEF = ABEC. 

8. O is a point outside the paralielogram 4 BCD and is in the 
region bounded by AB produced and DC produced. Prove that 

() AAOD - ABOC = 5 0 ABCD 


(ii) AAOD = KAOB + ACOD 4 ABOC. 


—— 


d 
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Theorem 28 
Triangles on the same base and between the same 
parallels are equal in area. 


Q PC D 


A B 
Fig. 44 
Let AABC and AABD be on the same base AB and 
between the same parallels AB and CD. 
It it required to prove that AABC = AABD. 
Construction : A parallelogram ABPQ is constructed 
with AB as base and lying between the parallels AB and 


CD. 
Proof: '- AABC and O ABPQ are on the same 
base AB and between the same parallels AB and QD, 


^. AABC = $ O ABPO 


Similarly, AABD = j O ABPQ 


^. AABC = AABD. 
[Remark : Since the relationship between the areas of 
a triangle and a parallelogram on the same base and 
between the same parallels is known to us. so the 
parallelogram ABPOQ is constructed.] 


Alternative Proof : 
F c D E 


A B- 
Fig. 45 


Let AABC and AABD be on the same base AB and 
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between the same parallels AB and CD. 


It is required to prove that AABC = AABD. 


Construction : A Straight line is drawn through the 
point B and parallel to 4D which intersects CD produced 
at the point E. Another straight line is drawn through the 


point A and parallel to BC which intersects DC Produced 
at the point F. 


Proof : AB | CD, ie. AB || DE (hypothesis) 
and AD || BE (by construction) 


<. ABED is a parallelogram. 
Similarly, ABCF is also a parallelcgram, 
O ABED = O ABCF 


Again, BD is & diagonal of the parallelogram ABED. 
^ AABD = 1 O ABED 
Similarly, AABC = Í GABCF 
<. AABC = AABD 
(€^ DOABED = rj ABCF) 
: [Remarks : (1) In the proof, heip of Theorem 27 is not 
taken. 


(2) The parallelograms are constructed because we 
have seen earlier that diagonal divides a Parallelogram in 
two equal parts and th: 


base and between the s; 


Coroliaries ; |. Tw 


© triangles on the 
with same altitudes are 


equal in areu, 


As they have Same atitude, they are between the 
same parallels, K 

2. If two triangles with 
same parallels (or h 
in area. 


Equal bases are between the 
ave same altitude), they will be equal 
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3. Median of a LÀ divides it into two triangles oi 
equal areas. 
AD is a median of AABÇ. 
`~ BD = DC. 
Altitudes of AABD and AACD are also equal, 
nE MA 


B D C 
Fig. 46 
*, AABD and AACD'are on equal bases and have 
same altitude. 
', AABD = AACD: 
Some applications : 


1. The sides AB and DC of a trapezium ABCD are 
parallel. Diagonals AC and BD intersect each other at the 
point O. Prove that AAOD = ABOC. 

D C 


MU 


Fig. -47 


Proof : AABD and AABC are on the same base AB 
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and between the same parallels AB and DC. 

-, AABD = AABC 

*. AABD — AAOB = AABC — AAOB 

- AAOD = ABOC 

2. D is the mid-point of the side BC of AABC. 


Parallelogram CDEF lies between BC and the straight line 
parallel to BC through the point A. Prove that AABC = 


o CDEF. 
A E F 


B D c 
Fig. 48 
Construction : A,D are joined. 
Proof: *.. AADC and O CDEF are on the same 
base DC and between the same parallels DC and AF 
^ AADC =$ CL CDEF 
Again, '." AD is a median of AABC 
^ AADC =} AABC: 
S QABC = © CDEF. 
3. P is any point on the diagonal BD of the 
parallelogram ABCD. Prove that AAPD = ACPD. 
a D c 
E = 


€ 
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Construction :. Perpendiculars are drawn from the 
points A and C to BD to intersect it at the points E and F 


respectively. 


Proof : In AADE and ACBF 
LADE = alternate /CBF[. AD BC] 


LAED = LCFB [each is aright angle] 
AD BC [opposite sides of a parallelogram] 
SS WADE = A CBF 
SY AE-= CF. 
Now AAPD and ACPD are on the same base DP 
and have equal altitudes. f. AE=CF/: i 
. AAPD = ACPD. 


[Remark : We could aiso prove this by drawing the 
diagonal AC instead of drawing the perpendiculars. Try to 


prove in this way.] 
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Exercise 10 


1. P is any point on thé median AD of the triangle ABC. 
Prove that AABP.= AACP. 


2. AD and BE ure two medians of the triangle ABC. Prove 
that AACD = ABCE. 


3. A striaght line parallel to the side BC of the triangle ABC 
intersects AB and AC at the points P and Q respectively. CP and 
‘BQ intersect each other at the point X. Prove that (i) ABPQ = 
ACPQ, (ii) A BCP = A BCQ, (iii) A ACP, 
(iv) ^ BXP = ACX@Q.. 


4. Prove that the two diagonals of a parallelogram divide 
the parallelogram into four triangles of equal areas. 


5. ABCD is a quadrilateral. The straight line through the 
point C parallel to the diagonal DB intersects AB produced at 
the point E. Prove that quadrilateral ABCD = AADE. 


6. P is the mid-point of the diagonal BD of the 
quadrilateral : ABCD. Prove that the area of the 
quadrilateral formed by joining A, P and C, P i 
quadrilateral ABCD. 


7. D is the mid-point of the side BC of AABC and P 
is any point on the side P, A are joined. The straight line 
through the point D parallel to PA intersects AB at the 
point Q. AADQ = APDQ. Hence. prove that ABPQ = 
j AABC. 


| | Theorem 29 


` Triangles of equal areas sianding on the same base and 
on the same side of it are between the same parallels. 


c D 

I 

t 

Eos e C | 

Li 

1 

A - 4 
A P B Q 
Fig. 50 


Let the areas of AABC and AABD be equal and 
they lie on the same side of the common base AB. 


C,D are joined. 
It is required to prove that AB || CD. 


Construction : CP and DQ are drawn perpendiculars 
from the points C and D respectively to AB or AB 


produced. i 
Proof : NABC =  AB.CP [ AB is base and CP is 
altitude] 
and AABD = 5 AB.DQ. [AB is base and 
DQ is altitude] 
- } AB.CP = 3 AB.DO [^ AABC = AABD| 
.. CP = DQ. 
Again, CP and DQ are perpendiculars to the same 
straight line AB. 
CP || DQ. 
^. CPQD is a parallelogram. 


E osite sides of a parallelo- 
^ DC || PQ or AB [opp eg 
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Alternative Proof : 
[e D 


Fig. 5I 
Let the areas of AABC and AABD be equal and 
they lie on the same side of the common base AB. C,D are 
joined. 
It is required to prove that A || CD. 


Proof: Let CD be not parallel ta AB. Then the 


straight line through the point C parallel to AB will 
intersect AD or AD produced. Let it intersect AD at the 
point E. B, E are joined. 


'^ AABC and AABE are on the same base AB and 
between the same parallels AB and CE, 
"5. AABC = AABE. 
But AABC = AABD (by hypothesis) 
^. AABD = AABE 
But AABE is a part of AABD and hence the area of 
AABE can not be equa! to the area of AABD. 


Hence the assumption that CD is not parallel to AB is 
not correct. 


^. AB|| CD. 


[Remarks : (1) This theorem is converse of Theorem 
28. Hence it is proved in this way. 
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(2) Note that if triangles of equal areas have the same 
base and are on the same side of the base they will have 
same altitudes. | 
Some applications : 
1. BE and CF are two medians of AABC. (i) Prove 
that ABCE = ABCF; (ii) hence prove that FE || BC. 


A Proof: *.. BE is a median 
^. ABCE = $ AABC 


F E 
Again, *." CF is a median 
^. ABCF = 4 AABC 
B s C .. ABCE = ABCF 
Fig. 52 sete (i) 


' the areas of A BCE and A BCF are equal and they 

are on the same side of the common base BC 
'. FE| BC. ve (ii) 
TRemark: This is an alternative proof of Theorem 23. 
Since the proofs of the properties used in proving 
Theorem 29 are independent of Theorem 23. we can prove 

Theorem 23 in this way also.] 

2. If a diagonal of a quadrilateral divides it into two 


triangles of equal area, it will bisect the other diagonal. 
D 
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Let the diagonal DB of the quadrilateral ABCD 
divide it into two triangles of equal areas. That is, AABD 
= ACBD. The two diagonals AC and BD intersect each 


other at the point O. It is required to prove that AO = 
GO 


Construction: Perpendiculars drawn from the points 
A and C respectively to BD intersect BD at the points E 


and F respectively. 
Proof: AABD = ACBD. 
They are on the same base BD. 


'. their altitudes are equal. 
2s. AE = CF. 


Now. in AAOE and ACOF 
LAOE = LCOF (vertically opposite) 


LAEO = LCFO ('. each is 1 right angle). 
and AE = CF 


^. AAOE = ACOF. 
^. AO = CO. 
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Exercise 11 

1. Each diagonal of a quadrilateral divides it into two 
triangles of equal areas. Prove that the quadrilateral is a 
parallelogram. 

2. In AABC, AB = AC. Perpendiculars from the points B 
and C to AC and AB interesect them at the points E and F 

: respectively. Prove that FE || BC. 

3. In AABC, LB = LC. The bisectors:of these two angles 
intersect AC and AB at the points E and F respectively. Prove 
that FE || BC. 

4. Prove that the straight line joining the mid-points of the 
two oblique sides of a trapezium is parallel to its two parallel 
sides. : 

5. In the parallelograms ABCD and AEFG of equal area LA 
is common and the point E is on the side AB. Prove that 
DE|| FC. : 

6. ABCD is a parallelogram and ABCE is a quadrilateral. If 
the diagonal AC bisects the quadrilateral, prove that AC || DE. 

7. D is the mid-point of the side BC of AABC. P and Q are 
points on the sides BC and BA respectively such that ABPQ = 


} AABC. Prove that DQ || PA. 
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(2) Note that the points A, B and C are equidistant 
from the point O. Hence the circle drawn with O as centre 
and OA or OB or OC as radius will pass through the points 
A, B and C. This circle is called circumcircle of the 
triangle and the ceritre is called circumcentre of the 
' triangle. Thus it may be said that. the common point 
through which the three Perpendicular bisectors of the 
three sides pass is the circumcentre of the triangle. The 


radius of that circle is called the circumradius. 


(3) In fig. No. 54, the point O lies within the triangle 
as the triangle is acute. If the triangle was right-angled, O 


would have been the mid-point of thé hypotenuse and if 


the triangle was obtuse, O would have been outside the 
triangle. 
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Theorem 31 
Perpendiculars drawn from the vertices of a triangle to 


the opposite sides are concurrent. 
P: A R 


Fig. 55 

Let AD, BE and CF be respectively the perpendicu- - 

lars drawn from the three vertices A, B and C to the 
opposite sides BC, CA and AB of the triangle ABC. 


It is required to prove that AD, BE and CF are 


- Concurrent. `, 


Construction: Through the points A, B and C straight 
lines are drawn parallel to BC, CA and AB respectively to 
intersect.each other at the points P, Q and R respectively. 

Proof: By construction each of APBC, ABCR and 
ABQC is a parallelogram. 

‘From the parallelograms APBC and ABCR, we get 
^ AP = BC and AR. 2 BC’ 
J^. AP = AR 
. 2. Als the mid-point of PR. 
: Similarly, it.can be. shown that 
B is the mid-point of PQ 
and C is the mid-point of QR. 
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: BC PR and AD 


.: AD. PR 

Similarly. BE 'PQ and CF _ QR. 
, ". in APOR, AD, BE and CF are perpendicular 
bisectors of the sides PR, PQ and QR respectively. 

^. AD, BE and CF are concurrent. 


[Remarks: (1) Here the method of proof has been 


changed to some extent as the Theorem 30 is applicable in 
this case. 


(3) The point of concurren 


} ce is called orthocentre. In 
this case, O 


is the orthocentre of AABC. 


(4) It has already been said car 


obtained by. joining the feet of the pe 
pedal triangle. 


lier that the triangle 
rpendiculars is called 


(5) Note that the 


( perpendiculars bisect the angles of 
the pedal triangle.] 3 ‘ 


ee 
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Theorem 32 


Internal ‘bisectors of the angles of à -triangle are 
concurrent. 


Fig. 56 


Let ABC be a triangle. 


It is required to prove that the internal bisectors of 
LA, LB and /C are concurrent. 


Let the internal bisectors of /B and LC interset at the 
point 7. A,/ are joined. It will be proved that the three 
internal bisectors will be concurrent if it can be proved that 
AI is the bisector of /A. 


Construction: ID, IE and IF are drawn perpendicu- 
lars from the point / to BC, CA and AB respectively. 


Proof: In ABID and ABIF ; 
L IBD = LIBF[- BI is the internal bisector 
of L B] 
L IDB = L IFB ['." each is | right angle] 
and /B is common. 


^. ABID € ABIF 
>. 1D = IF 
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Similarly, from ACID and ACIE it can be shown 
that /D = IE. 


<. IE = IF 


Now, in the right-angled triangles. AFI and AEI, we 
have 3 
IE = IF (proved) 
and hypotenuse AJ is common. 
CS AAFI E AAEI 
i FAI = LEAI 
That is, AI is the internal bisector of./ A. 
`. the three internal bisectors are Concurrent. 


[Remark: Note that ID = IE 
with centre / and radius /D or JE 
the points D, E and F. This circle 
the triangle and the centre of t 
incentre. The radius of the circle 
point of concurrence of the interna 
of a triangle is the incentre.] 


7 IF; that is the circle 
or IF will pass through 
is called the incircle of 
his circle is called the 
is called inradius. The 
I bisectors of the angles 


TR S E CU PT PM PN 
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Theorem 33 


The medians of a triangle are concurrent. 


` Fig. 57 
Let in AABC,the medians BE and CE intersect at thc 


point G. 
It is required to prove that the three medians are 


concurrent. 
Let A, G be joined and then produced, which interset 
BC at the point D. The concurrence of the three medians 
will be proved, if we prove that D is the mid-point of BC. 
Construction: AD is produced to the point H in such a 


way that GH — AG. 
B, H and C, H are joined. 


Proof: In-AABH, F and G are the mid-points of the 


sides AB and AH respectively. 
^. FG | BH i.e., GC || BH 


. Again, in AAHC, G and E are the mid-noints of the 
sides AH and AC respectively. 


^ GE || HC i.e., BG || HC ` 
-. BGCH is a parallelogram. 
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“ince the diagonals of a parallelogram bisect each 
other - ; 
<. D is the mid-point of BC. 
*, the three medians of the triangle are concurrent. 


[Remarks: (1) We know that the two diagonals of a 
parallelogram bisect each other. That is why. we have tricd 
to get a parallelogram with: BC as a diagonal. Again we 
know that line segment joining the mid-points of any two. 
sides of a triangle is parallel to the third side: that is why 
the line is produced making it equal to AG. 


(2) Note that BH has to be parallel to GC i.e., to FG. 
Hence the theorem can also be proved by drawing a 
straight line through the point B parallel to FG to intersect 
AD produced at the point H and by joining H, C. Try to. 
prove the theorem in this way. 


(3) The point of concurrence of the three medians is 
called the centroid. In Fig. 57, the point G is the centroid 
of AABC] ` 


Corollary: The medians are trisected at the centroid. 
In Fig. 57. GD = 4AD, FG = áCF, EG = BE. 


` the diagonals of the parallelogram BGCH bisect 
each other : re] uv 
<- D is the mid-point of GH. 

v. GD = 3GH = 5AG. 


“.2GD = AG. 
3 GD = AD 
^ GD = jAD 


[Remark: We can state this property in the following 
- ay also: *A median is divided at the centroid in the ratio 
E] 
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Some applications : 


1. The medians AD, BE and CF of AABC intersect 


. each other, at the point G. Prove that 


(i) AGBC = § AABC, 
(ii) AGBD = 1 AABC. 


Fig. 58 


Proof: AD is 4 median of AABC 
-. AABD = AACD. 


Again, GD is a median of AGBC. 
^. AGBD = AGCD 
-«. AABD — AGBD = AACD — AGCD 
<. AAGB = AAGC. 


Similarly,-it can be proved that AAGC = ABGC 
^. ABGC = AAGC = AAGB 
= }(ABGC + AAGC + AAGB) 
=$ AABC ene 
Again, AGBD =} ABGC 


V. AGBD = 4(5 AABC) 
= AABC . vate its 
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Exercise 12 


1. The three medians AD, BE and CF of AABC intersect - 
each other at the point.G. Area of AABC is 36 Sq. cm. (i) What. 
is the area of AAGB? (ii) What is the area of ACGE? (iii) What 
is the area of the quadrilateral BDGF? Give reason in each case. . 


2. AD, BE and CF are the medians of AABC. Prove that 
(i) 4 (AD+BE+CF)>3 (AB+BC+CA) 
(ii) 3 (AB+BC+CA)>2 (AD+BE+CF), 


: 3. Medians BE and CF of AABC intersect each other at the 
point G.-P and Q are the mid-points of:BG and CG respectively, 
Prove that (i) POEF isa parallelogram; (ii) the point G divides 
each of BE and CF in the ratio 2 : 1; (iii) hence prove that the 
three medians of the triangle are concurrent. i 


——— 
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2,8 Pythagoras! Theorem : 
The property stated below is called Pythagoras’ 


theorem. At present you are required to know the 
statement of the theorem and to verify it through practical 


methods. 

Statement of Pythagoras’ theorem: 

In a right-angled triangle, the area of the square on the 
hypotenuse is equal to the sum of the areas of the squares on 
the other two sides. 

By means of a figure, the statement'can be expressed 
in the following way. 

A 


Fig. 59° 


In AABC, LA is a right angle. 
.'. the side BC is hypotenuse. 


‘Then BC? = AB‘ + AC’ 


[Remark: The area of the square on BC is written as: 
BC*.] 


Verification by the method of dissection : 


In Fig. 60, ABC is a right-angled triangle in which BC is 


the hypotenuse and AC 7 AB. 


Square on BC is BCKL,.square on AB is ABDE and 


square on AC is ACFG. 
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The point of intersection of the diagonals of the. 
square ACFG is O. The straight line through the point O, 
parallel to BC intersects AG and CF at the points P and O 
respectively. Again, the straight line through the point O 


Fig. 60 


‘perpendicular to PQ intersect AC and GF at the points R 
and S respectively. As aresult,the square ACFG is divided 
into four parts which are, marked 1. 2. 3, 4. The square 
ABDE is marked 5. - 

On a thick paper draw a figure like Fig. 60 and cut it 
out. Now cut out the squares from.this figure, Cut the 
square ACFG along the lines PQ and RS dividing it in four 
parts. Now place the parts 1, 2, 3, 4 and 5 properly.on the 
square BCKL. Note that those five parts together exactly 
fit in the square. Thus we find that 


BC! = AB? + AC 
You can also verify this property in the folloWinb:v ; 
Let BC = a, CA = band AB = c. wing way. 


Draw a square PQRS whose side is (b+c). Take ints E 
F, G, H on sides PQ, QR, RS and SP respectively such 
that PE = OF = RG = SH = b. 
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t you hr four right-angled triángles having a as 
ypotenuse and 5 and c as other two sides. Th ini 
part of the figure is a’. err dua 


P b r E c Q 
c 
5 b 
H 
F 
b 
ry c 
E c G b R 
. Fig. 61 


sS (b+ oP = @ + 4 bc 
b! +e + 2be = @ + 2bc 
pxcd-d 
[Remark: Hindu mathematician Bhaskaracharyya has 
contribution in the verification of Pythagoras’ theorem by 
the method of dissection.] : 


Some application : 


1. BC is the hypotenuse o 
ABC. If AB = 3 cm and AC = 4 cm. what i 


BC? 
According to Pythagoras’ theorem - 


f the right-angled triangle 
s the length of 


BC! = AB? + AC’ 
= (3? + 4°) sq.cm. 
= (9 + 16) sq. cm. 
= 25 sg.cm. 
s. BC = V25 cm = 5 cm. 
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2. PR is the hypotenuse of the right-angled triangle 
POR. If PR = 13 cm, QR = 5 cm, PQ = how many cm? 
According to Pythagoras. theorem . 
PR? = PẸ + QR? 


= (13? — 5?) sq. cm: 

(169-25) sq. cm:- 
= 144 sq. cm. 

^. PQ = V144 cm — 12 cm. 


ll 


3..A person has to walk 500 m to go from position A 
in the north of east direction to the position B and then to 
the west of B to the position C. The Position C is to the 
north of A and at a distance 200 m from A. What is the 
distance of B. from A? 


c JN 


Fig. 62- 
Let AB — x metres 
'. BC = (500 — x) metres 
`- AABC is right-angled where LC is a right angle. 
2. AB? = BC? + AC? 
or, x? = (500—x)? + 2002 
or; x^ = (250000 — 1000x + x? + 40000 ` 


` or. 1000x = 290000 
Or. x = 290 d 


D 


.'. distance of B from A = 290 metres, 


/ 


THEOREMS 87 
Exercise 13 


1. The lengths of the two sides adjacent to the right angle of 
a right-angled triangle are 60 cm and 11 cm; what is the length of 
the hypotenuse? r 


2. The lengths of the hypotenuse and another side of a 
right-angled triangle are 17 cm and 8 cm respectively; what is the 
length of the third side? 


3. In a right-angled triangle, the length of one side is 35 cm, 
the difference of the lengths of the hypotenuse and the third side 
is 25 cm. Find the lengths of the hypotenuse and the third side. ' 


4. From the same place one-man goes 56 m towards 
north-east and another man goes 33 m towards south-east. What 
is the distance between their final positions? 


5. Bis to the west and C is to the south of A. A man has to 
walk 176 metres to go from A to B, B to C and C to A. But he 
has to walk 121 metres to go from A to C via B. Find the 
distances from A to B, B to C and C to A. 


CHAPTER 3 | > go 
Problems 
Construction of figures equal in area : 


Problem 3 * 


To construct a parallelogram equal in area to a given 
triangle with one of its angles equal to a given angle. 


Fig. 63 

Let ABC be a given triangle and X be à given.angle. 

We have to construct a parallelogram equal in area to 
AABC with one of its angles equal to / X. 

Method of construction: The side BC of AABC is 
bisected at the point D. Through the point A a straight line 
PQ is drawn parallel to BC. LCDG is constructed equal to 
LX, in such a way that the points G and A are on the same 
side of BC. Let DG intersect PQ at the point E. From EQ 
the portion EF is cut off making it equal to DC. C, Fare 
joined. 

Then CDEF is required parallelogram. 

Proof: A, D are joined . 

^ DCII EF and DC = EF 
"7" CDEFisa parallelogram 
LCDE of the parallelogram CED ual to P 
5 : the given LX. 

Again, AADC and parallelogram CDEF are on the 

AQ. € same parallels DC and 


a" 


CONSTRUCTIONS 89 


AADC = 5 OCDEF 
But AD is a median of AABC 


^. AADC = $ AABC 
`. B CDEF = AABC 


That is, the area of the parallelogram CDEF is equal 
to the area of AABC and one of its angles. /CDE is equal 
to LX. 


[Remarks: (1) Note that of the three methods of . 
constructing parallel lines that you have learnt in Class 
VIII one has been applied here. Actually this method is 


_based.on two properties: ‘if two pairs of opposite sides of a 


quandrilateral are parallel, it is a parallelogram’ and 
‘opposite sides of a parallelogram are parallel'; You could 


‘draw the parallel line by any other method. 


parallelogram are parallel’, You could draw the parallel 
line by any other methdd. 


. (2) In the parallelogram CDEF we have cut off EF 
equal to DC. Here we have applied the property: ‘if a pair 


_of opposite sides of a quadrilateral are parallel and equal. 


the quadrilateral is a parallelogram'. We could also use the 
property: ‘two pairs of opposite sides of a parallelogram 
are parallel'; i.e.. we could construct the straight line 
through the point C parallel to DE by a different method. 


(3) In this construction. we need to know the position 
of D, the midpoint of BC. For that instead of constructing 
the perpendicular bisector we could proceed in the 
following mariner. 

With centres B and C and radii equal to AC and AB 
respectively we draw two arcs.which intersect each other at- 
the point P.A, P are joined to intersect BC at the point D. 
Then D is the mid-point of BC. 
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By construction, ABPC is a parallelogram. Hence its 
diagonals AP and BC bisect each other. 


A 
c 
" S 
P 
Fig. 64 
(4) If the proof Is not required there is no need for 

joining A, D in Fig. 63. 
Some Applications : 


L4 
Construct a rectangle equal in area to a given triangle. 
P 


Fig. 65 


re ABC be a given triangle. 
IS required to cone : : : 
AABC. Onstruct à rectangle equal in area to 


Method of constructi 


on: . : 
bisector of the side BC of dd eet the perpendicular 


- to intersect BC at the 
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point D. Then we construct the line PO through the point 
A parallel to BC. The perpendicular bisector intersects PO 


at the point E. From EQ the portion EF is cut off equal to 
DC. C, F are joined. 


Then CDEF is the required rectangle. 
Proof: *.. DC = EF and DC | EF 


"^ CDEFisa parallelogram. 
Again, LCDE = 1 rt. angle (." DE | BC) 

^S CDEFis a rectangle 

A, D are joined 


AADC = 4 AABC (' ADisa median of AABC) 


Again, AADC and rectangle CDEF are on the same 
base DC and between the same parallels DC and EF, 
^ AADC =} o CDEF 
'. 0 CDEF = AABC 
[Remark : Since angles of a rectangle are right angles, 


therefore, there is no need of mentioning any angle in this 
'case.] 
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Exercise 14 


(Write the method of construction and give the proof 1-7.) 


1. Construct a triangle with sides 5 cm, 8 cm dnd 11 cm. 
Construct a parallelogram equal in area to the above triangle 
and with one of its angles equal to 45° 


2. Construct AABC, where AB = 6 cm, BC = 9 cm and 
LABC = 60°..Construct a parallelogram equal in area to AABC 


with one of its angles equal to 60° and with one of iis side- equal 
to half of AC. 


3. Consturct a triangle POR where LPQR = 30°, LPRQ = 
75° and QR = 7.5 cm. Construct a rectangle equal i 


n area to 
APQR. 


4. Construct an e 
Construct a parallelo 
angles equal to 55°, 


quilateral triangle. with side 6-5 cm. 
gram equal in area to it with one of its 


5. Construct an isosceles triangle with each of its equal sides 
as 8 cm and with its base 5 cm. Construct à parallelogram equal 
in area to that triangle with one of its angles equal to one of the 
equal angles of the triangle and with one of its sides equal to half 
of one of the equal sides of the triangle. 

6. Construct an isosceles triangle where the length of one of 
its equal sides is 9-2 cm and one of the equal angles is 60°. - 
Construct a rectangle €qual in area to it with one of its sides 
equal to half the base of the triangle. 


7. Construc 
Construct a recta 


the relationship ` of thi é 
is 4 ; 
reasons, quadrilateral. with 
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Problem 4 
To construct a triangle equal in area to a given 
quadrilateral. 


Fig. 66 


Let ABCD be the given quadrilateral. 


It is required to construct a triangle equal in area to 
the quadrilateral ABCD. 


Method of construction: The diagonal: DB is drawn. 
Through the point C, CF is drawn parallel to DB. CF 
intersects AB produced at the point E. D; E are joined. 
Then AADE is the required triangle. 


Proof: \DEB and ADCB are on the same base DB 
and between-the same parallels DB and CF. 


.. ADEB = ADCB 
^. AADB + ADEB = AADB + ADCB 


AADE = quadrilateral ABCD 


[Remarks: (1) To construct the parallel line an arc is 
drawn with -centre B. and radius DC and another arc is 
drawn with centre C and radius DB. The parallel line 
could also be drawn by a different method. 
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(2) Let us now discuss why we proceeded to construct 
the triangle by the above method. 


D 


Fig. 67 

If two triangles of equal area A DEB and ADCB on 
the side DB are on the same side of DB, we know that DB 
will be parallel to CE. Now if EB is Produced to any point 
A and A, D are joined; ADE will be a triangle and ABCD 
will be a quadrilateral and they will have equal areas. Here 
note that DB is diagonal of quadrilateral ABCD and CE is 
parallel to that diagonal DB. E is on AB produced. From 


this it can be understood why we followed the above P" 
method for the construction. 


... (3) Note that the side AB of the quadrilateral and the 
side AE of the triangle are on the same Straight line and D 


F 


A. 


. Fig. 68 
E NER ie Thus we can construct the triangle equal 
in area to the quadrilateral in such a Way that one side of 


= 
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the quadrilateral and one side of the triangle will be on the 
same straight line and any one of the othertwo vertices of 
the quadrilateral will be the vertex, of the triangle. In that 
case the diagonal of the quadrilateral is to be drawn 
through that vertex and through the other vertex a straight 
line is to be drawn parallei -~ the diagonal. For example, if 
it is necessary to construct a triangle equal in area to the 
quadrilateral ABCD such that one side of the triangle and 
the side BC of the quadrilateral are on the same straight 
line and A is the vertex of the triangle, the diagonal AC is 
to be drawn and a straight line parallel to AC is to be 
drawn through the point D. 


(4) By applying Problems 4 and 3 it is possible to 
construct a parallelogram or a rectangle equal in area to a 
given quadrilateral. 

(5) Note that the number of sides of a quadrilateral is 
four and that of a triangle is three. Thus we find that in 
construction 4 from a given polygon another polygon is 
constructed whose area is equal to that of the given 
polygon and whose number of sides is one less than that of 
the given polygon. Hence by this method it is possible to 
construct a quadrilateral equal in area to-a pentagon, a 
pentagon equal in area to a hexagon, etc. Applying this 
method repeatedly it will be possible to construct a 
triangle equal in area to any given polygon.] 

Some applications : 

1. Construct a parallelogram equal in area to a given 

quadrilateral ae of its angles equal to a given angle. 


t D Q 
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Let ABCD be the.given quadrilateral and LX be the 
given angle. 

It is required to construct a parallelogram equal in 


area to the quadrilateral ABCD with one of its angles 
equal to LX. 


Method of Construction: Diagonal DB is drawn. 
Through the point C a straight line is drawn parallel to DB 
to intersect AB produced at the point E. D, E are joined. 


Then AADE = quadrilateral ABCD 


Then AGKL is the required parallelogram. 


Proof: By construction AADE = quadrilateral 
ABCD. 


Again, by construction paralllelogram AGKL = 
AADE. 
-. Parallelogram AGKL = quadrilateral ABCD. 


2 Construct a trian 


gle equal in area to a given 
pentagon. 


Fig. 70 


Let ABCDE be the given Pentagon. 


Ww 


CONSTRUCTIONS 97 

It is required to construct a triangle equal in area to 
the pentagon ABCDE. 

Method of construction: 

Diagonals AC and AD are drawn. Through the points 
B and E lines are drawn parallel to AC and AD 
respectively. DC produced intersects the first straight 
line at the point P and CD produced intersects the second 
straight line at the point Q. A, P and A, Q are joined. 


Then AAPOQ is the required triangle. 


Proof: AAPC and AABC are on the same base AC 
and between the same parallels AC and BP. 


-. AAPC = AABC 


Again, AAQD and AAED are on the same base AD 
and between the same parallels AD and EQ. 


z^. AAQD = AAED 


^. AAPC + AACD + AAQD = AABC + AACD 
; +. AAED 


.. AAPQ = pentagon ABCDE. 
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Exercise 15 


(In each of the following cases write -the method of 
construction and the proof.) 


1. Construct a quadrilateral ABCD with AB = 3 cm. BC = 
4 cm. CD = 4:2 cm. DA = 3-8 cm and diagonal AC = 6 cm. 
Construct a triangle equal in area to this quadrilateral. 


2. Construct a quadrilateral ABCD with BC = 6cm, AB = 
4 cm. CD = 3 cm, LABC = 60°, LBCD = 45°. Construct a 
triangle, equal in area to the above quadrilateral, with AB as 
one of its sides and another side lying along BC. 


3. Construct a quadrilateral ABCD with BC = 5-3 cm. CD 
= 4cm, diagonal BD = 10 cm, LADB = 45° and LABC =-75° 
Construct a rectangle equal in area to the above quadrilateral. 


4. Construct a rectangle ABCD with AB = 5 cm and BC = 
3 cm and construct a triangle equal in area to this rectangle. 


5. Drawa pentagon ABCDE and consttuct 
in area to this pentagon with one of the vertices 
the point C. 


a triangle equal 
of the triangle at 


6. Draw a square with 5 cm as its side. Draw a triangle, 
equal in area to that square. 

7. AD and BC'are perpendiculars on side AB of a 
quadrilateral A BCD and AB = 5 cm. AD = 7 cm and BC — 4cm. 
Draw the quadrilateral. Draw a triangle equal in area to that 
quadrilateral and whose one angle is 30°. 
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Miscellaneous Exercise 1 


In some of the following questions possible answers are 
given within brackets. Write the correct answers from these and 
give reasons in support of your answer. 


1. ABCD is a parallelogram with AB:— 5 cm. BC = 3 cm 
and L4BC = 105°. 


D c 
| 


A B 
Fig. 71 


CD = how much? (5 cm, 3 cm, 2-5 em. 1-5 em) 
AD = how much? (5 cm, 3 cm, 2-5 cm. 1-5 cm) 
LBAD = how much? (105°, 75°, 52-5*, 37-59) 

/ LBCD = how much? (105°, 75°, 52-5?, 37-5?) 

^ LCDA = how much? (105°, 75°, 52-5*. 37-5") 


2. ABCD is a parallelogram with AD = 7 cm. AB = 4cm 
and PO = 3 cm. 


| [> 


Fig. 72 


D 


c 


PQ = how much? (7 cm, 6 cm, 4 cm, 3 cm) 
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3. In the quadrilateral ABCD, AO = OC, BO = OD: AB = 
5 cm. AD = 3 cm. 


D [d 


as senem 
led fs 


A B 
Fig. 73 
DC = how much? (5 cm. 4 cm. 3 cm. 2.5 cm) 
4. ABCD is a rectangle with AB "i 4 cm, OD 
D c 


A B ` 
Fig. 74 


= 2-5 cm. 


BC = how much? (4 cm, 2-5 cm, 5 cm, 3 cm) 
5. In the rhombus ABCD, LBAD = 60°, BC = 4cm. 
D Cc 


> 


B 
Fig. 75 


BD = how much? (2 cm, 4 cm, 5 cm, 6 cm) 
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101 
, 6. ABCD is a square. D c 
LBAC = how much? (30°, 45°, 60°) j 
A B 
Fig. 76 
D c 


7. ABCD isa rhombus., 
AC = 24 cm. BD 


= 10cm. 
pou AB = how much? 


(5 em. 12 cm, 
A B 


13 cm, 26 cm) 
Fig. 77 


8. In AABC, P and Q are the mid-points of AB and AC 
respectively, AB = 2 cm, BC = 3 cm and AC = 2.6 cm 


A 
P Q 
= C 
Fig. 78 
PQ = how much? (1 cmi, 1-5 cm. 1-3 cm) 
A 
9. In AABC, P is the mid- 
point of AB, PQ || BC, AP 
= 2 cm, AQ = 1-5 cm. FQ bien, P Q 
AC = how much? 
(4 cm, 3 cm, 3.4 cm) 
B c 


Fig. 79 
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10. In AABC. P and Q are the mid-points of AB and AC 


respectively. BQ and CP intersect each other at the point R. 
Area of AABC is 24 sq.cm. 


Fig: 80 


Area of APBQ = how much? (4 sq. cm, 6 sq.cm, 12 sq.cm. 


18 sq.cm) 


‘Il. ABDE is a parallelogram. F is the mid-point of ED. 
Area of AABC is 20 Sq.cm. 


E F D Cc 


A B 
Fig. 81 


Area of AAEF = how much? (20 sq.cm, 10 8q.cm, 5 sq.cm, 
4 sq.cm) 


12. In AABC, AB =8 cm. AC = 6 cm and BC = 10 cm. 
Bisectors of LABC and LBCA intersect each other at the point /. 


A 


C 
Fig. 82 


ID. IE, IF are Perpendiculars t B 7 - : 
OF 3 on. © BC. CA and AB respectively. 
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{D = how much? (2 cm, 3 cm, 4 cm. 5 cm) 
IE = how much? (2 cm. 3 cm. 4 cm. 5 cm) 
13. In AABC, AB = 4 cm. BC = 5 cm. CM = 3 cm. 
Perpendicular bisectors of AB and BC intersect each other at 
the point O. A 


B c 
Fig.. 83 


BO = how much? (1 cm, 1-5 cm. 2 cm, 2.5 cm) 
AO = how much? (1 cm, 2 cm, 2-5 cm, 1-5 cm) 


14. In AABC, the mediams AD and BE intersect at the 
point C. CG produced intersects AB at the point F. AB = CF = 
6 cm. Area of AABC is 9 sq.cm. 


Fig. 84 


AF = how much? (3 cm, 2 cm; 1-5 cm, 1 cm) 
GF = how much? (3 cm, 2 cm, 1-5 cm, 1 cm) 


Area of AGBC = how much? 
(6 sq.cm, 4-5 sq.cm, 3 sq.cm, 1.5 sq.cm) 


Area of AGEA = how much? 
(6 sq.cm, 4-5 sq.cm, 3.sq.cm, 1-5 sq.cm) 


Area of quadrilateral BDGF — how much? 
(6 sq.cm, 4-5 sq.cm, 3 sq.cm, 1-5 sq.cm) 


15. In AABC, bisectots of /ABC and / BCA intersect each 
other at the point /. 


g 


104 MATHEMATICS 
LABC = 60°. LBCA = 50° 


A 
BU C 


Fig. 85 
LBIC = how much? (160°. 150°. 140°, 125°) i 


16. In AABC, LABC = 65°. LBCA =. 40°, point. of 
intersection of the perpendicular bisectors of the sides is O. 


: A 
B c 
Fig. 86 
LBOC = how much? (105°, 125°, 150°, 165°) 


17. In AABC, LABC = 70°, [BAC = 75°; AD | BC, 
BE | AC and CF | AB. : 


| 
1 
1 
LBOA = how much? (105°, 110°, 125°, 1452) 


»-4 
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18. In AABC, D, E and F are the mid-points of BC, CA 
and AB respectively, area of AABC is 12 sq.cm. 


A 


.B D 


Fig. 88 


Area of ADEF — how much? 
sq.cm) 


(3 sq.cm. 4 sq.cm. 6 sq.cm. 8 ` 
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Miscellaneous Exercise 2 


I. Write in your exercise book, the appropriate words in the. 
blank space which will make the statement correct : 


(i) If the diagonals of a quadrilateral bisect each other. the 
quadrilateral is a ——. 


(ii) If each of three angles of a quadrilateral be one right 
angle, the quadrilateral is a —. 

(ii) If the diagonals of a quadrilateral be unequal and 
bisect each other at right angles, the quadrilateral is a ——. 

(iv) If the diagonals of a quadrilateral are equal and bisect. 
each other at right angles, the quadrilateral is a : 

(v) If two parallelograms be on the same base between the 
same parallels, they are — in area. 

(vi) If a parallelogram and a triangle are on the same base 
and fiave the same altitude, the area of the parallelogram is —— 
the area of the triangle. 

^ (vii) The line segment joining the mid-points of any two 
sides of a triangle is — to the third side and its length is — 
the length of the third side. 

(viii) A straight line drawn through the mid-point of one 
side of a triangle parallel to the second side in —— the third side. 


2. To fill in the blanks choose appropriate word from the 
four words—circumcentre, incentre..orthocentre and centroid 
and write in vour exercise book. 

(i) In a right-angled triangle the mid-point of the 
hypotenuse is the of the triangle. 

(ii) In a right-angled triangle the vertex at the right angle is 
of the triangle. 

(iii) Y a point is taken on a median of a triangle is such a 
way that the length of the portion of the median from the vertex 
up to that point is twice the length of the other portion, that 
point is the —— of the triangle. 


the 


3. Put a tick ( V^) mark by writing the numbers of the 
correct statements in your exercise book and if the statements 
are wrong write their correct forms. 

(i) Rhombus is a parallelogram. 
(ii) Square is a particular form of rhombus. 


(iii) VM the diagonals of a quadrilateral are perpendicular to 
each other the quadrilateral is a rhombus. 
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(iv) 1t.the four sides of a quadrilateral are equal, the 
quadrilateral is a square. 


(v) The straight line joining the mid-point of a median of a 
triangle to any other vertex divides the side opposite to this 
vertex into two parts one of which is double the other. 


(vi) If two triangles of equal areas have same base, the line 
joining their vertices will be parallel to the base. 


(vii) If a parallelogram and a rectangle are on the same. 
base and between the same parallels, they ‘are equal in area. 


4. Match the statements in the two columns to form correct 
„sentences (each statements can be used once only). 


square is a particular form of quadrilateral 

rhombus is a particular form of parallelogram 
parallelogram is a particular form of parallelogram 
rectangle is a particular form of rectangle 


5. Names of some four-sided figures are given in the left 
hand column and in the right hand column there is a list of 
four-sided figures obtained by joining the mid-points of the 
figures in the left hand column. Arrange the right hadn column 
correctly to match the left hand column. 


(1) quadrilateral (1) square 

(2) parallelogram (2) rhombus 

(3) rectangle (3) rectangle 

(4) square (4) parallelogram 
(5) rhombus (5) parallelogram 
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Miscellaneous Exercise 3 


1. In the parallelogram ABCD, bisector of /RAD also 
bisects DCB. Prove that ABCD is a rhombus. 


2. In the parallelogram ABCD, the sum of /BAD and 
LDCB is two right angles. Prove that ABCD is a rectangle. 


3. Prove that the diagonal QS of the rhombus PQRS bisects 
LPSR and / RQP. , 


4. The diagonals of a rectangle are perpendicular to each 
other. Prove that the rectangle is a square, 


5. In the parallelogram ABCD, the diagonal BD is 
perpendicular to AB. P and Q are the mid-points of AD and BC 
respectively. Prove that 'BPDQ is a rhombus. 


6. In the parallelogram ABCD, AB>AD, P is a point on 
AB, such that AP = AD. Prove that DP bisects LADC. Find a 
point Q on AB produced such that OD bisects LAQC. 


7. Parallelogram, ABCD and ABEF are on the same base 
and: between the same parallels. P and-Q are the points of 


intersection of the diagonals of the Parallelograms ABCD and 
ABEF respectively. Prove that PQ || AB, 


8. AABC and AABD are equal in area and they are on the 
Same side of the common base A B. Centroid of AABC is G and 
centroid of AABD is H. Prove that GH || AB. 


9. AABC and AABD are equal in area and are on the 
opposite sides of the common base AB. Prove that AB bisects 
CD. 


10. Rectangle ABCD and parallelogram A BEF are equal in 
arca and are on the opposite sides of the common base A p. The 
perpendicular drawn from the point F to BA intersects BA 
produced at the point G. Prove that ADGF isa parallelogram , 


11. Prove that of all the triangles havin 


1 I & Same base and 
equal areas, the isosceles triangle has the leas 


t perimeter, 


12. O is any point inside AABC. Parallelograms OAPB 
OBQC and OCRA are drawn with AB, BC and jj Š 


CA as dìagonals 


respectively. Prove that AABC = ^QPR 
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13. ABCD is an isosceles trapezium with AD and BC as 
oblique sides. Prove that perpendicular bisector of DC is also 
the perpendicular biszctor of AB. The perpendicular bisector of 
AD intersects the previous perpendicular bisector at the point 
O. Prove that OA = OB = OC = OD. : 


14. Each of different plane figures has some particular 
properties. The definition of each plane figure has been based 
on one of these properties. If the definitions were given on the 
basis of some other property it would have been necessary to 
prove the property on which the previous definition was based. 


We assume below some such definitions. 


(a) The quadrilateral. whose diagonals bisect each other. is 
a parallelogram. 


(b) The quadrilateral. whose diagonals are equal in length 
and bisect each other, is a rectangle. 


(c) The quadrilateral, whose diagonals bisect each other at 
right angles, is a rhombus. 


(d) The quadrilateral. whose diagonals are equal in length 
and bisect each other at right angles. is a square. 


Assuming the above definitions prove the following prop- 


erties: 
(i) Opposite sides of a parallelogram are parallel. 


(ii) In a rectangle the opposite sides are parallel and each 
angle is a right angle. 
(iij) All sides of a rhombus are equal. 
(iv) In a square opposite sides are parallel. all sides are all 
equal and each angle is a right angle. 
15. In proving Theorem 26. congruency of ABEC and AFD 
(fig. 34) was proved in the following way: 
LBEC = corresponding LAFD (^. BE || AF) 
LBCE = corresponding LADF C^ AD || BC) 
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BE = AF (opposite sides ot a parallelogram ) 
-. ABEC = AAFD. 


If instead of proving in the above manner a student would 
have proceeded in the following way for the proof would it have 
been logical? 


BC = AD (opposite sides ofa paralelogram) 
BE = AF (opposite sides of á- parallelogram) 
LBEC = corresponding LAFD (-' BE || AF) 
^. ABEC = AAFD. 

Give reasons in support of your answer. 


If in your opinion the Proof is not valid, can you prove the 
congruency of the triangles by showing that the corresponding 
sides of the two triangles are equal? Try if you can 


——————— 
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Miscellaneous Exercise 4 


1. In which of the following cases will the quadrilateral 
ABCD be a parallelogram according to the conditions given 
below? i 

(i) AB = DC and AB || DC. 
(ii) AB = DC and AD = BC. 
(iii) AB = DC and LADC = LABC. 
(iv) AB || DC and /ADC = LABC. 
(v) LADC = LABC and 'DAB = LDCB. 
(vi) AB|| DC and AD BC. 
(vii) AC and BD bisect cach other. 
(viii) AADC = AABC orABAD= ABCD. 
(ix) AADC = AABC and ABAD = ABCD. 
(x) AADC = ABDC and AD = BC (Two triangles lie on 
the same side of DC). 
(xi) AADC = ABDC and AB = DC (Two triangles lie on 
the same side of DC). 


2. What form will the quadrilateral ABCD be in each of 
the following cases if: 
(i) AC and BD are unequal and bisect each other. 
(ii) AC bisects BD at right angles . 
(iii) AC and BD are unequal and bisect each other at right 
angles. 
(iv) AC and BD are equal and bisect each other. 
(v) AC and BD are equal and bisect each other at right 
angles. s 
(vi) AC and BD are equal and intersect each other at the 
point O, so that AO = BO, CO = DO. 


3. In AABC, LA is a right angle and LC=30°; if BC=8 
cm, what is the length of the line segment AB? 


4. Answer the following questions : 

(i) In AABC, D and E are the mid-points of sides AB and 
AC respectively. What is the relation between the 
straight line DE and the straight line through the point > 
parallel to BC ? 

(ii) In AABC, AB=AC and D, E, F are the mid points of 
sides BC, CA and AB respectively. How are the straight 
lines AD and EF related? 
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(i) 


(iv) 


(v) 


(vi) 


(vii), 


(viii) 


(ix) 


(x 


E 


Un 


(i 


= 


(ii) 


(iii) 


(iv) 
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In AABC, D, E, F are the mid-points of sides BC, CA 
and AB respectively. BE and CF intersect each other at 
the point O. How are the three points A, O, D related? 
If the centroid, orthocentre, circum-centre and in-centre 
of a triangle be collinear, what kind of triangle is it? 

If the centroid, orthocentre, circum-centre and in-centre 
of a triangle be the same point, what kind of triangle is it? 
O is the mid-point of the diagonal AC of the parallelo- 
gram ABCD. What is the measure of LBOD? 

In AABC, D and E are the mid-points of the sides AB 


and BC respectively. At which point do the straight lines 
parallel to BC through the point D and parallel to BA 
through the point E intersect? 

The length of the diagonal BD of the parallelogram 
ABCD is 6 cm. P and Q are the centroids of AABC and 
AADC respectively. What is the length of the line 
segment PQ? 

The median AD of AABC is produced to the point E, 
making DE equal to AD. In AABC, the lengths of sides 
AB, BC and CA are 5 cm, 7 cm and 9 cm respectively. 
What are the lengths of the two line segments EB and 
EC? 3 

In AABC, AB=AC and D is the mid- point of BC. The 
bisectors of LB and LC intersect each other at the point 
O. How are the three points A, O, D related? 


- Answer the following questions : 


Of all the line segments drawn from any point O, outside 
the straight line AB to the straight line AB, OP is the 
least. How are AB and OP related? 

Q is a point on the straight line AB. Two points P,R lie 
outside the straight line. Both PQ and RQ are perpen- 
diculars to the straight line AB. How are PQ and RQ 
related? 

AABC and ADBC are so situated that AD || BC. How 
are the areas of two triangles related? 

AABC and ADBC are equal in area and the points A 
and D lie on the same side of BC. How are the 
lines AD and BC related? 

Two triangles have the same vertex and their bases lie on 
the same straight line. How are their heights related? 


Straight 


Me 
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Miscellaneous Exercise 5 


1. Draw perpendicular bisectors of sides AB and BC of 
AABC. Let their point of intersection be O. Write down the 
relation between OA, OB and OC. 


2. Draw bisectors of LB and LC of AABC. Let their point of 
intersection be Z. Draw perpendiculars to BC, CA and AB from 
I. Write down how those perpendicular-lengths are related? 


3. Draw a perpendicular to the straight line AB at the point 
A. 


4. Drw a perpendicular bisector of AB. Let the point, where 
the perpendicular bisector meets AB be C. Draw a semi-circle 
with C as centre and CA as radius. 


5. Draw two line segments a and b, so that a>b : 


(i) Take a point P and draw a circle with P as centre and 
radius of length equal to a. Now, draw another concentric 
circle, whose radius is of length (a—b). 

(ii) Take a point Q and draw a circle with Q as centre and 
radius of length equal to b. Now, draw another concentric 
circle, whose radius is of length (a+b). 


6. Draw a line segment AB of length 9 cm. Bisect the line 
segment AB. Let O be the mid-point of that line segment. Draw 
asemi-circle with O as centre and OA as radius. From AB cut off 
a line segment AC of length 6 cm. Draw a perpendicular to the 
line segment AB at the point C. 


7. Draw a line segment AB, whose length is 9 cm. From 
AB, cut off a line segment AC of length 6 cm. Bisect AB and 
AC. Take their respective mid-points as P and Q. Draw a 
right-angled triangle with AQ as one of the sides and with the 
hypotenuse whose length is equal to the length of AP. 


8. Draw a square ABCD of side 6 cm. Draw an isosceles 
triangle equal in area to that of the square (i) whose base and 
side BC of the square lie on the same straight line (ii) whose hase 
is the diagonal AC of the square. 


Se 
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Miscellaneous Exercise 6 


1. Prove that any point on the perpendicular bisector of the 
line segment AB is equidistant from A and B. 


2. The straight lines PQ and RS are two perpendicular 
bisectors of the line segments AB and BC respectively. If 
PQ || RS, prove that A, B, C are collinear and the length of AC 
is twice the distance between the straight lines PO and RS. 


3. The straight lines PQ and PR are two perpendicular 
bisectors of the line segments AB and BC respectively. Prove 
that LAPC=2 LOPR. - 


4. Prove that the angles adjacent to any of the parallel sides 
of an ‘isosceles: trapezium are equal to each other. 


5. If two angles adjacent to any of the parallel sides of a 
trapezium are equal to each other, prove that the trapezium is 
isosceles., 


6. ABCD is an isosceles trapezium and AB<DC. DA and 
CB, when produced, meet at the point P. Prove that PA— PB. 


7. O is a point interior to AABC, so that OA-OB-OC. 
Using the property that ‘the sum of the measures of three angles 
of a triangle is equal to two right angles, prove that 
LBOC=2LBAC. 


8. In AABC the median CO=5 AB. Prove that LACB=1 
right angle. 


9. In quadrilateral ABCD, AB=AD and AD | DC and 
AB | BC. Prove that BC=DC. 


_ 10. A straight line parallel to side BC of AABC intersects 
AB and AC at the points P and Q respectively. Prove that 
ABC and AAPQ are equiangular. 


(You know that two triangles are equiangular if three angles 
^ one triangle are equal to those of the other.) 


R 


AN 
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11. A straight line parallel to side QR of APQR intersects 
PQ.and PR at the points X and Y respectively. Join Q, Y and R, 
X. QY and RX intersect each other at the point O. Prove that 
(jy APYQ=APXR (ii) AQOX=AROY. 


12. In AABC, LA is a right angle. AD is perpendicular to 
the siae gC. Write down the two angles complement to DAC. 
How are these two angies related? Write down the two angles 
complement to LACD; state the relation between them. Hence 
prove that AABD and ACAD are equiangular. 


13. Any two of three straight lines are parallel to each 
other. If the intercepts of each of any transversal are equal, 
prove that the three straight lines are parallel. 


14. In parallelogram ABCD, P and Q are the mid-points of 
sides AB and AD respec’ ely. R and S are centroids of AADC 
and AABC respectively. What kind of quadrilateral PORS is? 
Give reasons in support of your answer. 


15. D is any point on side AC of AABC. E, F, G, H are the 
mid«points of AD, DC, BC and AB respectively. Prove that EG 
and FH bisect each other. 


16. AB and CD are two parallel line segments. E is the mid- 
point of CD. AC and BE, when produced; intersect each other 
at the point F and AE and BD, when produced, intersect each 
other at the point G. Prove that FG || AB. 


17. D is any point on side BC of the triangle ABC. The 
straight lines drawn through the point D parallel to CA and BA 
intersect BA and CA at the points E and F respectively. Prove 


that AFBD=AEDC. 


18. AABC is an isosceles triangle, right-angled at the point 
B. The bisector of LBAC intersects BC at the point D. DE is 
drawn perpendicular to AC from the point D. Prove that ADEC 


is also a right-angled isosceles triangle. 


19. ABCD is a square. Points E, F, G, H are so taken on 
AB, BC, CD, DA respectivelyy that AE=BF=CG=DH. Prove 


that EFGH is a square. 
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20. Prove that the end points of a line segment are 


equidistant from any point on the perpendicular bisector of the 
line segment. 


21. Prove that anv voint on the bisector of the- angle 


included by two intersecting Straight lines is equidistant from the 
two straight lines. 


22. Prove that the perpendicular bisectors of four-sides of 
an isosceles trapezium are concurrent. 


23. Two triangles have their two sides equal and also have 
the angles opposite to one pair of corresponding sides equal. 
Prove that the angles opposite to other pair of corresponding 


sides are either equal or supplementary. Further,prove that they 
must be equal if they are either acute or obtuse. How are the two 
triangles related in that case ? 


T 


i 


CHAPTER-4 a j 
CIRCLE 


4.1. You are already familiar with what a circle is. 
You also have an idea of a circle. Let us now define it. 


Definition : A plane figure formed by all the points 
equidistant from a fixed point is a circle. Fig. 89 is the 
figure of a circle. You have also learnt, in class VI, the 
meaning of some terms associated with circle. let us take 
up.them once again. 


Centre : The fixed point 
from which the points on the P 
circle are equidistant is 
called the centre of the circle. 
In Fig. 89, O is the centre 


ot the circle. 


[Remark : You have come Fig. 89 
to know of the interior of 


region and the boundary line of any plane figure in Class 
IX. The centre of the circle is in the interior of the circle. 
The curve bounding the circle is the boundary of the 
circular figure.] 


Circumference : The length of the boundary of the 
circle is called the circumference of the circle. 


Radius. The line segment drawn from the centre to 
any point on the circle is called the radius of the circle. In 
Fig. 89, P is any point on the circle. OP is a radius of 


circle. 


We can now say, from the definition of the circle, that 
all radii of a circle are equal in length. 
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[ Remark : The point whose distance from the 
centre is less than the radius is in the interior of the circle, 
the point whose distance is equal to the radius lies on the 
boundary and the point whose distance is greater than the 


radius does not lie in the interior or the boundary of the 
circle]. 


Chord : The line segment joining any two points on a 
circle is called the chord of the circle. In Fig. 90, AB isa 
chord of the circle. 


Diameter : The chord passing through the centre is 
called the diameter. In Fig. 90, CD isa diameter, 


Fie 9n 


Observe that the length of a diameter is twice the 
length of a radius. 


Arc of a circle : The Part of the curve that forms the 
circle is called the arc of a circle. In Fig. 91, PQ 


is an arc of 
the circle. P. 
[Remark : If the arc is smaller 
than half the bound- ary, it is 
called minor arc ana if greater : Q 
than half the boundary, it is the o 
major arc.] Fig. 91 


Segment of a Circle : The closed figure formed by a 
chord of a circle and an arc is called the segment of a circle. 
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In Fig. 92, ABC is a segment of a circle. It is formed by the 
chord AB and the arc of the circle ACB. 

Cc 


A B 
Fig. 92 
Semi-Circle : The closed figure formed by a diameter 
and half the boundary is called the semi-circle.In Fig. 93, 


4 ACB is a semi-circle. It is formed by the diameter AB and 
the arc ACB. e 


A B 
Fig. 93 
Sector of Circle : The close figure formed by two radii 


and an arc of a circle is called the sector of a circle. In 
Fig. 94, AOB is a sector of a circle. 


Ri 


' Fig. 94 


Concentric circle : Circles drawn with the same cen- 
tre (and different radii) are called Concentric circles. In 
E) 
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Fig. 95, all the circles are drawn with the point O as centre. 
These circies are concentric circles. 


Fig.95 
It is clear that in order to draw a circle, we need to 
have a fixed point, the centre and a line segment, the 


DOF 


Fig. 96 
radius. If these are not definitely given we can have an 
infinite number of circles (Fig. 96). 


With a centre definitely given, we can draw an infinite | 
number of circles, but they are concentric circle (Fig. 95). y- 


Oe 


Fig. 97 
With the radius being definitely given. we can draw an 


infinite number of circles. The lengths of the radii of those 
circles are equal (Fig. 97) 


EY 


e 
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These circles are called congruent circles, 


Now let us see how many circles can be drawn passing 
through a definite point. In this case also we observe that 
an infinite number of such circles can be drawn (Fig. 98). 


Fig. 98 


In fact, all the circles that can be drawn with any point 
on the plane as centre (excluding that definite point) and 
taking the distance between the point taken and the 
definite point as radius, pass through that definite point. 


How many circle do we get if the circles are to be 
drawn passing through two definite points’? 


Let A and B be two definite points. Then the centres 
of the circles are so situated that each of them is" 
equidistant from A and B. We have already seen that any 
point on the perpendicular bisector of the line segment AB 
is equidistant from A and B. Therefore, any circle drawn 
with any point on the perpendicular bisector of AB as 
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centre and the line segment joining that point and either 
the point A or the point B as radius passes through A and 
Bi y , 


MS B 
NOE 


Fig. 99 
Now let us see how many circles can be drawn passing 


through three definite points, particularly when they are 
non-collinear. . 


“A 
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4-2. We will find that one and only circle can be drawn 
through three non-collinear points. This property will be 
established in the next theorem. 


Theorem 34 


One and only one circle can be drawn through three 
non-collinear points. : 


Fig. 100 


Let A, B, C be three non-collinear points. 


To prove that one and only one circle can be drawn 
through those three points. 


Construction : A, B and B, C are joined. Perpendicu- 
lar bisectors of AB and BC are drawn. They are PQ and 
RS respectively. PQ and RS will intersect each other, as A, 
B, C are non-collinear. Let them intersect each other at 
the point O, A, B and C are joined with the point O. 


Proof: *.' the. point O lies on the perpendicular 
bisector of PQ, 4 
the point O is equidistant from A and B; 
that is, OA-OB. 
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and DC parallel to each other and the oblique sides equal; 
that is, DA=CB. 
To Prove that A, B, C, D are concyclic. 


Construction : The perpendicular bisector PO of side 
DC is drawn. That perpendicular bisector will also be 
perpendicular bisector of side AB. Let PQ intersect DC 
and AB at the points R and S respectively. Let us draw 
perpendicular bisectors LM of AD. LM intersects PQ at 
the point O and AD at the point N. 


The points A, B, C, D are joinéd with the point O. 


Proof :'. O lies on the perpendicular bisector of 
DC, 


<. OC=OD 
Similarly, OD=OA 
and OA=OB 
OC=OD=OA=OB 
«<. the circle drawn with the point O as centre and OC 


as radius passes through the points D, A, B. 
That is A, B, C, D are concyclic. 


[Remark : We shall use this property at a later Stage 
to prove a theorem.] 


h 
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4.4. Theorems relating Centre and Chord : 
Theorem 35 


drawn from the centre of a circle to bisect a 


A straight line, 
diameter, is at right angles to the 


chord which is not a 
chord. 


Fig. 103 
Let the straight line OD bisect the chord AB of the 
circle with centre O at the point D. 


To prove that OD is perpendicular to AB. 


à Construction : O, A and O, B are joined. 


Proof : In AOAD and AOBD, 
OA=OB (radii of the same circle), 


OD is common and 
AD- DB (by hypothesis) 


^. AAOD = AOBD 
<, LODA=LODB 

<. DO stading on AB makes equal angles. 
.. OD is perpendicular to AB. i 


[Remark : A OAB is an isosceles triangle. 


<. LOAB = LOBA- Now the theorem could have been 
proved by SAS congruence property. Try for yourself. ] 
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Theorem 36 


The perpendicular drawn from the centre of a circle 
to a chord which is not a diameter bisects the chord. 


Dx 


Fig. 104 


Let OD be Perpendicular to the chord AB of the 
circle with centre O. 


To prove that OD bisects AB; that is, AD- DB, 


Construction : O, A and O, B are joined. 


Proof ::- OD | AB, 
AODA and AODB are right-angled triangles. 
'dn right-angled triangle AODA and AODB, 


hypotenuse QA =hypotenuse OB (radii of the same circle) 
OD is common - 


-AODA = AODE, 
AD=BD (corresponding sides), 


[Remark : In this case also, as AQAB is an isosceles 
triangle, /OAB = LOBA. Now, using the AAS congruence 


y 
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Corollary 2 : a straight line cannot intersect a circle at 


more than two points. o 
If possible, let the straight 


line intersect the circle with 
centre O at the points A, B . 
and C. Perpendicular is drawn 
to the straight line from the 


ss 


point O. oD b 6 
<. AD- DB and AD- DC, 4 
that is DB=DC, Fig. 105 
which is impossible, unless B and C are not coincident 
points. ; 


Some Applications : 

1. Two circles with centres X and Y intersect each 
other at the points C and D. Prove that XY is the 
perpendicular bisector of the common chord CD. 


| 
V 


Fig. 106 


Construction : Perpendicular XO is drawn to CD 


from the point X. O, Y are joined. 
Proof : CD is the chord of the circle with centre X and 


xo |. Cp. 
-. Q is the mid-point of CD. 
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Again, CD is the chord of the circle with centre Y and 
O is the mid-point of CD; 
2. YO | CD. 


At a point on any straight line only one perpendicular 
can be drawn to that straight line; therefore, XO and OY 
lie on the same straight line, so that 


xv | cp | 
Again, O is the mid-point of CD, 

'- XY is the perpendicular bisector of CD. 

2. Two chords of a circle are parallel to each other. 


Prove that the straight line joining their mid-points passes | 
through the centre of the circle. 


(i) Fig. 107 (ii) 
Let two chords AB and CD of the circle with centre O 


be parallel to each other and P and Q be the mid-points of 
AB and CD respectively. 


To prove that the straight line PQ passes through the 
point O. 


Construction : O, P and O, Q are joined. EF is drawn i 
parallel to AB and CD through the point O. 


Proof : `~ P is the mid-pe. .: of AB, 
` OP | AB. 
AB || EF, 
-. OP | EF. 
Similarly, OQ | EF. 
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^. OP and OQ are both perpendiculars to EF. But since 
only one perpendicular can be drawn to a straight line at a 
point on it, P, O, Q are collinear. - i 

.. The straight line PQ passes through the point O 


3. Two intersecting chords of a circle cannot bisect 
each other, if both of them are not diameters of the circle. 


Prove this. 


"OMEN Pu 
B 
Fig. 108 


Let the two chords of a circle with centre O intersect 
each other at the point P, in such a way that P is the mid 
-point of AB. 

To prove that P will not be the mid-point of CD. 

Construction : O, P are joined. ' 


Proof: `~ P is the mid-point of AB, 
^. OP | AB 
.. both AB and CD pass through P, 
++ both AB and CD cannot be perpendicular to OP 


at the point P. 
- AB is perpendicular to OP, 


.. CD is not perpendicular to OP. 


Now, since the line segment joining the mid-point of a 


- chord and the centre of the circle is perpendicular to the 


chord, P is not the mid-point of CD. 


{If both of them are diameters, then by definition, they 
will surely bisect each other.] 
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4. Prove that two equal chords 
equidistant from the centre. 


Fig. 109 


Let two chords AB and CD of the circle with centre O 
be equal. Let us further assume that OE | AB and 
OFl CD: that is, OE and OF are 


distances of AB and CD from the centr. 
To prove that OE- OF. 


D 


Of a circle are 


respectively the 
e OQ. 


Construction : O, A and O, C are joined. 


Proof: `; OE | AB and OF |.CD, . 


-. AOEA and AOFC are both right-angled 
triangles. 


For the same reason E and Fare themid-points of AB 
and CD respectively; that is, 
AE-5 AB and CF=} CD, 
"4 AB=CD, 
.. AE=CF, 


Now, in right-angled triangles AOEA and AOFC, 


hypotenuse OA-hypotenuse OC (radii of same 
` circle) and AE- CF (proved) 


AOEA = AOFC, 
S. OE=OF (corresponding sides). 


" 
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Exercise 16 
1. The length of the radius of a circle with centre O is5 cm 
and the length of the chord AB is 8 cm. What is the distance of 
the chord AB from the point O ? Give reasons. 


2. The length of the diameter of a circle with centre O is 26 
cm. The distance of the-chord PQ from the point O is 5 cm. 
What is the length of the chord PQ ? Give reasons. 


3. The length of the chord PQ of a circle with centre O is 4 
cm and the distance of PQ from the point O is 2:1 cm. What is 
the length of the diameter of the circle? Give reasons. 


4. The lengths of two parallel chords of a circle of radius 
10 cm are 16 cm and 12 cm. What is the distance between the 
two chords, if they lie (1) on the same side (ii) on the opposite 
side of the centre? Give reasons. 

5. The length of a chord of a circle is 48 cm and the distance 
of tha -kord from the centre is 7 cm. What is length of that 
chord whose distance from the centre of that circle is 20 cm? 
Give reasons. 

6. In Fig. 110 the point O is the centre of the circle. 
op | AB. AB=6 cm, PC=2 cm; what is the length of the 
radius of the circle? Give reasons. 


Fig. 110 


7. A straight line intersects one of the two concentric 
circles at the points A and B and the other at the points C 


and D. Prove that AC=DB. 


tres P and Q intersect each other at 


8. Two circles with cen | 
that PO bisects LAPB and LAQB. 


the points A and B. Prove 
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9. H, K are centres of two equal circles and they intersect 
each other at the points R and S. A straight line is drawn parallel 
to HK through the point R, intersects the two circles at the 
points C and D. Prove that CD=2 HK. 


10. Two circles with centres X and Y intersect each other at 
the points A, B. The point A is joined with S, the mid-point of 
XY, The perpendicular to SA through the point A intersects the 
circles at the points P and Q. Prove that PA=AQ. 


11. Prove that two chords of a circle equidistant from the 
centre are equal. 


12. Two intersecting chords of a circle 
with the diameter passing through the poin 
the chords. Prove that two chords are equal 


make equal angles 
t of intersection of 


13. PQ, QR, RS, ST are chords of a circle. If 
PQ=QR=RS=ST, then prove that PR=QS=RT. 


14. Two chords AB and 


AC of a circle are equal. Prove that 
the bisector of LBAC will p 


ass through tthe centre. 


15. PQ is a fixed chord of a circle and AB is any diameter. 
Prove that the sum (or difference) of the perpendicular-lengths 


of PQ from the points A and B will remain constant for any 
position of AB. 


16. Two equal chords of a circle intersect each other. Prove 
that two parts of one are respectively equal to the two 
corresponding parts of the other. 


17. If the: bisector of the angle included by two intersecting 


chords of a circle passes through the centre, then prove that two 
chords are equal. 


18. A straight line Passing through one of the points of 


intersection of two intersecting circles intersects one circle at the 


parallel to the line segment joini 
PQ will be greatest, 


à 
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' 4.5. Theorems related to Circle and Angle 


^ Before we procéed with the theorems, we need to 
have some definitions. 


Definitions : 1. Angle at the centre : The angle formed 
by joining the centre with two points on a circle is called 
angle at the centre. The ang!e subtended by the arc is called 
the angle at the centre standing on that arc. 


A 
Fig. 111 

In fig, 111, LAOB or the reflex L AOB are angle at the 
centre. 

LAOBisthe angle at the centre standing on the minor 
arc AB and reflex / AOB is the angle at the centre standing 
on the major arc AB. 

[Remarks : An angle greater than two right angles but 
less than four right angles is called a reflex angle.] 

2. Angle at the circumference. 1f the end points of an 
arc are joined with any point on the other arc, the angle so 
formed is called angle at the C 
circumference. The angle 
subtended by the arc is called 
the angle at the circumfer- 


ence standing on that arc. 


In fig. 112, L ACB is the 
angle at the circumference Fig. 112 
and that angle is standing on the minor arc AB. 
16 
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[Remarks : (1) Although only one angle at the centre 
stands on an arc, the number of angles at the circumfer- 
ence standing on the same may be many. 


For example, in Fig. 113, / AOB is the only angle at 
the centre standing on the arc APB; but / ACB,L ADB, 
AEB etc, are the angles at the circumference standing on 
the same arc. 


P 
Fig. 113 
(2) Since here minor arc or major arc is not 


mentioned, therefore the arc is mentioned taking a point 
on the arc under consideration.] < 


3. Angle in the segment of a circle: The angle 
subtended by the chord of the segment of a circle at any 
point on the arc of that segment of the circle is called the 
angle in the segment of a circle. 

ee} 


Fig. 114 


In fig. 114, / ACB is the angle in the segment ACB of 
the circle. 
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[Remarks : (1) The segment of the circle formed by 

the chord AB and the arc ACB is called the segment ACB 
of the circle. 


(2) Observe, the angle in the segment ACB of the 
circle may also be called the angle at the circumference 
standing on the minor arc AB.] 

C 


A B 
Fig. 115 
4. Angle in a semi-circle : The angle subtended by the 
diameter of a semi-circle at any point on the semi- 
boundary of the circle is called the angle in a semi-circle. 


In fig. 115, / ACB is an angle in the semi-circle. 
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Theorem 37 


The angle at the centre of a circle is double the angle at 
the circumference standing on the same arc. | 


P 
(i) Fig. 116 (ii) 
Let / AOB is the angle at the centre standing on the 


arc APB of the circle with centre O and / ACB is the angle 
at the circumference standing on the same arc. 


To prove that L AOB=2 L ACB. » 
Construction : C, O are joined and CO is produced to 


any point D. 

Proof : In AAOC, 

OA —OC (radii of the same circle), .'. LOCA=LOAC. 
Again, since side CO of AAOC is producedto the point D 


<. Exterior / AOD = LOAC + LOCA 
= 210CA. 


Similarly, from ABOG we get ! 
LBOD = 2 [OCB 


-. From fig. No, (i) we get 


LAOB = L AOD +1BOD 
= 2 (LOCA+LOCB) 
=21ACB 

and from Fig. No, (ii) we get 

LAOB = BOD — L AOD 


CIRCLE-THEOREMS s- 
= 2 (LOCB = LOCA) 
=2L ACB 
Some applications : 


1. Fig. 117,  O is the centre of the circle, 
LOAB=30°, L ABC=120°. LBCO - y? and LCOA = x°. Find 
the values of x and y; Give reasons. 


P. 
Fig: 117 


Answer : x = 120, yz 90 


Proof :'. Reflex L AOC, the angle at the centre and 
L ABC, the angle at the circumference stand on the same 


arc APC, 


.. Reflex 1 AOC = 2L ARC 
zx LI 
= 240° 

-. LCOA = 360° — 240° = 120°, 


*, v=120, 


Again, '. LOAB + L ABC + LBCO +LCOA =360° 
s. 30° + 120° + y^ + 120° = 360° 
or, y? + 270° = 360° 
or, y = 360° — 270° = 90°. 
s. y=90. 
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2. Two equal circles intersect each other at the points 
A and B. A straight line through the point A intersects one 
of the circles at the point P and the other circle at the point 
Q. Prove that BP = BOQ. 


Q 


B 


| 
| 
Fig. 118 | 


Construction: Let X, Y be respectively the centres of 


the first and the second circle. A, B; A, X; B, X; A, Y and 
B, Y are joined. 


Proof: In AAXB, AAYB, 


\ 
AX = AY (radii of the same circle), 
BX = BY (radii of the same circle), 
AB is common. 
6 AAXB = AAYB C 
^. LAXB = LAYB (corresponding angles) 
But, `.* LAPB is the angle at the circumference and 
LAXB is the angle at the centre standing on the same arc, 
^. LAPB = 1 IAXB / 
similarly, LAOB = i LAYB 
z^. LAPB = [AQB C. LAXB = LAYB) 
that is, LOPB = LPOB ‘ 
In APOQB, LOPB = LPQB 
-. BP = BQ. 


3. ABC is an isosceles triangle, with sides AB = AC 
ADBC lies on that side of BC in which AABC lies and 
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LBAC = 2LBDC. Prove that the point D lies on the circle 
drawn with A as centre and AB as radius. 
D 
p' 
A 


b 


B 
Fig. 119 


Let us assume that D does not lie on that circle Then 
let us suppose that the circle intersects BD at the point D'. 


'- LBAC and £BD'C are. respectively angle ai the 
centre and angle at the circumference standing on the 
same arc, 


.. LBAC = 21BD'C 

But LBAC = 2 LBDC (by hypothesis) 

z. LBD'C = LBDC 

But this is impossible if the points D and D' do not 
coincide, since in ADD' C, 


The exterior /BD'C > the interior opposite /BDC. 
LUN +. the point D lies on the circle. 
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Exercise 17 


1. In fig. 120, O is the centre of the circle; LAOD = 40°, 
LACB = 35°. Find the measures of LBCO and LBOD. Give 
reasons. 


Fig. 120 


2. In Fig. 121, O is the centre of the circle. If LAPB = 80°, 
find the sum of the measures of /AOB and LCOD. Give reasons. 


D 


a Uer C 
abi 
B 


Fig. 121 


3. Two circles with centres C and D intersect each other at 
the points A and P. A straight line through the point A inter 
sects the circle with centre C at the point P and the circle with 
centre D at the point Q. Prove that 


(i) LPBQ = LCAD, (ii) LBPC = LBQD. 
4. OA is a radius of a circie with centre O; AQ is a chord 


and C is a point on the circle. A circle passing through the points 
O, A, C intersects AQ at the point P. Prove that CP = PC. 
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5. Two equal circles pass through the centres of each other. 

The two circles intersect each other at the points A and B. A 

straight line through the point A intersects the two circles at the 
points C and D. Prove that ABCD is equilateral. 


6. S is the centre of the circum-circle of AABC. AD is 
perpendicular to BC. Prove that LBAD = LSAC. 


7. Two chords AB and CD of a circle with centre O intersect 
each other at the point P. Prove that /AOD + LBOC = 21BPC. 


If LAOD and {BOC are supplementary to each other, 
prove that the two chords are at right angles. 


8. Two chords AB and CD of a circle with centre O, when 
produced, intersect each other at the point P. Prove that 
LAOC — LBOD = 2 LBPC. 


9. PR is a diameter of a circle and PQ is a chord. Prove that 
the radius OR, parallel to PQ, bisects the are OR. 


X 


144 MATHEMATICS 
Theorem 38 


Angles in the same segment of a circle are equal. 
C D 


V 


dio I 47 
Fig. 122 


Let LACB and /ADB be any two angles in the 
segment ACDB of the circle. 


To prove that all angles in the segment ACDB of the 
circle are equal. 


Since /ACB and /ADB are any two angles on that 
segment of the circle, the theorem will be proved if it can 
be shown that /ACB and /ADB are equal to each other. 


Construction: Let O be.the centre of the circle. O, A 
and O, B are joined. 


Proof: LAOB is the angle at the centre and, /ACB and 


LADB are angles at the circumference standing on the 
same arc APB, 


.. LAOB = 2LACB 
and /AOB = 2 [ADB 

-. 2LACB = 2LADB 

.. LACB = LADB 


[Remark: We could have stated the general enuncia- 
tion of theorem as below: 


All angles at the circumference of a cir 


cle standing on 
the same arc are equal:] 
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2. Since angle in a segment is involved the, AB must 
be drawn in the figure. 

3. If the general enunciation is given according to (1), 
AB is not to be drawn.] 


Some Applications: 


1. In Fig. 123, LBDC = 50°, LAPB = 65°, [CBD = 28°: 
find the measures of ADB, LABD, LBAC, LACB, LCAD 
and LACD. 


LBAC = LBDC (argles in the same segment of the 


circle) 
= 50° 
[CAD = LCBD (angles in the same'segment of the ` 
circle) 
= 28° 


LAPB is the exterior angle of ABPC and LPBC and 
LPCB are interior opposite angles. 


.. LAPB = LPBC + LPCB 
= [CBD + LACB. 
.*, 65° = 28° 4 AGB i 
2s LACB = 63: = 287.= 37° 
LADB = LACB (angles in the same segment of the 


circle) 
= 37 
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Again, in AAPB, 


LBAP + LABP + LAPB = 180°; 
that is, LBAC + LABC + LAPB = 180°, 
or, 50° + LABD + 65° = 180°, 
or, LABD + 115° = 180°, 
or, LABD = 180°—115° = 65°. 


LACD = LABD (angles in the same segment of the 
. circle) 
= 65? 
^. LADB = 37°, LABD = 65°, LBAC = 50°, LACB = 
37°, LCAD = 28°, LACD = 65°. 


2. The equilateral triangle ABC is inscribed in a 
circle. P is a point on the minor arc BC. Prove that 


PA = PB + PC. A 


P 
Fig. 124 
Construction: PX is cut off from PA making equal to 
PB. B, X are joined. 
Proof: in APBX, 
V PB = PX, s. [PXB -[PBX 
Again, /BPX 
— LACB (angles in the same segme 
= 60° (. AABC is equilateral;) 
COOLPXB + LPBX = 120° 
^. LPXB = LPBX = 60° 
-. APBX is equilateral. 


nt of the circle) 
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.. LPBX = LCBA (each of them is 60°) 
LPBC = LPBX — LCBX 
= [CBA — LCBX 
= LXBA 


Now, in AAXB and ACPB, 
AB.- BC (- AABC is equilateral) 
BX = BP (- APBX is equilateral) 
included /XBA = included /PBC (Proved), 

s. AAXB = ACPB 
.. AX = PC (corresponding sides). 
<. PA = PX + XA 

= PB + PC 


[Remark: Since PA = PB + PC is to be proved, PX 
has been cut off making equal to PB, so that the property 
will b. cstablished if it can be proved that XA = PC.] 


Exercise 18 


1. In Fig. 125, ADBA = 40°: LBAC = 60° and LCAD = 20°; 
find the measures of LDCA and /BCA. Observe also what the 
sum of the measures of eae LDCB will be. 


Fig. 125 
2. O is the orthocentre of the triangle ABC and perpendicu- 
lar AD drawn to BC, when produced, intersects the circum- 
circle of AABC at the point G. Prove that OD = DG. 
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3. I is the centre of the in-circle of AABC. AI produced 


intersects the circum-circle of that triangle at the point P. Prove 
that PB = PC = PI. 


4. ABCD is a cyclic quadrilateral, so that AC bisects /BAD. 


AD is produced to the point E, so that DE = AB. Prove that CE 
= CA. 


5. Two circles intersect each other at the points P and Q 
respectively. Through the point P two Straight lines are drawn. 
They intersect one of the circles at the points A and B, and the 


other circle at the points C and D respectively. Prove that LAQC 
= LBQD. 


6. One of the two circles passes through the point O, the 
centre of the other. The two circles intersect each other at the 
points A and B. A straight line through the point A intersects 
the circle passing through the point O at the point P and the 
circle with centre O at the point R. Join P, B and R, B and prove 
that PR — PB. 


7. Two chords AB and CD of a circle are perpendicular to 
each other. If the perpendicular drawn to AD from the point O, 
the point of intersection of those two chords is produced to meet 
BC at the point E, prove that E is the mid-point of BC. 


8. One angle of an isosceles triangle is 120°; prove that the 
equal sides of that triangle are equal to the radius of the 
circum-circle of the triangle. . 


9. In the cyclic quadrilateral ABCD, AB = DC. Prove that 
AC = BD. 


Y» 


E 
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Theorem 39 


Angle in the semi-circle is a right angle. 


c 


v 


Fig.,126 

Let, in the circle with centre O, /ACB is an angle in 
the semi-circle. 

To prove that ACB = 1 right angle. 

Proof: LAOB is the angle at the centre and /ACB is 
the angle at the circumference, standing on the same arc 
APB, 

.. LAOB = 2LACB. 

But AOB is a line segment, 

.. LAOB = 2 right angles 
that is, 2LACB = 2 right angles, 
.. LACB = 1 right angle. 


Alternative Proof: 
Let B be a semi-circle, where O is the centre of the 


complete circle and LACB is an angle in the semi-circle. 


C 


Fig. 127 
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To prove that 


LACB = 1 right angle. 
Construction: C, O are joined. 


Proof: In AAOC, 

OA = OC (radii of the same circle) - 
<. LOCA = LOAC. 

Again, in ABOC, 
OB = OC (radii of the same circle) 
.. LOCB = LOBC, 3 

-. LOCA + LOCB = LOAC + LOBC 

that is, LACB = [BAC + LABC, 

^. 2LACB = LACB + [BAC + LABC 
= 180° 

^ LACB = 90° = 1 right angle. 


[Remark: Since in the alternative proof, the other arc 
of the circle has not been used, therefore, only the 
semi-circle has been drawn.] 


Corollary 1: The angle in the segment of a circle 
which is greater than a semi-circle is an acute angle. 


Cc 


has, of B 
D 
Fig. 128 
The segment ACB of the circle 
greater than the semi-circle. 
-. ADB is a minor arc. 


with centre O is 


-. LAOB, the angle at the centre stan 


ding on that arc 
is less than 2 right angles. 
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- LACB is an angle at the circumference also 


standing on the same arc, 
. LACB is less than 1 right pus that is, LACB is is an 


acute angle. 


Corollary 2: The angle in the in^ of a circle 
which is less than a semi-circle is an obtuse angle. 


c 


P | hc 6e 


. Fig. 129 
The segment ACB is less than the semiceireles 
. ADB is a major arc. 
. The reflex LAOB, the angle at the centre standing 
on that arc is greater than 2 right angles. 
- LACB is an angle at the circumference also 
standing on that same arc, 


-. [ACB is greater than 1 right angle. 


e LACB is an obtuse angle. 
N 


D 

Fig. 130 

[Remark: Fig. 130 and Fig. 131 are obtained by «. 
to «i 


| 
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producing BO in Fig. 128 and Fig..129 respectively. | 
Let BO intersect the circle at the point E. Then in 


Fig. 130 we find LAOB < /BOE and in Fig. 131 we * 
find the angle under consideration /AOB > /BOE. 


'.— LBOE = 2 right angles 


z. in Fig. 130, i.e., in Fig. 128, LAOB is either an 
acute angle or an obtuse angle and in Fig. 131, i.e., in 
Fig. 129, /AOB is a reflex angle.] 


| Fig. 131 
Some Applications: 


1. Prove that the circle drawn with hypotenuse of a 


right-angled triangle as diameter passes through the right 
angular vertex. 


D 
B A 


Fig. 132 c 
Let ABC be a triangle right-angled at A. 


P. d 
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To prove that the circle drawn with BC as diameter 
passes through the point A. 

Proof: Let us suppose that the circle does not pass 
through the point A. Then, let the circle intersect BA at 
the point D. . 

-. LBDC = 1 right angle (." angle in a semicircle is a 
right angle). 

LBAC = 1 right angle(by hypothesis) 

.'. LBAC = LBDC (both being right angles), 

Which:is impossible if the points D and A do not 
coincide; since the exterior angle /BDC of AADC » the 


interior opposite angle /BAC. 


*. the circle passes through the point A. 


[Remarks: (1) You have proved earlier that the 
median drawn through the-right angular vertex of a 
right-angled triangle is half the hypotenuse. The property 
proved above can also be proved using this property. Try 
for yourself. 

(2) It can also be proved with the help of Theorem 41. 
You try after learning the proof of that theorem.] 

2, Prove that the circles drawn with two sides' of a 
triangle, other than the greatest side, as diameters 
intersect at a point on the third side. 


Fig. 133 


Let ABC be a triangle and AC be the greatest side. 
Let us also suppose that the circle drawn with AB as 
diameter intersect AC at the point D. 
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To prove that the circle drawn with BC as diameter 
also passes through the point D. 


Construction: D, B are joined. 

Proof: ` LADB is an angle in the semi-circle 
.. LADB = 1 right angle 
.. LCDB = 1 right angle 
.. ACDB is a right-angled triangle. with BC 
as hypotenuse. 

*. the circle drawn with BC as diameter also passes 
through the point D. 


[Remarks: (1) In case of an acute-angled triangle, this 
property will be valid for any two sides. * 

(2) It is clear that the foot of the perpendicular drawn 
to the third side from the opposite vertex is that point of 
intersection of two circles. It is obvious that the other 


point of intersection is the vertex, opposite to the third 
side.] g 


Exercise 19 


1. Prove that the circle drawn with any one of the equal 
sides of an isosceles triangle as diameter bisects the unequal 
side. 


2. Two circles intersect each other at the points P and Q. 
PA and PB are respectively the diameters of the two circles. 
Prove that A, Q, B are collinear. 


3. R is the mid-point of the line segment PQ. Two circles 
are drawn with PR and PQ as diameters. Another straight line 
through the point P intersects the first circle at the point $ and 
the second circle at the point T. Prove that PS — ST. 


4. Three points P, Q, R lie on a circle. The two 
perpendiculars to PQ and PR at the point P intersect the circle 
at the point 5 and T iespectively. Prove that RQ = ST. 


5. AABC is an acute-angled triangle. AP is the diameter of 
the circum-circle of AABC. BE and CF are perpendiculars to 
AC and AB respectivelv. They intersect each other at the point 
Q. Prove that BPCQ is a parallelogram. 
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Theorem 40 


The opposite angles of a cyclic quadrilateral are 
supplementary. 
A 


j SS P 
Cc 
Fig. 134 

Let-ABCD be a cyclic quadrilateral in the circle, 
whose centre is O. 
To prove that, 

(i) LBAD + LBCD = 2 right angles, 

(ii) LABC + LADC = 2 right angles, 


Construction: B, O and D, O are joined. 


Proof: LBOD is the angle at the centre and /BAD is 
the angle at the circumference standing on the same arc 


BCD; 
.'. LBOD = 2LBAD, 


that is, ' LBAD = 3 [BOD 


Again the reflex LBOD is the angle at the centre and 
LBCD is the angle at the circumference standing on the 


same arc BAD; 
<. LBCD = } the reflex LBOD 
^. LBAD + LBCD = } (LBOD + reflex LBOD) 
= i x 4 right angles 
= 2 right angles. 
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Similarly, by joining O, A and O, C; it can be proved that 
LABC + LADC = 2 right angles. 


Alternative Proof: " 


c 
Fig. 135 


Let ABCD be a cyclic quadrilateral in the circle, 
whose centre isO. 
To prove that, 

(i) BAD + LBCD 22 right angles, 

(ti) L4BC + LADC = 2 right angles. 

Con *'ruction: Two diagonals AC and BD are drawn. 

Pro 5:*." LBAC = LBDC (angle in the same segment 

of the circle) 

and. /CAD = LCBD (angle in the same segment of the 


circle) 


.. LBAD = LBAC + LCAD = LBDC + LCBD 
-. LBAD + LBCD = LBDC + LCBD + LBCD 
= 2 right angles. 


[Remarks: (1) The alternative proof is given by 
Euclid. 

(2) After proving that the sum of two opposite angles 
to be equal to 2 right angles, it can easily be shown that the 
sum of the other two opposite angles is equal to 2 right 
angles by using the property that the sum of four angles of 
a quadrilateral is equal to four right angles. ] 
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Corollary: If any side of a cyclic quadrilateral be 

produced, the exterior angle so formed is equal to the 
interior opposite angle. A 


Fig. 136 

In Fig. 136, the exterior /DCE has been formed by 
producing the side BC to the point E, then, /DCE = 
interior opposite /BAD. 


. ABCD is a cyclic qualdrilateral, 
. LBAD + LBCD = 180° 
Again, CD stands on the straight line BE, 
". LBCD + LDCE = 180°, 
.. LBCD + LDCE = LBAD + LBCD. 
*. LDCE = LBAD. 


A 


‘Some Applications: 


1. ABCD is a cyclic 
quadrilateral. Sides AB and 
DC, when produced, meet 
at the point P and sides AD 
and BC, when produced 
meet at the point Q. If 
LADC = 85? and ¿BPC 
= 40° then find the mea- 
sures of /BAD and /CQD. 


The exterior L/3C oi 
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the cyclic quadrilateral ABCD = LADC = 85°. 
Again, in ABPC, LPBC = 85°, BPC = 40°. 
-. LBCP = 180°—(85°+40°) = 180°—125° = 55°. 
.. LBAD = Exterior /BCP = 55°. 
. Again, from ACQD, we get 
LCQD = LADC - LQCD 
= LADC — LBCP (-- LQCD = [BCP), 
= 85° — 55° 
= 30° 
-. LBAD = 55°, LCQD = 30°. 


2. Prove that a cyclic parallelogram must be a 
rectangle. 


Fig. 138 


Let the quadrilateral ABCD be a cyclic parallelo- 
gram. 


To prove that the quadrilateral ABCD is a rectangle. 
Proof: `` ABCD isa parallelogram, 
^. LABC = LADC. 
Again, '." the parallelogram ABCD is cyclic, 
-. LABC + LADC = 180°. 
^. LABC = 90°. 
`: the quadrilateral ABCD is a rectangle. 


3. ABCD is a cyclic quadrilateral. The bisectors of 
LDAB and /BCD intersect the circle at the points X and Y 
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respectively. Prove that XY is a diameter of that circle. 


Construction: A, Y are joined. - 


A Y 


c D 
X 


Fig. 139 
Proof: LYAD and LYCD stand on the same arc; 
^. LYAD = LYCD = } LBCD ( -.-. CY is the bisector 
of LBCD) 
+, LXAY = LXAD + LYAD 
}.1BAD + À LBCD (- AX is the 
bisector of LDAB) 


ll 


} (BAD + LBCD) 
= 5 x 180° (." ABCD is a cyclic quadri- 
lateral) 


= 90° : 
, XCBAY is a semi-circle 
.. XY is the diameter of the circle. 


—— 


Sess 
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Exercise 20 


1. side AB of cyclic quadrilateral- ABCD is produced to the 
point X. If /XBC = 82° and LADB = 47°, find the measure of 
LBAC. ` 

2. PORS is a cyclic quadrilateral. Two sides PQ, SR are 
produced to meet at the point T. O is the centre of the circle. If 
LPOQ = 110°, LOOR = 60°, [ROS = 80°, find the measures of 
LRQS and LOTR. j 


3. Prove tliat a cyclic trapezium is an isosceles trapezium. 


4. Two circles intersect each other at the points P and Q. 


Two straight lines through the. points P and Q intersect one: 


circle at the points A and C respectively and the other circle at 
the points B and D respectively. Prove that AC || BD. 


5. ABCD is a cyclic quadrilateral. The side BC is produced 
to the point E. Prove that the bisectors of /BAD and LDCE meet 
on the circle. 

6.-ABCD is a cyclic quadrilateral. The chord DE is the 
external bisector of /BDC. Prove that AE (or AE produced) is 
the external bisector of /BAC. : 

7. Two straight lines are drawn through any point X, 
exterior to a circle. One of them intersects the circle at the points 
A, B respectively and the other at the points C, D respectively. 
Prove that AXAC and AXBD are equiangular. 

8. Two circles intersect each other at the points G and H. A 
striaght line through the point G intersects two circles at the 
points.P and Q, and the straight line through the point H parallel 
to PQ intersects the two circles at the points R and.S. Prove that 
PQ = RS. 

9. In AABC, AB = AC, E is any point on BC produced. 
The circumcircle of A ABC intersects AE at the point D. Prove 
that LACD = LAEC. 


SE 
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4.6 Conditions for four points to be concyclic: 


You have already known that the vertices of an 
isosceles trapezium lie on the same circle, that is, they are 


: concyclic: : 


We will now prove two more criteria. 


Theorem 41 


Ifa line segment joining two points subtends equal 
angles at two points on the same side of the line segment, 
then the four points are concyclic. 


A 


B E 
Fig. 140 


Let the line segment joining the points B and C 
subtend two equal angles at the points A and D on the 
same side of the line segment; that is, [BAC = [BDC. 

To prove that A, B, C, D are concyclic. 


Construction: The circle passing through the points A, 
B, C is drawn. Through the point C, a straight line parallci 
to BD is drawn which intersects the circle at the point 7 


B, E are joined. 
Proof: :.. ABEC is cyclic quadrilateral, 
-. LBAC + LBEC = 180°. 
But, BAC = LBDC (by hypothesis), 


~. LBDC + LBEC = 180°. 
Again, CE || DB and BE is the transversal, 
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.. LDBE + LBEC — 180? 
-. LBDC + LBEC = LDBE + LBEC 
-. LBDC = LDBE 
^. BDCE is an isosceles trapezium 
Again, A, B, E, C are concyclic (by construction), 
.. A, B, C, D are concyclic. 


Alternative Proof : : 
To prove that.A, B, C, D are concyclic. 


A D j 
E ^ Tir 


Fig. 141 


Construction : A circle is drawn that passes through 
the points A, B, C. If that circle does not pass through the 
point D, then the circle intersects either BD or BD 
produced. Let us suppose that in this case, the circle 
intersects BD at the point E. C, E are joined. 


Proof : LABC and LBEC are angles at the same 
segment of the circle. 


<. LBAC = LBEC ° 
But /BAC = /BDC (by hypothesis) i 
-. LBEC = LBDC. 


But this is impossible if the points D and E do not 
«eincide; for LBEC, the exterior angle of ADEC>/BDC 


`. the point D lies on the circie, 


zu, BS IG: D are concyclic, 
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Theorem 42 


If two opposite angles of a quadrilateral are sup- 
plementary, then the vertices of the quadrilateral will be 


concyclic. 


A 
E 
B D 
Cc 
Fig. 142 


Let LABC and /ADC of a quadrilateral ABCD be 
supplementary; that is, [ABC t LADC. = 180°. 


To prove that, A, B, C, D are concyclic. 
Construction : A circle is drawn through the points A, 


B, C. A, C are joined. Let us suppose E tobe such a point 
on that circle that lies on that side of AC in which the point 


D lies. A, E, and E, C are joined. 
Proof ::- ABCE is a cyclic quadrilateral, 
<. LABC + LAEC = 180°. 
But LABC + LADC = 180° (by hypothesis), 
+, LABC + LAEC = LABC + LADC 
^. LAEC = LADC. 


: + [AEC and LADC are two equal angles on the same 


side of AC, 
>, A, QDE are concyclic. 
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But '. A, B, C, E are concyclic, 


-. A, B, C, D are concyclic. 


Alternative Proof : 


c 
Fig. 143 


Let LABC and LADC of a quadrilateral ABCD be 
supplementary; that is, 
LABC + LADC = 180°. 


To prove that, A, B, C, D are concyclic. 


Construction: A circle is drawn through the points A, 
B, C. If that circle does not pass through the point D, then 
the circle intersects either AD or AD produced. Let us 


suppose that in this case, the circle intersects AD at the 
point E. C, E are joined. : 


Proof :' ABCE is a cyclic quadrilateral, 
-^. LABC + LAEC = 180°. 

But LABC + LADC = 180° (by hypothesis), 
-. LABC + LAEC = LABC + LADC, 
4. LAEC = LADC. 


But this is impossible if the points D and E do not 
coincide; for LAEC, the exterior angle of ADEC>LADC. 


the point D lies on the circle, 


.. A, B, C, D are concyclic. 


CIRCLE-THEOREMS 165 
Some Applications : 


1. In AABC, the perpendicular drawn to BC through 
the point A intersects BC at the point D and the 
perpendicular drawn to CA through the point B intersects 
CA at the point E. The two perpendiculars intersect each 
other at the point O. Prove that (i) A, B, D, E are 
concyclic, (ii) C, D, O, E are concyclic. 


A E 


Fig. 144 


Proof: (i) LAEB = 1 right angle (^ BE | CA), 
LADB = 1 right angle (. AD L BC), 
LAEB = LADB. 


But they are two angles lying on the same side of AB, 
.'. A, B, D, E are concyclic. 1 
(ii) LOEC = 4 right angle (." BE 1 CA), 


LODC = 1 right angle (^ AD | BC), 
LOEC + LODC = 2 right angles. 


But they are two opposite angles of a quadrilateral 
CDOE, 


<. C, D, O, E are concyclic. 
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2. In an isosceles triangle ABC, AB=AC. A straight 


line parallel to BC intersects AB and AC at the points P 


and Q respectively. Prove that, BPQC is a cyclic quadri- » 
lateral. 


A 


Fig. 145 


. Proof :*. in the isosceles triangle ABC, AB=AC, 


-. LACB = LABC. 

Again, '." PQ || BC, 
'- LABC = corresponding /APQ. 
LAPQ = LACB. 

-but BPO + LAPQ = 2 right angles, 


^. LBPQ + LACB = 2 right angles, 
that is, LBPQ + LOCB = 2 right angles, 


But they are two opposite angles of the quadrilateral 
BPQC. 


-. BPQC is a cyclic quadrilateral. 
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Exercise 21 i 


1. In Fig 146, LBCD=88°, LABD=48°, LADB-—40*. Prove 
that A, B, C, D are concyclic. 


Fig. 146 


2. AABC is right-angled at B. DE is perpendicular to AC 
from any point D on AB. Prove that B, D, E, C are concyclic. 
3. A semi-circle is drawn with AB as diameter. Two chords 
AP and BQ intersect each other at the point R. Perpendicular to 
AB from R meets AB at the point S. Prove that (i) B, S, R, Pare 
concylic, (ii) A, $, R, Q are concyclic. j 


4. R and S are the mid-points of two chords AP and AQ of a 
circle with centre O. Prove that O, R, A, S are concyclic. 


5. BE and CF are respectively perpendiculars to sides AC 
and AB of the triangle ABC. Prove that B, C, E, Fare concyclic. 
Hence, prove that AAEF and AABC are equiangular. 


6. ABCD is a parallelogram. A circle passing through the 
points A and B intersects AD and BC (or AD and BC produced) 
at the points E and F respectively. Prove that E, F, C, D (or E, 
C, F, D)are concyclic.. 

7. ABCD is a quadrilateral, so that AB+DC=AD+BC. 
The points P, Q, R, S are .taken on AB, BC, CD, DA 
respectively in such a way that AP=AS, BP=BQ and CQ-CR. 
Prove that PQRS is a cyclic quadrilateral. 

E — 
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47] Tangent : 

We have already seen that if a straight line intersects a 
circle, then it intersects the circle at most at two points. 
But it does not necessarily mean that a straight line always 
intersects a circle. In fact, if we draw different straight 


lines in the plane of a circle, then the following three 
situations may arise. ' 


D - qi (ii) 
Fig. 147 


(Ù Straight line intersects the circle at two points 
[Fig. 147(i)]. In this case, we call the straight line 
à secant of the circle. 

(ii) Straight line will touch the circle; that is the 
straight line meets the circle at one and only one 
point. [Fig. 147(ii)]. In this case, we cail the 
straight line a tangent to the circle. 

(iii) Straight line does not intersect the circle, that is 
they have no common point [Fig. 147(iii)]. 
From the above discussion we can now define a secant 

and a tangent. 


Defüüition : 1. Secant—The straight line, which in- 
tersects a circle at two points, is called the secant of the 
circle. 


2. Tangent—The straight line, which meet a circle at 
one and only one point, is called the tangent to the circle at 
that point. The point where the circle and the tangent 
meet, that is, the point where the tangent touches the 


a 
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circle is called the point of contact. 


[Remark : Of all the points on the tangent only the 
point of contact will lie on the circle, the other points will 
be exterior to the circle:] 

Now let us further analyse the relation between a 
circle and a straight line. Let a straight line intersect a 
circle with centre O at two points A and B. Now if the 
straight line is rotated keeping the point A fixed (for 
example, in Fig. 148.it has been rotated anti-clockwise) 
then we see that the other point of intersection gradually 
comes nearear and nearer to the point A. 

As a result.of this rotation the position of the straight 
line may be such that the other point of intersection 
coincides with the point A. Then we may say that a straight 
line intersecting a circle at two coincident points is a 
tangent to the circle at that point. 


Fig. 148 


4.8 Now we will establish, the relation between the 
tangent to a circle and the radius through the point of 


contact in the next theorem. 


m ct 
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Theorem 43 


The tangent to a circle at any point on it is perpendicu-: 
lar to the radius through the point of contact. 


Ast tive Q B 
big. 149 


Let AB be the tangent to the circle with centre O at 
the point P and OP be the radius through the point P. 


To prove that OP and AB are perpendicular to each 
other. ; 


Construction: Any other point Q is taken on the 
tangent AB. O, Q are joined. 


Proof: Since any other point on AB excepting P is 
exterior to the circle, OQ intersects the circle at a point. 
Let R be the point of intersection. 


-. OR«OQ ('- Ris a point between O and Q.] 


Again OR=OP (radii of the same circle). 
<. OP«OQ. 
` the point Q is any point on AB, 
^. OP is the least of all the line segments drawn from 
the point O to AB. 
^ OP | AB. 


Corollary: 1. At any point on a circle, the perpendicu- 
lar drawn to the radius through that point is the tangent to 
that circle. 
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2. At a given point on a circle one and only one 
tangent can be drawn. 


3. The perpendicular drawn to any tangent to a circle 
at the point of contact passes through the centre of the 
circle. ; 


4. The perpendicular drawn to a tangent to a circle 
from the centre of the circle passes through the point of 
contact. 


[Remark: Only one perpendicular can be drawn to a 
straight line at a point on it or only one perpendicular car 
be drawn to a straight line from a point outside it. From 
these two properties we can arrive at the above corol- 


laries.] 


Some Applications : 


1. In Fig. 150, O is the centre of the circle. YX is the 
tangent at the point Y. If LAXY=40°, what is the measure 
of LAYO? Give reasons. 

Y 


Fig. 150 


Answer : LAYO=25°. 
Proof: * XY is the tangent and OY is the radius 
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through the point of contact, 


`. LXYO=90°, 
"din AOXY, 
LXOY =180° — (90°+40°) 
=180° — 130° 
=50°. 


Again, OA=OY (radii of same circle), 
'. in AAOY, LOAY = LOYA 


*, Exterior LYOY =LOAY+LOYA 
i =2LOYA 

*, 2LOYA=50°, 

or, LOYA=25°, 

‘`. LAYO=25°. 

2. AB is a diameter of a circle with centre O. PAQ is 
the tangent to the circle at the point A. RS is a chord 
parallel to the tangent PAQ. Prove that AB is perpendicu- 
lar bisector of RS. 

B 


R ÆI NS 


P A a 
Fig. 151 
Proof: Let AB intersect RS at the point T. 


: PAQ is the tangent at the point A and AB is a 
diameter, 


l PAQ. 
Again, ` | Pág || RS and AB is the transversal; 
and AB L | PAQ (proved), 


*, AB L RS; that is OT L RS. 
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< OT LRS, 
s. Tis themid-point of RS. 
. AB is the perpendicular bisector of RS. 


3. PQ is a diameter of a circle with centre O. APB and: 
CQD are the two tangents to the circle at the points P and 
Q. Prove that AB || CD. 


Q 


C—> D 
E F 
[9] 
A P B 
Fig. 152 


Construction: A straight line EF through the point O 
parallel to AB is drawn. 


Proof: OP L AB (^. APB isthe tangent and OP is 
the radius through the point of contact). 


Again, '-' AB || EF, 
3 OP AWE 


(omo EF (< OP, OQ are the same 
; straight line } 


.". CQD is the tangent at the point Q and OQ is the 


s 


redius through the point of contact 


-. OQ 1CD 
again, EF| CD (^ OQ | EFand OQ | CD) 
«^. AB|CD. 
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Exercise 22 


1. AB is a chord of the circle with centre O. The tangent at 
the point B intersects AO produced at the point T. If [BAT = 
21°, find the measure of /BTA. 


2. XY is a diameter of a circle. Another point A lies on the 
circle. PAQ is tangent to the circle at the point A. The - 
perpendicular drawn to the tangent intersects PAQ at the point. 
Z. Prove that XY is the bisector of /YXZ. 


3. PR is a diameter of a circle. A point S is so taken on the 
tangent to the circle at the point P that PR = PS. RS intersects 
the circle at the point T. Prove that ST — RT — PT. 


4. Two radii OA and OB of a circle with centre O are at 
right angles. Two tangents at the points A and B intersect each 
other at the point 7. Prove that AB = OT and they bisect each 
other at right angles. 


5. P is any point on a diameter of a circle with centre O. The 
perpendicular drawn to the diameter at the point O intersects 
that circle at the point Q. QP produced intersects OP at the 
point S. Prove that SP = SR. 


6. X is any point on the tangent to the circle with centre O at 
the point A. A secant through the point X intersects the circle at 
the points Y and Z. P is the mid-point of YZ. Prove that XAPO 
or XAOP is a cyclic quadrilateral. 


7. Two chords AC and BD intersect each other at the point 
O. Two tangents at the points A and B intersect each other at 
the point P and two tangents at the points C and D intersect each 
other at the point Q. Prove that /P 4- LO = 2/BOC. 


8. QR is a chord of a circle with centre O. Two tangent at 
the points Q and R intersect each other at the point P. QM isa 
diameter of the circle. Prove that LOPR = 2IROM. 
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4'9 We have seen that two tangents drawn at the end 
points of a diameter are parallel to each other. If two 
tangents are drawn at other two points, then they intersect 
each other at a point outside the circle; that is we may say 
that two tangents can be drawn to a circle from a point 


outside it. 
A 


v 


B 
Fig. 153 
In Fig.153, from a point P outside the circle with 
centre O, two tangents PA and PB can be drawn. 
We establish the relation between these twọ tangents 
in the next theorem. 


- Theorem 44 


If two tangents be drawn to a circle from a point 
outside it, then the line segments joining the points of 
contact and the exterior point are equal and they subtend 
equal angles at the centre. i 

A 


Bs ee 
(A 


B 
Fig. 154 


Let P be a point outside the circle with centre O. 
From the point P two tangents PA and PB are drawn, 
whose points of contact are A and B respectively. O, A; O, 
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B; O, P are joined. As a result PA and PB subtend LPOA 
and /POB respectively at the centre O. 

To prove that (i) PA = PB (ii) LPOA = LPOB 


Proof: PA and PB are tangents and OA and OB are 
the radii through the points of contact. 


.. OA | PA and OB | PB 


.. APAO and APBO are right-angled triangles. 
In the right-angled triangles APAO and APBO, 


Hypotenuse PO is common, 

OA = OB (radii of the same circle). 

z. APAO = APBO 

.. PA = PB (corresponding sides) z) 


and LPOA = /POB (corresponding angles) ECT) 


Corollary: 1. The line joining a point outside a circle 
and the centre bisects the angle included by twotangents 
drawn from that exterior point. 

2. The bisector of the angle included by two tangents 
drawn to a circle from a point outside it passes through the 
centre. 

3. If two tangents drawn to a circle at two points on it 
intersect each other, then the lengths of the line segments 
from the point of intersection to the points of contact are 
equal. 

[Remarks: (1) Corollary 2 has been used to draw the 
incircle of a triangle. 

(2) If one of the tangents to a circle from a point 
outside it is obtained, the other tangent. will be obtained 
easily. A 


Fig. 155 
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Let the tangent PA to a circle be drawn. Now draw an 
arc of a circle with centre P and radius equal to PA. The 


arc intersects the circle at the point B. Then PB will be the 
second tangent.] 


4:10 We have seen that two circles may intersect each 
other at most at two points. But we cannot say that two 
circles will always intersect. In fact, two circles drawn on 
the same plane may be situated in any position as shown in 


figure 156 : 
(M (ii) à i liü) 
(iv) (v) 
(vi) 
Fig. 156 


| ! 
(i) One of the two circles may be in the interior of the 
other circle and they do not meet at any point. 
(ii) Two circles may be concentric. In that case also, they 
| ‘do not meet at any point. 
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(iii) One of the two circles may be in the interior of the 
other circle and they meet at one and only one point. 
In this case we say that two circles touch each other 
internally. 

(iv) Two circles intersect each other at two points. 

(v) One of the two circles be exterior to the other circle, 

_ but they meet at one and only one point. In this case, 

we say that two circles touch each other externally. 

: (vi) Neither two circles intersect nor they touch each 
other, although they are exterior to each other. 
Common Tangent : If a straight line touches each of 

two circles, then.that straight line is called common tangent - 
to two circles. 


(vi) 
B FA Fig. 157 
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If we consider the different positions of two circles, 
then we find that there is no common tangent in first and 
second cases, there is one common tangent in the third 
case; two common tangents in fourth case, three common 
tangents in fifth case and four common tangents in sixth 
case. 

Of those common tangents some are so situated that 
two circles lie on their same side : d som: ^fhers are so 
situated that two circles lie on their oppos..e sides. The 
common tangents in the first case a:~ called direct common 
tangents and the common tangents in the second case are 
called transverse common tangents. 


(i) In case of fig. 157 (iit) we call the common tangent 
AB as direct common tangent. : 

(ii) In case of fig. 157 (iv) AB and CD are two direct 
common tangents. 

(iii) 1n case of fig. 157 (v) AB and CD are two direct 
common tangents, but the tangent PQ may be 
said to be a transverse common tangent. 

(iv) In case ‘of fig. 157 (vi) AB and CD are two direct 
common tangents and PQ and RS are two transverse 
common tangents. 


We accept that when two circles touch each other, then 
there exists a common tangent at the point of contact. 
when two circles touch each other they hold a property. 
Now we establish that property. : 


qM as 
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Theorem 45 


If two circles touch each other, then the point of contact 
will lie on the line joining the two centres. 


S -Js 

A 

y T 
Fig. 158 


Let two circles with centres P and Q touch each other 
at the point A. 


To prove that P, A, Q are collinear. 


Construction : P, A and Q, A are joined. 


Proof : Since two circles touch each other at the 
point A, there exits a common tangent at the point A. Let 
ST be the common tangent, which touches both the circles 
at the point A. : 

'- ST is the tangent to the circle with centre P and PA 
is the radius through the point of contact, : 

s. PA LST 


Again, '.' ST is the tangent to the circle with centre Q 
and QA is the radius through the point of contact, 

<. OA 1 ST : 

<. PA and QA are both perpendicular to ST at the 
same point. ; : 

-. PA and QA lie on the same Straight line; that is, 


the three points, P, A, Q are collinear. 


Corallary : 1. If two circles touch each other, the 
straight line through centre of one circle and the point of 
contact passes through the centre of other circle. 


Á 


. CIRCLE-THEOREMS à 181 
2. If two circles touch each other externally, the 
distance between the centres of two circles is equal to sum 


of the lengths of the radii of the circles. In Fig. 159 
PQ-PA-«AQ. 


Fig. 159 
3. I£ two circles touch each other internally, the 
distance between the centres of two circles is equal to the 


difference of the lenghts of the radii of two circles. In Fig. 
160 PQ=PA—AQ. 


Fig. 160 


Some Applications : 


1. P is the centre of a circle. A tangent to the circle at 
a point on it intersects two tangents at the end points of a 
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diameter at Q and R respectively. Prove that LOPR is a 
right angle. 


Fig. 161 


. Let AB be a diameter of a circle with centre P and: C 
be a point on the circle. The tangent at the point C 
intersects the tangents at the points Q and R respectively. 
Q, P and R, P are joined. 


To prove that OPR = 1 right angle. 
Construction: P, C are joined. 


Proof: Since the tangents at A and C intersect each 
other at the point Q, we may assume that two tangents are 
drawn from the point Q. 


«^. LAPQ = LQPC 
^QPC = 5 LAPC s. 
Similarly, /CPR = 4 [CPR 
^. LOPR = LOPC + LCPR 


= Í (APC + LCPB) 


5 LAPB 
=} x 180° 
= 90° 
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2. AB and AC are the tingents to the circle with 

centre O. Prove that AO bisects the chord of contact at 
right angles. 


Fig. 162 


Let AQ intersect the chord of contact BC at the point 


To prove that AO is the perpendicular bisector of BC. 

+ wi Proof: :. AB and AC are the tangents to the circle 

1 Mith centre O, -. AB=AC. 

3 and AQ is the bisector of LBAC; 
that is, /BAD = (CAD. 


In AABD and AACD, AB=AC (proved), 
and AD is common, 
included LBAD = included /CAD 
". AABD = AACD. f 
and 75 -. BD = DC (corresponding sides). 
LBDA = LCDA (correspondin? angles) 
AD. BC 


AO or Ot BC. 
vs is the perpendicul«r 3 


bisect 
h 
, 3 ch eac 
ot 3. Two circles with centres P and Q tou rangent to 
; er at the point A. A direct common scie 
: e : 
Wo circles touch them at the points Rand $ x dit A 
TOVe that (i) the common ' tangent at i 


7 vm (i) LBAS 
ects the line segment RS at the point T, (ii) 
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= 1 right angie, (iii) If PT and. QT intersect AR and AS 
at the points C and B respectively, then ABTC will be a. 
rectangle. 


Fig. 163 


Proof: (i) Let the tangent at the point A 
intersect RS at the point T. 

`. TR and TA are two tangents to the circle 
with centre P from the point T. 


TR=TA 
Similarly, TS=TA, 
s ARTIS 


.. AT bisects RS, 
that is, the common tangent at A bisects RS. 
(ii) In AATR, 
TR=TA 
.. LTAR = LTRA 
Similarly, / TAS-/TSA. 
z^ LRAS = LTAR + ITAS 
= LTRA + LISA 
<. LRAS = 90° 
= 1 right angle. 


(iii) PT is the bisector of [RTA and QT is the bisector 
of LATS. 


A PE LOT 
^. LPTQ = 1 right angle. 
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Again, PTL RA and QT L SA, 


-. LACT = LABT = 1 right angle. 
<. ABTC is a rectangle. 


4. If a quadrilateral is circumscribed about a circle, 


prove that the sum of any two opposite sides of the 
quadrilateral is equal to the sum of the other two opposite 


sides. 


Fig. 164 


Let the quadrilateral ABCD be circumscribed about 
the circle with centre O. Sides AB, BC, CD, DA touch the 
circle at the points P, Q, R, S respectively. 


To prove that AB + DC = AD + BC. 


Proof: AP and AS are tangents to the circle, 
«^. AP=AS. 
Similarly, BP=BQ, DR=DS and CR=COQ. 

-. AB + DC = AP + BP + DR + CR 
= AS + BQ + DS + CQ 
= AS + DS + BQ + CQ 
= AD + BC. 


aa 
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Exercise 23 


1. Two circles touch externally at the point A. PQ is E 
direct common tangent to those two circles. Prove that LPAQ is 


a right angle. If PR be a diameter, prove that Q,A,R are 
collinear. 


2. Prove that the centre of the circle which is touched by 


two intersecting straight lines lies on the bisector of the angle 
included by those two straight lines. 


3. Prove that any two o 
circumscribed about a circle 
the centre, 


Pposite sides of a quadrilateral 
subtend Supplementary angles at 


4. Two circles with centres P,Q touch each other external- 


ly. A straight line drawn through the point of contact intersects 


the circle with centre P at the point A and the circle with centre 
Qat the point B. Prove that AP |; BO. 


-» Two circles with centres X and Y touch each c ther 


drawn through the point of contact 
entre X at the 


6. Three equal Circles-touch each other externally. Prove 
that the centres cf those circles 


: 5 are the vertices of an equilateral 
triangle, 


7. Froma point A outside the circle wit 
AP and AQ are drawn. Their points of c 
respectively. Prove that A,P,O, Q, 


h centre O, tangents 


ontact are P and Q 
are concyclic. 


9. P and Q are two Points outside a circle. If the angle 


P. 


a 
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included by the tangents drawn from the point P be equal to the 
angle included by the tangents drawn from the point Q, then 
prove that the distances of P and Q from the centre are equal. 


10. AB and AC are two fixed tangents to a circle with 
centre O. Another tangent intersects the tangent AB at the point 
P and the tangent AC at the point Q. Prove that for any position 
of the tangent the measure of LPOQ remains unchanged. 


CHAPTER 5 
Similarity 
5.1. Ratio and Proportion : 


You are familliar with the ideas of ‘Ratio’ and 
‘Proportion’ in arithmetic and algebra. Can you apply 
these ideas in geometry? Let us see. 


Suppose, your school is 1 km towards east from your 
house and the house of one of your friends is 400 metres 


N 
C 


S 


Fig. 165 


1 km : 400 metres = 1000 : 
Aglin 5 ER E pm : 400 metres — 5 :3 


ies 


Zt 


SIMILARITY 189 
that is, the lengths of the line segments AB and AC will 
bear a ratio 5 : 2. 

Let us take another example. You have seen wall map 
of India in your geography class. You also know how te 
draw an outline of the map of India or how to locate in an 
outline of the map the positions of the places situated in 
India. i 


The distances of Delhi and Bombay from Calcutta are 
approximately 1287 km and 1529 km respectivety. These 
distances are shown iñ a wall map by 31 cm and 37 cm 
respectively. How will you show these distances in the 
outline of the map? Your outline of the map is surely much 
smaller than the wall map. So, although the two maps arc 
of same shape, the distances will not be same. If the wali 
map be 5 times the outline of the map. you will have io 
show the distances by 6-2 cm and 7-4 cm respectively; for, 
31:372 62:74. 

From the above discussion we can say, if the distances 
of two other places from one place are shown by a cm and 
b cm in the wall map and by c cm and d cm respectively in 
the outline of the map, we get a : bsc; d 


This shows that we can use the ideas of ‘Ratio’ and 
*Proportion' in geometry also. 


A B 


Fig. 166 


If ‘a’ and ‘b’ be the lengths of two line segments AP 
and CD respectively, then 


Length of the line segment AB _ a 
Length of the line segment CD La 
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4 5 AB 
We write the ratio of these two line segments asp 


We have obtained some properties of Proportion in 
arithmetic and aigebra. These are also applicable to 
geometry. The properties are 


l. If a, b, c, d be the lengths of four line segments and 
if they are Proportional, that is b - 5 then 


b d x 
pio () 
b es 
ges (ii) 
ad = b.c (iii) 
at+b_c+d ; 
MEE fiv) 
a-b c—4 
ves 0) 
a+b_ct+d y 
a—-b'c-q ; i (vi) 
en CUN 
QUI ae Senne » then 
LIUM E Une d ass ; 
DE qr Ptqtri. © 
—la+m dbi d E 
lp m+n (ti) 
3. If a, i nud, ; 
i É be in continued Proportion, 
b c (i) 
Or, ac = b? 


(ti) 


$e» 
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[Remarks: (1) The geometrical significance of 1 (iii) is 

the rectangles contained by the line segments a, d and by 
the line segments b, c are equal in area. 


(2) The geometrical significance of 3 (i) is the 
rectangle with sides a, c, and the square with side b are 
equal in area. We can also say that the line segment b is 
mean proportional between the line segments a and c. 


(3) The properties of ratio and proportion are applic- 
able to the areas of geometrical figures just as they are 
applicable to the lengths of line segments.] 


We have seen in arithmetic that if a quantity be 
divided into two parts in a definite ratio, we can find those 
two parts. 


For example, ‘if Rs. 50 be divided in the ratio 3 : 7, 
what amount will each get? The answer is, one will get 
Rs. 15 and the other Rs. 35. 


You know, we can denote numbers by lengths of line 
segments. If we represent Rs. 50 by a line segment AB of 
length 10 cm and if we take a point C on AB such that 

A Cc B 

3 7 


Fig. 167 


AC = 3cm and CB = 7 cm, then AC represents Rs. 15 and 
CB represents Rs. 35; that is the line segment AB is 
divided at the point C in the ratio 3 : 7. 


But we are to think in a different way for division of a 
line segment. We know that a line segment can be ` 
produced. As a result, the point of division may be within 
the line segment as in the above case; the point of division 
may also be outside the line segment. 


Let AB be a line segment of length 6 cm. It is to be 
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divided in the ratio 3 : 1. If we take a E m A 
line segment such that AC — 4.5 cm and CB " E m va 
line segment AB is divided at the point C in the ra : 


4.5 — — —M—— 1.5 -— —— — 

gE RR 

A Deos 4 — — —9D 

a 
Fig. 168 

Again had we produced AB to D such that BD 


= 3 cm, 
then AD will be 9 cm, that isso 


1 In this case also, 


AB is divided at the 
case, the sum of th 
difference is the wh 


point D in the ratio 3:1. In the first 


But there is a definite ratio in which a line segment 
can only be divided internally, but not externally. Say, 
what this ratio is. 


[Remark: In the case 
Segment, the point of divis extremity 
corresponding the lesser term of the ratio and for external 
division the line Segment is to be Produced to that 
extremity. In the above example, for interna] division the 
point C is nearer to the point B and for external division, 
the point D lies on AB Produced. Had the line segment 
been divided in the ratio 1 : 3, the point C would have 
been nearer to the eng Point A and D, on BA produced.] 


of internal division of a line 
ion is nearer to the 
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5.2 A useful geometrical property : 
If the bases of two triangles lie on the same straight 


line and the corresponding two vertices of the triangles be 
the same point, then the ratio of the areas of two triangles 
is equal to the ratio of their bases. 


A 
B PC D E 
Fig. 169 


Let the bases BC and DE of ^? ABC and ADE lie on 
the same straight line BE and A is the vertex of both the 


triangles. 


AABC BC 
AADE DE 

Construction: The perpendicular AP is drawn to BE 
trom the point A. 

Proof: *.’ AP |. BE and only one perpendicular can 
be drawn to a straight line from an exterior point, 

-. AP | BC and AP | DE. 

.. AP is the altitude of both the triangles. 

z. AABC = į BC. AP 
and AADE = 5 DE. AP * 

AABC _} BC. AP 


To prove that 


5.3 We will use the above property to prove the next 
two theorems. 
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Theorem 46 
If a straight line be drawn parallel to one side ofa 


triangle, the other two sides are divided proportionally by 
that straight line. 


A 
Y 
x M. 
B c | 
| 
Fig. 170 | 
Let ABC be a triangle. A straight line parallel to the 
side BC meets AB and AC at the points X and Y 
respectively, 
AX. AY. 
To prove that XB^ YC 
pus 
Construction: B, Y and C, X are joined. per 


Proof: The bases AX, XB of AS 


AYX and BYX lie on 
the same Straight line and they have 


the same vertex x 


AAYX _ AX. 
ABYX XB 


Again, the bases AY, YC of NO 


AXY and CXY lie on 
the same straight line 4nc aey have the same vertex X, 
AAXY _ AY | 
ACXY yc 
ABYX and ACYy stand on the same base XY and 
between the same parallels XY and EC, 
ABYX = ACxy. 
AAYX  AAX Y 
ABXY ACXY 
- AX ay 


XB YC 
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(Remarks: (1) In Fig. 170 the straight line XY divides 

AB and AC internally; XY could have divided AB and AC 

externally [Fig. 171(i)] or could have also divided BA and 
CA externally [Fig. 171(ii)]. 


Y x 


| es, 4 


| 
X Y uB ; C 
€ Fig 171 (i) 
In both these cases, the theorem could have been 
provea iu the same way. Try for yourself. 
(2) We have proved, in Fig. No. 170, that 


AX AY 
+ A XB YC 
Hence, we also get (i) B= 4C and DE AB ga 
jp: AX_AY uz 
(077 XB YC Es E 
AX AY . XB_YC 
m ub QNEM eI 
AXPIR- AY AVC ng Q4 o1 20 
"x ve Se X, AY 
A+, AC or, AA XB AY + YC 
XB YC A A 
AB _ AC 
AX AY 


(3) Here AAYX denotes the area of the triangle 
AYX.] 
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Theorem 47 


The straight line that divides the two sides of a triangle 
proportionally, is parallel to the third side. 


A 


Yu 
Cc 
Fig. 172 


Let ABC be a trian 
divide the sides AB and A 
and Y respectively; that is 


gle. Let the straight line XY 
C proportionally at the points 


To prove that XY. BC. 
Construction: B, Y and C, X are joined. 


Proof: The bases AX and XB of AAYX and ABYX 
lie on the same straight line and they have the same vertex 
Y: 


. AAYX | AX 
"ABYX XB 


Again, the bases AY and YC of AAXY and ACXY 
lie on the same straight line and they have the Same vertex 
X, 
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AX AY : 
But, cA VEDI 
u XB YC (by hypothesis) 


. AAYX _ AAXY 
`` ABYX ACXY 


.'. ABYX = ACXY 


But ABYX and ACXY stand on the same base XY 
and on the same side of it. 


e XY BE, 


Alternative Proof: 


A 


B C 
Fig. 173 
Let ABC be a triangle. Let the straight line XY divide 
the sides AB and AC proportionally at the points X and Y 
respectively; that is, 


To prove that XY | BC. 

Proof: if XY and BC be not parallel, then let us 
Suppose that the straight line drawn parallel to BC 
through the point X meets AC at the point P. 


Te : 
e Pe 
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AX _ AY i 
Sa = Tp (By hypothesis), 
But, xB yc (BY hyp ) 
AP AY 
BE YG 
AP AY 
= =— +1 
pc * YC 
Or ABErBGunvAYCE YC 
TIG YC 
plc AG 
PROM GC 
PC=YC. 
But this is impossible unless P and Y are the same 
point. 3 4 
<. XY | BC. 
; [Remark: In this case also we could have two other 
different figures.] 


Some Applicatwns: 


1. In AABC, the straight line parallel to the side BC 
meets AB ..d AC at the points D and E Tespectively. If 
AE = 247), find DB : EC. A 


Answer: °° DE || Bc 


E 
aD _AE E. 
(DER; oc 
B C 
Fig. 174 
that is AD _ DB 
AE EC 
AD c qe e 
But AB 3 AE = 2AD) 
DB: EC =1:2, 
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2. In trapezium ABCD, AB || DC. A straight line 
parallel to AB meets AD and BC at the points E and F 
respectively. Prove that AE : ED = BF : FC. 
Construction: A, C are joined. AC intersects EF at 
the point G. 


D C 


P 
A B 
Fig. 175 - 
Proof: In AADC, EG is parallel to the side DC, 
.. AE: ED — AG. GC. 
Again, in AACB, GF is parallel to the side AB, 
<- AG: GC = BF; FC. 
J: AE: ED = BF: FC. 
4 ; 
3. ABCD is a quadrilateral. Three points P, Q, R are 
1 taken on two sides AB, AD and the diagonal AC 
respectively so that PR || BC and RQ || CD. Prove that 
PQ || BD. 
Proof: ‘ 
'^ PR| BC 
*. we get from AABC, 
AP _ AR D Q A 
x PB RC. ns 
Again, ^; RQ||CD X, 
.'.we get from 
A AACD, 
AR _AQ 
RC OD B 
.AP.AQ C Fi 
"PB OD ig. 176 


14 
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h -we get from AABD, 


PQ || BD. 


4. In trapezium ABCD, AB | DC. Two points P and 


Q are taken on AD and BC respectively, so that AP : PD 
- BQ : QC. 
Prove that PQ || DC. 


Fig. 177 | 


E 
Construction: Let AB<DC. Both DA and CB, when e | 
produced, meet at the point O. P, Q are joined. 


Proof: = :: AB || DC, 
*. We get from AODC, | 


OA _ OB 
AD BC 


; AP BQ P ; 
Again, PD^ OC (by hypothesis) 


that is, AP + PD _ BQ * Qc 
BQ 


2 
afe 
VIS 

Il 
EXE 

IOIA 
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. OA, AD OB, BC ` 


‘AD AP BC BO 


or OA _ OB n 
' AP BO 


We get from AOPQ, AB || PQ. 
But AB || DC, 


-.PQ | DC.- 


Exercise 24 


1. In AABC, the straight line parallel to the side BC meets 
AB-and AC at the points P and Q respectively. (i) If PB = AQ, 
` AP = 9 units, QC = 4 units. How many units is the length of 
PB? (ii)Thelength of PB is twice the length of AP, the length of 
QC exceeds the length of AQ by 3 units. How many units is the 
length of AC? (iii) AP = QC; the length of AB is 12 units and 
the length of AQ is 2 units. How many units is the length of CO? 


2. In APQR, X, Y are two points on the sides PQ and PR 
respectively. . 

(i) If PX = 2 units, XQ = 3.5 units, YR = 7 units and PY = 

4.25 units, will XY and QR be parallel to each other.? Give 


reasons. 

(ii) If PO = 8 units, YR = 12 units, PY = 4 units and the 
length of PY is 2 units less than the length of XQ, will XY and 
OR be parallel to each other? Give reasons. 


3. Prove that, in a triangle the straight line drawn through 
the mid-point of one side parallel to the second side bisects the 
third side. 


4. In AABC, AB is a median and P is a point on it. BP and 
CP, when produced, meet AC and AB at the points Q and R 
respectively. Prove that RQ || BC. 
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5. Prove that three parallel lines divide two transversals 
proportionally. 


6. In AABC the medians BE and CF intersect each other 
at the point G and the line segment FE intersects the line 
segment AG at the point O. Prove that AO = 30G. 


7. Prove that the line segment joining the two mid-ppints 
of oblique sides of a trapezium is Parallel to the parallel sides. 


8. Prove that the line segment joining the mid-points of 
two sides of a triangle is parallel to the third side. 


9. AABC and ADBC stand on the same base BC and on 
the same side of it. E is a point on BC. Through the point E 
parallels to BA and BD are drawn to meet AC and DC at the 
points F and G respectively. Prove that AD | FG. 


10. D is a point on the side BC of AABC. P, Q are 
centroids of AABD and AADC respectively. Prove that 
PQ || BC. ; 


a 11. hee OCR acs three line segments. 
€ points A, P; B, Q and C, R are such that AB || PO and 
BC l'on. Prove that AC || PR. Le 


12. APQR and ASQR stand on the same base OR 
and on the same side of i 


l t. Two triangles are equal in area. 
F and G are centroids of two triangles respectively. Prove 
that FG || QR. 


13. Prove that the an 


gles adjacent to any one of the 
parallel sides of an isoscel 


es trapezium are equal. 
14. If the angles adjacent to an 


y n y one of the parallel 
sides of a trapezium be equal, the tr: 


apezium is isosceles. 


m^" 


ati 
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5.4 You know that two triangles, with their three 
angles equal, are equiangular. 


D 


E F 


Fig. 178 


In Fig. 178, in AABC and ADEF, LA = LD, LB = LE 
and LC = LF. Therefore, AABC and ADEF are 
equiangular. 


[Remarks: (1) As the sum of the three angles of a 
triangle is equal to two right angles, then two angles of a 
triangle being equal to two angles of another, the third 
angles must be equal; that is, two triangles may be said to 
be equiangular if two angles of one are equal to two angles 
of the other. 


(2) Two equilateral triangles must be equiangular.] 
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Theorem 48 


If two triangles are equiangular their corresponding 
sides are proportional. 


A 


B aN! c E 
Fig. 179 


Let AABC and A DEF be two equiangular triangles, 
so that LA = /D, /B = LE, ]C = LE: 
To prove that a EA = AB 


Construction: From CA 


m 
(or CA produced) CX is cut ^^ 
off making equal to FD and 


from CB (or CB produced) 
equal tu FE, X, Y are jene 
Proof: In ACXY and AFDE 
CX = FD (by construction), 
CY = FE (by construction), 
included /XCY = included /DFE (by hypothesis), 
C0 ACXY = AFDE. 
= LCXY = 


CY is cut ot! making 


LFDE (corresponding angles) 
7 LCAB (by hypothesis). 


“XY || AB C: LCXY and /CAB are 
Corresponding angles). 


CB. CA 
"OY CY 
that is, BC - CA 


CA _AB 
FD DE 
BC_CA_AB 
EF FD DE 


[Remark: Observe that the triangle formed by draw- 
ing parallel to one side of a triangle is equiangular to the 
original triangle. Hence, their corresponding sides are 
proportional. 


A 


B Cc 
Fig. 180 


In Fig. 180, PQ || BC, ^ 
.. in AAPQ and AABC, 


LAPQ = corresponding LABC, 
LAQP - corresponding /ACB, 
, AAPQ and AABC are equiangular. 


'AC AB BC 
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2 Theorem 49 


It the sides of two triangles are proportional, the 
corresponding angles of the two triangles are equal, that is 
the two triangles are equiangular. 


D 
A 
E F 
B c G 
Fig. 181 
Let ABC and DEF be two triangles, so that 
BC CA AB 
EF. FD DE 
To prove that /A — LD, LB = LE, [C = LF, that is, 
AABC and ADEF are equiangular, 


E LACB. 
Proof: In AABC and AGEF, 
LABC = [GEF (by construction), 
LACB = |GFE (by construction), 
<. the remaining /BAC = the remaining LEGF, 


^. AABC and AGEF are equiangular, 
CA. AB. BC 


GA GAL. - T BC 
OG FD( «`. each of them is equal to= 


<: FG = FD 
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Similarly, GE = DE. 
Again, in ADEF and AGEF, 
DE = GE (proved), 
DF = GF (proved), 
and EF is common. 
^. ADEF = AGEF. 
z. LEDF = LEGF = LBAC, 
LDEF = LGEF = LABC, 
and [DFE = GFE = LACB, ; 
that is, LA = LD, LB = LE and LC = LF; " 
-. AABC and ADEF are equiangular. 
[Remarks: (1) As in the proof of Theorem 48, 
theorem 49 also could have been proved by cutting off 
from two sides of AABC two parts equal to the corres- 
ponding sides of A DEF. Try for yourself. 


(2) If two sides of a triangle be divided proportionally, 
the triangle. formed by joining the points of division is 
equiangular to the original triangle; that is, in Fig. 182 
AAPQ and AABC are equiangular. 

A 


Fig. 182 
. AP „AQ 
' PB QC 
-.PQ || BC 
- AAPQ and AABC are equiangular. 


AP Ag _ PO 
Also observe tht 257 AC BC ] 
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Some Applications: 
1. Prove that, the straight line drawn through the 
mid-point of one side of a triangle parallel to another side 


bisects the third side and the intercept of the parallel 
straight line is half the second side. 


A 


B Cc 
3 Fig. 183 
Let ABC be a triangle and P be the mid-point of the 


side AB. The straight line drawn through the point P 
parallel to BC meets AC at the point Q. 


To prove that (i) Q is the mid-point of AC, 
(ii) PQ = 1 pc. 
Proof: In AAPQ and AABC, 
LPAQ = |BAC (same angle), 
LAPQ = Corresponding /ABC 


CPO | BC and AP 


B is the transversal) 
AAPO and AAB 


C are €quiangular, 


AP =AQ PO 
AB AC BC 
Busse rcr Pine KaD 
AQ 1. 
` AC 2»: 


that is, AQ = 1 AC 
z^. Qis the mid-point of AC 


i (i) 
1610) I 
sre 5 


s. 
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s. PQ =} BC. eG) 

[Observe "that Theorem 23 is proved here in a 
different way.] 


2. AD is a median of AABC. A straight line parallel 
to BC meets AB and AC at the points P and Q 
respectively. Prove that the line segment PQ is bisected by 
AD. 


A 


Fig -184 
Let PQ intersect AD at the point R. 
To prove that PR = RQ 


Proof: In AAPR and AABD, 
LPAR = LBAL (same angle). 
LAPR = corresponding /ABD 
(^ PR || BD and APB is the transversal). 
~. AAPR and AABD are equiangular. 


. PR _ AR 
"BD AD 
Similarly. it can be proved tace = aa 
PR RO 
BD DC 


But BD = DC C AD is the, median), 
z. PR RO 


210^ MATHEMATICS 


3. ABCD is a cyclic quadrilateral. AB and DC, when 
produced, meet each other at the point P. Prove that, 
PA.PB — PC.PD. 

, D 


Fig. 185 


Proof: In AAPD and ACPB, . 
LAPD = [CPB (same angle), 
LPAD = (BCP 


C7 ABCD is a cyclic quadrilateral) 
<. AAPD and ACPB are equiangular. 


LEA PD 
"APC^ PB 


-.PA.PB = PC. pp. 


(Remark: If we write the relation PA.PB = PC. PD in 
the form of ratios, we can write FA PD From this it is 
. Clear that we can prove the Property, if we can show 

AAPD and ACPB €quiangular, 


Again, since t 
and the side PB 
which angles ar 


he side PC Corresponds to the side PA 
corresponds to the 


Side PD, we will realise 
€ to be shown equal.] 
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4. ABCD is a cyclic quadrilateral. Prove that AC. BD 
= AB.DC + AD.BC. 


A 


SEX" 


Fig. 186 


Construction: A point Q is taken on BD, so that 
LDAQ = LCAB. 


Proof: In ADAQ and ABAC 
LDAQ = LBAC (by construction), 
LADQ = LACB (angles in the same segment), 
-. ADAQ and ABAC are equiangular. 
AD _ DQ 
“"AC BC 
-, AC.DQ= AD.BC. 


-- [BAC= LDAQ (by construction). 
-.LBAC - LCAQ = LDAQ — LCAQ. 


-.LBAQ =LDAC. 
Now, in ABAQ and ACAD, 
LBAQ = LDAC 
LABQ = LACD (angles in the same seg- 
ment); 
<. ABAQ and ACAD are equiangular. 
. AB _ BQ 


“AC DC 
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.. AC.BQ = AB.DC. 
-.AC.BQ + AC.DO= AB:DC + AD.BC. 


--AC.(BQ + QD) = AB.DC + AD.BC. 
“.AC.BD = AB.DC + AD.BC. 


[Remark: Since it is to be shown that AC.BD = 
AB.DC + AD.BC, BD is divided in two parts taking a 
point Q on BD, so that we can get AC.BD = AC.BQ + 

. AC.DQ. Now, one of them is shown to be equal to 
AB.DC; that is, we are to get two equiangular triangles. 
Keeping this in mind, we are to fix the position of the point 


In the same way, it could have been proved by taking 
a point on AC and not the point Q on BD. Try for 
yourself. 


This is known as Ptolemy's Theorem.] 


Exercise 25 


1. Prove that the line segment 


i 3 joining mid-points of two 
sides of a triangle is parallel to and 


half the thrid Side. 
2. Two parallel straight lines intersect three concurrent lines 


ees respectively, p 
AB:BC = XY:Yz. 7. Stove that 


3. In a trapezium PORS, PQ || SR. Two di 
and QS intersect each Other at the point Pied r 
OP:OR = 00-0S 


If SR = 2PQ, prove that O ; 


ae S one of the poj 
trisection of each of the diagonals, PoS tof 
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5. ABC is an equilateral triangle, the length of each 
side being a units. BC is produced to the point P and CB to 
the point Q, so that BO =.CP = a. Join A, P and A, Q; 
and prove that (i) PO:PA = PA:PC, (ii) PA? = 3a’. 

6. Two acute-angled triangles AABC and APQR are 
equiangular. Their circum-centres are X and Y respective- 
ly. If BC and QR be two corresponding sides, prove that 
BX:QY = BC:QR. 

7. Two chords PQ and RS of a circle intersect each. . 
other internally at the point X. Join P, S and R, Q; and ` 
prove that APXS and ARXQ are equiangular. Hence, 
prove that PX. XQ = RX.XS 
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5.5. Idea of similar triangles and some other similar plane 
figures : 1 
In the study on Ratio and Proportion, you must have 
seen that a wall-map and an outline of a map are of same 
shape but look small or large in size. The distances of two 
corresponding points on those two maps always bear the 
same ratio. r 
Let us take another example. Suppose, the floor of 
your class-room is rectangular and its length is 6-8 metres 
D and breadth 5-1 metres. If you 
want to draw a sketch of that 
floor in your exercise book, 
you will have to draw a rec- 
tangle. Its size will surely be 
smaller than that of the floor 
of the room. But can you take 
A $3 B the length and breadth of any 
Fig. 187 measurement? Surely not. 
If the length of the rectangle, you draw, be 6.8 cms, 
you are to take breadth as 5.1 cms (Fig. 187). 
If one draws the sketch on a 
the paper on which you have d 


5:1 c.m. 


H G 


10:2 cm 
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Again, if one wants to draw a-smaller figure, the 

length and breadth of the rectangle drawn by him will be 

of smaller measurements, but the relatiton between the 

length and breadth will be the same as before; that is, if he 

takes the length as 4 cms, he will have to take breadth as 3 
cms, (Fig. 189). 


S R 
7 E 
zi e 
P 4 cm Q 
Fig. 189 


‘So observe, these three sketches are of the same 
shape, that is, all these three are rectangles. 
Angles of these three figures are equal (each of them 
4. is a right angle) and also the ratios of the corresponding 
sides are equal, which means the corresponding sides are 
proportional. Such figures are called similar figures. So, 
similar polygons may be defined as follows: 
Definition: Those polygons, which are equiangular 
(that is, their angles are equal) and whose corresponding 
sides are proportional, are similar. 
[Remarks: (1) To investigate the similarity of two 
polygons, we are to see whether they satisfy these two 
* conditions. For example, (i) a square and a rectangle are 
equiangular, but their corresponding sides are never 
proportional. Hence they are not similar. 


E] | 


Fig. 190 


EE 
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(ii) the corresponding sides of a square anda thombus 
are always proportional but they are never equiangular 
(for, each angle of a square is a right angle but none of a 
rhombus is a right angle), hence they are not similar. 


Ho 


Fig. 191 
Observe that, in both these two cases the two 
quadrilaterals are of different shapes, 


(iii) If we take two quadrilaterals of same shape, say, 
two rectangles, they may be similar or not. 


r similarity be 
1 s in the case of 
triangles, We can say (i) if t i T€ equiangular 
they are Similar, or, (ii) if si i ys 


Proportional, the triangles are simila;.] 


gq 
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Theorem 50 
If a perpendicular is drawn from the vertex containing 
the right angle of a right-angled triangle on the hypotenuse, . 
the triangles on each side of the perperndicular are similar 
to the whole triangle and to one another. 
A 


B D C 
Fig. 193 
Let ABC be a triangle right-angled at A and AD be 
perpendicular on the hypotenuse BC from A, the vertex 
containing right angle. 
To prove that (i) ADBA and AABC are similar. 
(ii) ADAC and AABC are similar. 
(iii) ADBA and DAC are similar. 


Proof : LBDA = LBAC = LADC (each being right 


angle), 

-. LBAD = LBCA = LACD (complement of 
LABC or LABD) 

and /ABD = CBA = LCAD (complement of /ACB 
or LACD). 


From first and second relations, we get, 
ADBA and AABC are similar. 
.. ADBA and AABC are similar. tte (t) 
From second and third relations, we get, 
AABC and ADAC equiangular, 
^. AABC and ADAC are similar. ............ .. (ti) 
And from first and third relations, we get 
ADBA and ADAC equiangular, 
-. ADBA and ADAC are similar. ........... . (iii) 


218 MATHEMATICS 
Corollary 1 From Fig. 193, we get 
(i) AB? = BC.BD. 
(ii) AD? = BD.CD. 
(ii) AC? = BC.CD. 


(i) '- ADBA and AABC are similar, 


. AB_ BD 
I BC AB 
=; AB? = BC.BD: 
(ii) `> ADBA and ADAC are similar, 
* AD. BD 
ICD NAT) = 
z^. AD?.= BD.CD. 
(iü) '- ADAC and AABC are similar, 
AC_ DC 
DBC AC 
-34C*- BCDC. 
[Remarks: 


(1) Observe that from the vertex contain- . 
ing the right angle three line segments are drawn to meet- 
the hypotenuse at three points respectively. As a result 
three line segments are obtained on the hypotenuse, Any 
of the three line segments is mean proportional between 
two line segments of the hypotenuse so that one end point 
of these two line segments is the point of intersection of 
the first line Segment with the hypotenuse. 


(2) From the three corolla 
are mean proportionals betw 
BC, CD respectively; that is, 


ries we get AB, AD and AC 
een BC, BD; BD, CD and 

the squares on sides AB, AD 
and AC are equal in area to the rectangles containing the 
sides BC and BD, BD and CD, and BC and CD 
respectively. | 


ngles are equiangular. Hence the 
Corresponding sides of these two triangles are prop- 
ortional. 
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In Fig. 194, let AABC and ADEF are right-angled - 


. triangles. Let / C and / F be right angles and let / B and/ E 


Fig. 194 


d 
be also equal. Therefore, / A = / D. 


AABC and ADEF are equiangular. 


Some Applications: 
1. AB is a diameter of a circle. From any point P 
on the circle, the perpendicular drawn on AB meets AB at 
the point N. Prove that PB? — AB.BN. 


P 


Fig. 195 


Proof: ' AB is a diameter, 
.. LAPB is an angle in the semi-circle. 
'. LAPB = 1 right angle. 


.. PN is perpendicular on the hypotenuse AB 
‘som the vertex P containing right angle. 
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`. A ABP and APBN are similar. - 


PB _ AB 
` NB PB 
-. PB? = AB.BN. 


2. Two circles touch each other externally at the point A. 
PQ is a direct common tangent of those two circles. If r 


and r' be the radii of those two circles respectively, prove 
that PQ? = 4rr’. 


ZK 


Fig. 196 


Let the centre of one circle be R and that of the other 


be S. Let r be the radius of the circle with centre Rand r' 
be that of the circle with centre S. 


Construction: R, A, S are joined. The common 
tangent at the point A is drawn. Ít meets PQ at the point 
B. B, R and B, S are joined. 


Proof: :.: BP and BA are ta 
centre R from the point B, 
vu. PB = AB 
and BR is the bisector of LABP. 
Similarly, BO = AB 
and BS is the bisector of /ABQ. 
^: LRBS = 1 right angle. 


ngents to the circle with 


. = R, S are the centres of two circles and A is the 
point of contact, 


<. R, A, S are collinear and AB = IRS: 


a 
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*. in the right-angled triangle RBS, BA is the 

perpendicular on the hypotenuse RS from the vertex B 
containing the right angle. 


'. AABR and AASB are similar. 


. AB_ AR 
“AS AB 
| AB? = AR.AS 
2m. AR =r, AS —r ). 
. 4 AB? -4rr 


or e AB y! = drr 
or PQ? = 4rm' ( PQ = PB + BQ =2 AB). 


Exercise 26 


1. AB is a diameter of a circle. A straiglit line through the 
point A meets the circle at the point C and the tangent, drawn at 
the point B, at the point D. Prove that (i) BD^ — AD.DC, (ii) 
for any straight line, the rectangle contained by AC and AD will 
have the same area. 


2. AB is a diameter of a circle with centre O. P is any point 
of the circle. The tangent drawn at the point P meets the 
tangents, drawn at the points A and B, at the points Q and R 
respectively. If r be the radius of the circle, prove that PO.PR — 


3. A semi-circle is drawn with AB as diameter. C is any point on 
AB. The perpendicular drawn on AB from the point C meets the 
semi-circle at the point D. Prove that CD is the mean 
proportional between AC and BC. 


4. ABC is a triangle right-angled at A. AD is perpendicular 
on the hypotenuse BC. Prove that, 


AABC _ BC 
AACD AC 
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Pythagoras’ Theorem and its converse : 


Theorem 51 


The area of the square on the hypotenuse of a 
right-angled triangle is equal to the sum of the areas of the 
squares on other two sides. 

A 


p D 
Fig. 197 


Let ABC be a triangle right-angled at A. 
To prove that, BC? = AB? + AC. 


Construction : AD is drawn 
hypotenuse BC from the v 
angle. 


Perpendicular on the 
ertex A containing the right 


Proof:."." in right-angled triangle ABC, AD i 


s per- 
pendicular on the hypotenuse BC, 


-. AABD and ACBA are similar. 


A AB = _BD 
BC. AB. 
AB? — BC.BD 
Again, AACD and ACBA are also similar. 
oA. S. DC 
TBC AG 
AC = BC.DC 


AB! + AC = BC.BD + BC.DC 
= BC(BD + DC) 
= BC 


n BC? = AB? + AC. 


& 
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Alternative proof : — : 


G 


L N K 
Fig. 198 
Let AABC be a triangle right-angled at A. 
To prove that, BC’ = AB? + AC’. 


Construction : Squares BCKL, ABDE and ACFG 
are drawn on BC, AB and AC respectively. A straight line 
parallel to BL is drawn through the point A to interest BC 
and LK at the points M and N respectively. D, C and A, L 


are joined. 
Proof ::- BL || AN, 

. AN is perpendicular on BC and LK; that is, each 
of the quadrilaterals BLNM and MNKC is a rectangle. 

*. Each of /BAE and 1BAC is one right angle, 

>. C, A, E are collinear. 
Similarly, B, A, G are collinear. 
Again, LDBA = LCBL (each 90°), 


224 MATHEMATICS 
-. LDBA + LABC = ICBL + [ABC 


= LABC + ICBL. 
-. LDBC = LABL. 


Now, in ADBC and AABL, 
DB = AB (sides of the same square), 
BC = BL (sides of the same square), 


included DBC = included LABL (proved). 
z^. ADBC L AABL. 
ADBC = AABL. 


^ ADBC and square ABDE stand on the same base 
DB and between the same Parallels DB and EC, 
^. ADBC = 3 square ABDE. 


Again, AABL and the rectan 


zle BNLM stand on the 
same base BL and between the san 


1e parallels BL and AN, 
~. AABL = $ rectangle BLNM. 
"^ ADBC = AABL. 
^. Square ABDE = rectangle BLNM., 
Similarly, 


by joining B, F and A, K it can be proved 
that, 


Square ACFG = rectangle MNKC. 
^. Square ABDE + Square ACFG 
= Rectangle BLNM + Rectangle MNKC 
= Square BCKL. 
cu BC! = AB? + AC. 
[Remarks: (1) Alternative Proof is based on the 
Properties relating to area. 


(2) You have verified the algebraic for 
uh mdi ab + lando: V gd 
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formula. The proof is given below: 


E P F 
Q 
A 
S 
B c 
H R 
G 

Fig. 199 


Let ABC be a triangle, right-angled at A. 
To prove that, BC? = AB? + AC’. 


Let us denote the sides BC, CA and AB by a, b, c 


respectively. 

To prove that a = c^ + b’. 

Construction: A square EFGH is drawn, the length of 
its side being equal to the sum of the lengths of the line 
segments and b. Four points P, Q, R, S are taken on EF, 
FG, GH and HE respectively such that EP = FQ = GR= 
HS = c. P; Q; Q, RR, S; S, P are joined. 


Proof: '; EF = FG = GH = HE = c + b (by 


construction). 
Si PF = QG = RH = SE = b, 
- in AABC and AEPS, 


AB = EP, 
AC = ES, 
included LBAC = included LPES (each being a right 
angle), 
^. AABC = AEPS 


s. BC = PS (corresponding sides); 
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but BC =a 
s. PS a. 


Similarly, it can be shown that 
PQ =a, QR =a, SR=aq 
Again LEPS = LABC 


^ LEPS + LFPQ = [ABC + LACB = 90° 
«^. LSPQ = 90° 


-` PQRS is a square, the length of its side being a. 
Now, Square E 


FGH = Square PORS + 4A ABC 
C. all the four triangles are cangruent to 


1 AABC) 
“(c+ bP = gy 4.5 AB.AC 


= a^ + 2cb 
00 20b +h = a? + 2cb, 
CHRP ag 


that is, a? = 2 + pa] 


—— 


a 
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Theorem 52 ` 


If the area of the square on one side of a triangle be 
equal to the sum of the areas of the squares on the other two ` 
sides, the triangle is right-angled, the angle opposite to the 
greatest side being right angle. 


p E 
A C D F 
Fig. 200 


Let ABC be a triangle, in which BC? = AB? + AC. 
To prove that ABC is a triangle, right-angled at A. 


construction: A right-angled triangle DEF is drawn, 
so that /D = 1 right angle, DE = AB and DF = AC. 


Proof: `. ADEF is a right-angled triangle and EF is 
the hypotenuse, 
EP = DE! + DP 
= AB? + AC (~ DE = AB and DF = 
AC, by construction) 
= BC 
.. EF = BC 
*. in AABC and ADEF, 
AB = DE (by construction), 
AC - DF (by construction), 
BC = EF (proved). 
z^. AABC = ADEF. 
^. LBAC = LEDF (corvesponding angles) 
= 1 right angle. 


^. AABC is a triangle. right-angled at A 
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Some Applications: Í 


1. The square drawn on the diagonal of a square is 
twice the latter. A D 


Let ABCD be a square and 
BD, one of its diagonals. 


To prove that BD? = 2BC’. 
Proof: ABCD is a square. 
'. ABCD is a right-angled B 
triangle and BC = CD. ~ Fig. 201 
'. BD? = BC? + CD? = 2BC? 
[Remark : From this property you will be able to 


understand how a square can be drawn having twice the 
area of a given square.] 


2. ABCD is a rectangle and O is any point within it. 
Prove that, OA? + OC? = OB? + OD. 


A D 


BET TERN : 
B c 
Fig. 202 
Construction: Through the point O, a straight line 
parallel to BC is drawn to meet AB and DC at the points P 
and Q respectively. 
Proof: :- BC || PQ 
*, PO.L AB, PQ |. CD 
E "S af AAPO, ABPO, ADQO and ACQO is 
right- Mu 
OA? = AP? + OP?, 
` OB? = BP? + OP?, 
OC? = CQ? + OQ?, 
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OD? = DQ? + OQ?. 
c. OA? + OC? = AP? + OP? + CQ? + OQ’. 


But according to construction, both the quadrilaterals 
APQD and BPQC are rectangles. 


.. AP =DQ and CQ=BP. 


OA^-OC-DQ^- OP BP 0Q? 
=DQ?+00?+BP°+OP? 
=OD?+OB? 
=OB’?+OD? 

3. AABC is an isosceles right-angled triangle. The 
bisector of /BAC meets BC at the point D. Prove that 
CD?=2BD?. 

B 


A E Cc 
Fig. 203 


.. Construction : DE is drawn perpendicular on AC 
from. the point D. 


Proof: '- AABC is an isosceles right-angled 
triangle, 
.. LABC-45*. 
«<. ADEC is an isosceles right-angled 
triangle. 


Again, in AABC and AAED. 
LBAD = LEAD (by hypothesis), 
LABD = LAED (both right angles), 
side AD is common (corresponding sides). 
<. AABD = AAED. 
^. BD=DE., 
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Now,'. ADEC is an isosceles right-angled triangle, 

* DC? = 2DE* 

= 2BD*. 
4. ABC is a triangle right-angled at A. BP and CQ are 


two medians. Prove that 5BC?=4(BP? + CQ?). 
A 


Fig. 204 


Proof : *.' LA of AABC is a right angle, 
s. BC-ABMAC 
«^. BC! = (2AQ)?+(2AP/) (." Q and P are 
mid-points of 
AB and AC re- 
spectively). 
o. BC = 4(AQ?+AP*). . 
Again, ABAP, ACAQ are right-an led tri i 
^. BP! = ABO 4 AP: Ig g angles 
= (2AQY + AP? 
= 4AQ" + AP? 


and CQ?=AC?+AQ? 
: =(2AP)?+AQ? 
-4AP^ ec AQ? 
^. BP?+CQ? -4AQ"- AP KAAP? AQ? 
=5(AQ?+AP2), 


5BC°=5.4(AQ? + AP?) 
-4.5(AQ^- AP?) 
=4(BP?+CQ?). 
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Exercise 27 


1. POR is a triangle, right-angled at Q. S is any point on 
OR. Prove that pSa-QR-PRH QS. 
he sum of the squares on the sides of a 


2. Prove that t is 
f the squares on its diagonals. 


rhombus is equal to the sum o 

3. ABC is an equilateral triangle. AD is perpendicular to 
BC. we that AB?+BC?+CA*=4AD’. 

4, ABCis a triangle.right-angled at A. P and Q are two 
points on AB and 4 C respectively. P, Q; B, Q and C, P are 
joined. Prove that EP PC BC PQ*. 

5. From a point Q within a triangle ABC, OX, OY, OZ are 
drawn perpendiculars on BC, CA and AB respectively. Prove 
that AZ BX?+CY-=AY?+CX?+ BZ’. 

6. The diagonals of the quadrilateral ABCD intersect each 
other at right angles. Prove that AB^-CD^- BC'« DA’. 

7. AD is the altitude of AABC. If AB>AC, prove that 
AB! - AC -BD? — CD”. 

8. RST is a triangle. right-angled at S, X and Y are mid- 


points of RS and ST respectively. Prove that RY?+XT?=5XY". 


9. P is any point outside the square ABCD. If PA>PB. 
Prove that PA! — PB?=PD? — PC. i 

10. The line segment AB is produced to the point C, so that 
AC=3AB. An equilateral triangle BCD is drawn with BC as a 
side. Prove that AD?=7AB?. 

11. ABCD is a square. The points E, F, G, H are taken on 
AB, BC, CD, DÀ respectively, so that AE-BF-CG- DH. 
Prove that FH? -2(AE^* BE^). 

12. ABC is a triangle. The perpendiculais drawn 
from the vertices B and C on the sides AC and AB 
respectively intersect each other at the point P. Prove that 
ACH- BP- AB CP. 

. 13. AABC is an isosceles right-angled triangle with LC as 
tight angle. D is any point on AB. Prove that 
AB?+DB?=2CD’. 

14. ABC is a triangle, right-angled at A. CD is a 
median. Prove that 8C 2 CD^43A4D". 

BE LU 
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CHAPTER 6 
CONSTRUCTIONS 


6.1 Constructions of circum-circle 
CONSTRUCTION 5 


To draw a circle circumscribing a given triangle. 


Fig. 205 
Let ABC be a triangle. 


To draw a circle circumscribing AABC. 


Construction : Perpendicular-bisectors of sides AB 
and BC are drawn to meet at the point S. With S as centre 
and SA (or SB, or SC) as radius a circle is drawn. - 

This is the circle that circumscribes AABC. 


Proof : S, A; S, B; S, C are joined. 


"^ $, is a point on the perpendicular-bisector of 
AB, 
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.. Sis equidistant from A and B 
that is, SA=SB. 


Similarly, SB=SC. 
s. SASSB-SC. 


*. the circle drawn with S as centre and SA as radius, 
passes through the points B and C, that is, the circle pásses 
through three vertices A, B and C of AABC. 

<. this circle is the circum-circle. 


[Remark : (1) Analysis of the method of construc- 
tion : From the definition of a circum-circle it follows that 
the sides of the triangle are chords of the circle. We also 
know that the perpendicular-bisector of a chord passes 
through the centre. Therefore, the point of intersection of 
the perpendicular-bisectors (of two sides) is the centre of 
the circle. We have also come to know that the distances of 
the vertices of a triangle from the point of intersection of 
the perpendicular-bisectors of the sides are equal. There- 
fore, the distance of any vertex from the point of 
intersection is the length of the radius of the circle. 


(2) The circum-centre lies within the triangle, on the 
hypotenuse or outside the triangle on the opposite side of 
the greatest side according as the triangle is acute-angled, 
right-angled or obtuse-angled. 


(3) The mid-point of the hypotenuse of a right-angled 
triangle is the circum-centre. 


(4) It is interesting to note that circum-centre is 
obtained by drawing an isosceles triangle. Draw an 
isosceles triangle with any side of the given triangle as 
base. Take the base angles equal tocomplement of the 
angle opposite to that side. The vertex of that isosceles 

_ triangle is the circum-centre and one of the equal sides of 
that triangle is the radius. For example, if with BC as base 
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two angles equal to (90° — LA) are drawn at the points B. . 
and C, then aiso the point S is obtained.] 


An Application : 

1. In AABC, AB=4'5 cm, LBAC=60°, LABC=75°; draw 
the triangle. Again in AABD, LBAD=90°, [ABD=45° 
and the point D will be on that side of AB in which the 
point C lies; draw A ABD. Draw the circle circumscribing 
AABD. Observe, whether the point C lies on the 
circum-circle. Justify your observation. 


Fig. 206 


Construction : A line segment AB-4:5 cm is drawn 
with the help of a ruler. An angle of 60° is drawn at the 
point A with AB as side and an angle of 75? is drawn at the 
point B with BA as side. The other two arms of these 
angles intersect at the point C. 

Thus, AABC is drawn. 


Again, an angle of 90° is drawn at the point A with AB 
as side and an angle of 45? is drawn at the point B with BA 


a 
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as side. The angles are so drawn that the other two arms of 
these angles intersect at the point D, which lies on that 
side of AB in which the point C lies. 


Hence, AABD is drawn. 


Now the mid-point S of the side BD is determined; a 
circle is drawn with S as centre and SD as radius. 


This is the circle that circumscribes AABD. 


It is observed that the point C lies on the circum- 
circle. 


Proof: According ‘to construction, AABC and 
AABD are two required triangles. 


«^ LBAD=90°, 
ABAD is a, right-angled triangle with BD as 
hypotenuse. ‘ 


++ the mid-point of the hypotenuse is the centre of 
the circle circumscribing the right-angled triangie and the 
length of the radius is half the length of the hypotenuse; 


.'. the circle drawn with S as centre and SD as radius 
is the circum-circle of AABD. 


‘| LBAD=90°, LABD=45°, 


^. LADB=45° 
Again, '." LBAC=60°, LABC=75°, 
zs. LAGB=45", " 
^. LADB=LACB. 


. the four points A, B, C, D are concyclic. 
the point C lies on the circle circumscribing 
AABD. 
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Exercise 28 


[State the method of construction and give proof in each case.] 


1. Draw the following triangles and draw the circum-circle 
of each triangle. Find the length of the radius of the circle in 
each case with the help of a scale. 

" (i) The lengths of three sides are 4 cm, 7 cm, 9 cm. 
(ii) The iengths of three sides are 6 cm, 8 cm, 10 cm. 
(iii) The lenghts of three sides are 5 cm, 7 cm, 8 cm. 
(iv) The lengths of two sides are 4-5 cm and 6:5 cm 
and the angle included by them is 60°. 
(v) The length of a side is 8:2 cm and angles adjacent 
to that side are 30° and 45°, 
(vi) The triangle is equilateral, having each side equal 
to 6 cm. 
(vii) The triangle is isosceles, with the length of the 
base being equal to 7-2 cm and each equal side 9 cm. 
(viii) The triangle is isosceles, with the length of the 
base as 5:6 cm and each base angle as 75°. 
(ix) The triangle is right-angled, with two sides 
containing the right angle equal to 4 cm and 7 cm. Í 
(x) The triangle is right-angled with hypotenuse as 


12 cm and another side as 5 cm. 


'2. Given PQ=7-5 cm, LOPR=S0°. LPOR=70°, 
PO-T:5 cm, LOPS=40°, LPOS=80°; 


draw A PQR and A PQS such that the points R and S lie 
on the same side of PQ. Draw the circle circumscribing A PQR. 
Observe the position of the point S. Is it within the circle, on the 
circle or outside the circle? 


3. Given, AB=4-8 cm, LBAC =55°, LABC=60°, 
AB=4:8 cm, LBAD=35°, LABD=30°, 
draw AABC and AABD such that the points C and D lie 
on opposite side of AB. Draw the circle circumscribing AABC. 
State what other charcteristic you observe. 


4. Draw the following triangles. Draw the cireum-circle of 
each triangle. Find the lengths of their radii with the help of a 


y-a 
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scale and state the relation, if any, between the radii. : 


(i) In AABC, AB=3-9 cm. LBAC=40°, LABC-60"; 
(ii) In APOR, PO=3-9 cm, LOPR=45°, LPOR-55'; 
(iii) In AXYZ, XY=3-9 cm, LYXZ=30°, LXYZ=70"; 
(iv) In ADEF, DE=3-9 cm, LEDF=50°, LDEF=50°; 


5. Draw the quadrilateral ABCD, having AB=4 cm, BC=7 
CD-4 cm, LABC=60°, LBCD-60*. Draw the circle 


cm, 
g AADC. State what other characteristic you 


circumscribin 
observe. 


6. Draw the rectangle PQRS, having PQ=4 cm and 
QR=6 cm. Draw the diagonals of the rectangle. State where the 


centre of the circum-circle of APQR lies and how much the 


length of the radius is. Draw the circum-circle. 


LÁ ———— 
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6.2 Construction of in-circle : 


CONSTRUCTION 6 


To draw a circle inscribed in a given triangle. 


Fig. 207 


Let ABC be a triangle. ! 
To draw the circle inscribed in AABC. 


Construction : LABC and LACB are bisected. The 
bisectors meet at the point I. From the point I perpendicu- 
lar to the side BC is drawri to meet BC at the point D. A 
circle is drawn with centre 7 and radius JD. That is the 
circle inscribed in AABC. : 


Proof : IE and IF are perpendiculars to AC and AB 
respectivelv. E 


'. the point / is on the bisector of LABC, 
`. the point / is equidistant from BC and BA. 
<, ID=IF 
Similarly, /D — IE, -^. ID=IE=IF, 
`. the circle drawn with centre / and radius /D passes 
through the points E and F. 
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Again, ‘JD, TE, /Fiargperpendiculars to. BC, CA and 
AB respectively, 
-. BC, CA and AB are tangents to the circle. 
'. the circle is inscribed in AABC. 


[Remarks.: Analysis of the method of construction : 
From the definition of the in-circle, we know, the sides of 
the triangle are tangents to the in-circle. We also know 
that the bisector of the angle included by two tangents 
passes through the centre, that is, the bisector of any angle 
of a triangle passes through the in-centre. Therefore, the 
point of intersection of the bisectors of two angles of 
triangle is the in-centre. ‘Again, since the sides of the 
triangle are tangents to the in-circle, the perpendicular 
length of any side from the centre is the radius. In this way 
we can obtain the centre and radius of the in-circle and 

. hence the circle can be drawn. 


(2) In case of an equilateral triangle, the bisector of an 
angle and perpendicular bisector of the opposite side are 
the sare straight line; so the circum-centre and the 
in-centre of an equilateral triangle are the same point.] 


Exercise 29 
[State the method of construction and give proof in each case] 


1. Draw the following triangles and draw the in-circle of 
each triangle. Find the length of the radiüs of the circle with the 
help of a scale in each case. 


(i) The lengths of three sides are 8:5 cm; 6:5 cm and 
5 cm. 
(ii) The lengths of two sides are 7-3 cm, 6 cm and the 


angle included by those two sides is 75°. 
(iii) The length of a side is 6-9 cm and measures of two 


angles adjacent to this side are 60° and 75°. 
(iv) The triangle is right-angled, with two sides contain- 


ing the right angle equal to 7 cm and 9 cm. 
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(v) The triangle is right-angled, with hypotenuse as 
10 cm and another side as 6:5 cm. À 


(vi) The triangle is isosceles, with the length of the base 
as 8:3 cm and each of the equal sides 7-1 cm. 


(vii) The triangle is isosceles, with the length of the base 
as 10 cm and each of the equal angles 45°. 


2. Draw an equilateral triangle having each side equal to 
.7 cm. Draw the circum-circle and in-circle of that triangle. Find 
the circum-radius and in-radius with the help of a scale. Observe 
whether there is any relation between them. 
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6.3 Construction of tangents : 


CONSTRUCTION 7 


To draw a tangent to a circle at a point on it. 


EX 


Q A P 


Fig. 208 


Let A be a point on a circle with centre O. 
To draw a tangent to the circle at the point A. 


Construction : O, A are joined. PQ is drawn perpen- 


. dicular to OA at the point A. 


Then PQ is the required tangent. 


Proof : We know that the perpendicular to any radius 
of circle at the point where that radius meets the circle is 
the tangent to the circle at that point. 

'*.' OA is radius of the circle 

and OA _L PQ (by construction) 

.'. PQ i$ tangent to the circle at the point. A. 
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Exercise 30 


[State the method of construction and give proof in each case.] 


1. Draw a circle of 5 cm radius. Draw a tangent to that 
circle at any point on it. 


2. Take a line segment AB of length.3 cm. Draw a circle 
with centre A and radius AB. Draw the tangent to that circle at 
the point B. 


3. PQ isa chord of the circle with centre O. Draw tangents 
to the circle at the points P and Q. 


4. Draw a line segment XY of length 8 cm. Draw a circle 
with XY as diameter. Draw tangents to the circle at the points X 
and Y. State how these tangents are related to each other. 


5. Draw any circle and draw any two diameters right- 
angled to each other. Draw four tangents to the circle at the four 
end-points of the two diameters. State what kind of quadrilateral 
is formed as a result. 


6. Draw an equilateral triangle ABC, having each side of 
length 6 cm. Draw the circle circumscribing AABC. Draw 
tangents to the circum-circle at the points A, B and C. 
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CONSTRUCTION 8 


To draw a tangent to.a circle from a point outside it: 


Fig. 209 


Let A be a point outside a circle with centre O. 
To draw a tangent to the circle from the point A. 


Construction : O, A are joined. A semi-circle is drawn 
with OA as diameter to meet the circle at the point P. A, P 
are joined and AP is produced. i 

Then AP is the required tangent. 


Proof : O, P are joined. 
- LOPA is an angle in the semi-circle, 
.. LOPA=1 right angle. 


^. PA _LOP. 
-". PA is tangent to the circle at the point P. 


[Remarks : (1) Analysis of method of construction : 
Let us suppose that AP is a tangent. Then LOPA is a right 
angle. To get this right angle we are to draw a semi-circle, 
whose diameter is OA and P is the point of intersection of 
this semi-circle and the given circle. 
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(2) If instead of a semi-circle, a-circle is drawn with 
OA as diameter, it would have intersected the given circle 
at another point. Therefore, two tangents can be drawn to 
a circle from a point outside it. 


(3) Instead of drawing the semi-circle it would have 
been sufficient to draw an arc of a circle intersecting the 
given circle.] 


Some Applications : 

1. Draw a circle with centre O and radius of length 
2:5 cm. Take a point P outside the circle, so that it is 5 cm 
apart from the point O, Draw two tangents to the circle 
from the point P. 


A 


B 
Fig. 210 


Construction : A line segment OX of length 2-5 cm is 
taken. A circle is drawn with centre O and radius OX. 
Now, OX is produced to the point P, such that XP- OX. 

Again, a circle is drawn with centre X and radius OX, 
which intersects the circle with centre O at the points A 
and B. P, A and P, B are joined and produced. 

Then PA and PB are the required two tangents. 

Proof ::. OX-2:5 cm, 

.. AXB is the required circle. 

Again, '." OX=XP, 

.'. OP is the diameter of the circle with centre 
X. 


ar 
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.. LOAP = LOBP = 1 right-angle. 
-'. PA and PB are the tangents to that circle. 


[Remark : Instead of drawing the complete circle with 
centre X it would have been sufficient to draw two arcs to 
meet the circle with centre O. Then the points A and B are 
obtained.] 


2. Draw the tangent to the circle with centre O at a 
point P on it. Take a point Q on that tangent. Draw the 
other tangent to that circle from the point Q. 


Fig. 211 


Construction : O, P are joined. PT is drawn perpen- 
dicular to OP at the point P. j 
PT is the tangent to that circle at the point P. 


A point Q is taken on PT. An are of a circle is drawn 
with centre Q and radius. QP to meet the circle with centre 
O at the point R. Q, R are joined. 

Then QR is the other tangent to that circle from the 
point Q. À 

Proof : O, R; O, Q are joined. 

In AORQ and AOPQ, 
OR=OP (radius of the same circle), 
RQ-PQ (by construction), 
OQ is the common side; 

s. AORQ= AOPQ 

, LORQ-LOPQ- right angle. 

*. QR is the tangent to the circle at the point R. 
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Exercise 31 
[State the method of construction and give proof in each case.] 


1. Draw a circle with radius 2-5 cm. Take a point outside 
that circle 6-5 cm apart from the centre. Draw a tangent to that 
circle from that exterior point. Find the length of thai tangent 
with the help of a scale. 


2. Draw an equilateral triangle having side 5 cm. Draw a 
circle circumscribing that triangle. Draw a tangent to that circle 
at the point A. Take a point P on that tangent such that AP=5 
cm. Draw the other tangent to the circle from the point P. 
Observe at what point this tangent touches the circle. 


3. Take a point O on a line segment AB. Draw PQ 
perpendicular. to AB at the point O. Draw two circles with 
centres A and B and radii-AO and BO respectively. What can 
PQ be said with respect to those two circles? Draw the other two 
tangents of those two circles from the point P. 


4. Pisa point on the circle with centre O. Draw the tangent 
to the circle at the point P. From that tangent cut off PO making 
equal to the length of the radius of the circle. Draw QR, the 
other tangent to the circle from the point Q. Find the measure of 
LPQR with the help of a protractor: i : 


A 
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CONSTRUCTION 9 


To draw a direct common tangent to (wo circles. 
First Method: 


Fig. 212 


Let there be two circles with centres P and Q. 

To draw a direct common tangent to those two circles. 

Construction: P, Q are joined and produced..A radius 
PA of the circle with centre P is drawn. A radius OB of the 
circle with centre Q is drawn making parallel to PA, such 
that PA and PB are on the same side of PQ. A, B are 
joined and AB is produced. AB produced meets PQ 
produced at the point O. The mid-point T of OQ is 
obtained. An arc of a circle with centre T and radius TQ is 
drawn to meet the circle with centre Q at the point R. O, R 
are joined and OR is produced. 

Then the straight line OR is the required direct 


common tangent. 


Proof: Q, R are joined and the perpendicular to the 
straight line OR is drawn from the point P to meet the 


straight line OR at the point S. : 
According to construction, OR is tangent to the circle 


with centre Q. 

| PB and AB is the transversal, 

" B = 1QBO (corresponding angles). 

Similarly, LAP O = /BQO (corresponding angles) 
[. PA | OB and PQ is the transversal] 


Again, PA | 
-. LPA 


17 
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'. in AOPA and AOQB, 


LPAO = LOBO, 
LAPO = LBQO. 


and /AOP = /BOOQ (common angle), 
«^. AOPA and AOQB are equiangular. 


Again, PS and QR are perpendiculars to the straight line 
OR, 


-. PS || QR and SR and PQ are the transversals. 
'. in AOPS and AOOR, 


LPSO = LQRO (corresponding angles), 
LSPO = LRQO (corresponding angles), 
LPOS = LQOR (corresponding angles); 


- AOPS and AOQR are equiangular. 


OR TES 
OQ QR 
"n QR" BO" DR [BQ = OR, ^. they are radii 


of the circle with centre QJ. 


-. PS = AP = radius of the circle with centre P 
and /PSR = 1 right angle. 


-. OS is the tangent to the circle with centre P. 
^. OR, that is, ORS is the common tangent to 


two circles since, the circles are on the same side of OR; 
therefore, OR is direct common tangent. 


——— 
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Second Method: 


Let there be two circles with centres P and Q. 
To draw a direct common tangent to these two circles. 


Fig. 213 


Construction: P, Q are joined and T, the mid-point of 
PQ, is determined. Let PQ meet the circle with centre P at 
the point A. From AP, AB is cut off making equal to the 
radius of the circle with centre Q. Two arcs are drawn, one 
with centre T and radius TP and the other with centre P 
and radius PB. Let these arcs meet each other at the point 
C. P, Care joined and PC is produced to meet the circle at 
the point S. C, Q are joined. An arc of a circle is drawn 
with the point S as centre and CQ as radius to meet the 
circle with centre Q at the point R. S, R are joined. 

Then SR is the required direct common tangent. 


Proof: According to construction, /PCQ is the angle 
in the semi-circle. 
.'. LPCQ = 1 right angle. 
Again, CS = PS — PC = PA — PB = AB = QR 
and SR — CQ (by construction), 
.. CQRS is a parallelogram of which 


LOCS = 1 right angle. 
'. CORS is a rectangle. 
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^. each of LPSR and LORS is 1 right angle. 
ze SR L PS and SR | QR 
.. SR is tangent to both the circles, that is, SR is the 
direct common tangent to both the circles. 


[Remarks: (1) Analysis of the method of construction: 


First Method: Let the direct common tangent SR 
meet the straight line PQ that joins the two centres at the 
point O. Therefore, each of /OSP and LORQ is a right 


angle,.that is, PS | OS and QR | OS. Hence the 
common tangent can be obtained if the position of the 
point O is determined. Now, since PS | OS and 
QR OS, therefore, PS | OR. From this it can be 


1 ORS PS 
proved that AOPS and AOQR are squian- gg = OR’ 
gular; therefore, that is, the line segment PQ is divided 
externallly at the point O in the ratio of the two radii. So 
two parallel radii PA and QB are drawn and the line 
segment that joins their end-points is produced to meet 
PQ produced. Thus the position of the point O is 
obtained, 


Second Method: 


Fig. 214 


Let SR be the direct common tangent; therefore, 
PS L SR and QR L SR. ~. PS || OR. RS |. QC is drawn. 
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Therefore, CORS is a rectangle. Now, if the position cf 
the point C is found out, the positions of the points S and 
R, that is the common tangent SR is obtained. From the 
rectangle CORS, we get QR — CS. Therefore, PC being 
the difference of two radii and /PCQ being a right angle, it 
is an angle in the semi-circle drawn on PQ as diameter. 
Therefore, the point C is the point of intersection of a new 
circle drawn with centre P and radius equal to difference 
of two radii and above mentioned semi-circle. For this, to 
determine the position of the point C, the new circle, and 
the semi-circle are to be drawn. To avoid untidiness 
instead of drawing the new circle and the semi-circle 
completely . in fig. 213, two arcs are drawn. If only 
construction is required, C, Q need not be joined 

(2) Another direct common tangent could have been 
drawn; that is two direct common tangents can be drawn 
to two circles. 

(3) For drawing direct common tangents, the two 
circles are either to be external to each other or in- 
tersecting. 

(4) This method of construction does not apply when 
two circles have equal radii. The method of construction to 
be followed then is given below: 


3 R 
P 
Fig. 215 
Let there be two circles of equal radii with centres P 


and Q. 
To draw a direct common tangent to these two circles. 


Construction: P, Q are joined. Perpendicular is drawn 
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to PQ at the point P to meet the circle with centre P at the 
point 5. An arc of a circle is drawn with centre $ and radius 
equal to PG to meet the circle with centre Q at the point 
R. S, R are joined. 

Then SR is a direct common tangent to two circles.] 


Some Applications: 

1. Draw two circles of radii 3-5 cm and 2 cm, their 
centres being 8 cm apart. Draw two direct common 
tangents to those two circles. 


Fig. 216 


Construction: PQ is a line segment of length 8 cm. 
from PQ line segment PD of length 3-5 cm and a line 
segment QC of length 2 cm are cut off. Two circles are 
drawn, one with centre P and radius PD and the other 
with centre Q and radius QC. 

-PA, a radius of the circle with centre P, is drawn. QB, 
à radius of the circle with centre Q, is drawn making 
parallel to PA and on the same side of PQ. . 


A, B are joined and AB is produced to meet PQ 
produced at the point O. T, the mid-point of QO is 
determined. An arc of a circle is drawn with T as centre 
and 7Q as radius to meet the circle with centre Q at the 
point R. O, R are joined and OR is produced which 
touches the circle with centre P at the point S. Then OS is 
a direct common tangent to two circles. Again, an arc of a 
circle is drawn with centre OR to meet the circle with 
ceùtre Q at the point U. O, U are joined and OU is 
produced, which touches the circle with centre P at the 
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point V. Then OV is the second direct common tangent to 


these two circles. 
(Justify the method of construction.) 


2. Draw an equilateral triangle, having side 5 cm. 
Draw circles of radii 2-5 cm with centres A, B and C. Draw 
the direct common tangents to each pair of these circles, 
which are exterior to the triangle. 


Fig. 217 


Construction: The equilateral triangle ABC of 
side 5 cm is drawn. The portions AF, BD and CF are cut 
off from AB, BC and CA respectively making equal to 2-5 
cm. Three circles are drawn with centres A, B, Cand radii 
AF, BD and CE respectively. Perpendiculars BX, CY and 
AZ are drawn to BC, CA and AB at the points B, Cand A 
respectively. They meet the three circles at the points X, Y 
and Z respectively. The circles are drawn with centres X, 
y and Z and radii 5 cm to meet the three circles with 
centre C, centre A and centre B at the points W, U and V 


254 ; MATHEMATICS 
respectively. X, W; Y, U aud Z, V are joined. 

Then XW, YU and ZV are the required three direct 
cornmon tangents. 


Exercise 32 


1. Take a line segment AB of length 7 cm. Draw two circles 
with centres A and B and radii of length 3 cm and 1:5 cm 
respectively. Draw two direct common tangents to those two 
citcles. : ? 


2. "Take a line segment PQ of length 5 cra. Draw two circles 
with centres P and Q and radii 3-5 cm and 2 cm respectively. 
Draw two direct common tangents to those two circles. 


3. Take a line segment XY of length 4 cm. Draw two circles 
with centres X and Y and radii 2 cm. Draw two direct common 
tangents to those two circles. 


4. Draw a square of side 3 cm. Draw four circles with the 
vertices of that square as centres and radii 1-5 cm. Draw those 
four direct common tangents to each pair of adjacent circles, 
which are outside the square. 


—— 
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CONSTRUCTION 10 


To draw a transverse common tangent to two circles. 
First Method: 


Fig. 218 


Let there be two circles with centres P and Q. 
To draw a transverse common tangent to two circles. 


Construction: P, Q are joined. Draw PA, a radius of 
the circle, with centre P. Draw QB, a radius of the circle 
with centre Q making parallel to PA on that side of PQ 
which is opposite to the side in which PA lies. A, B are 
joined. AB and PQ intersect each other at the point O. T, 
the mid-point of OQ is determined. Draw an arc of a circle 
with centre T and radius TQ to meet the circle with centre 
Q at the point R. O, R are joined and RO is produced. 


Then the straightline OR is the required transverse 
common tangent. 


Proof: Q, R are joined and perpendicular is drawn to 
the straight line OR from the point P to meet the straight 


line OR at the point 5. ` 
gto construction, OR is tangent to the circle 


Accordin 
with centre Q. 
: 
n. PA | QB and AB is the transversal, 
cre ne LOBO (alternate angles). 
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Similarly, LAPO = LBQO (alternate angles). 
[PA | OB and PQ is the trans- . 
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versal] 
-. in AOPA and AOQB, 
LPAO = LOBO, 
LAPO = LBQO, 


and LAOP = LBOQ (vertically opposite angles): 
«^. AOPA and AOQB are equiangular. 
OP _ AP. 
'oQ BQ 
Again, PS and QR are perpendiculars to the straight 


line OR; 
^. PS | QR and, SR and PQ are transversals. 


*. in AOPS and AOQR, 


LPSO = LQRO (alternate angles), 
LSPO = LRQO (alternate angles), 
LPOS = LOOR (vertically opposite angles); 


-. AOPS and AOQR are equiangular. 


4) PSAP Ar d 
e OR BO oR PLT QR,'. they are radii of 


the circle with centre QJ 


PS = AP = radius of the circle witk centre P. 
and LPSR = 1 right angle. 


.. OS is tangent to the circle with centre P. 


. OR, that is, ROS is a transverse common 
tangent to two circles. 
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Second Method: 


fig. 219 
Let there be two circles with centres P and Q. 


To draw a transverse common tangent to these two 
circles. | 


Construction: P, Q are joined and T, the mid-point of 
PQ is determined. Let PQintersectthe circle with centre P 
at the point A. From AQ a portion AB is cut off making. 
equal to the radius of the circle with centre Q. Two arcs 
are drawn, one with centre T and radius TP and the other 
with centre P and radius PB. Let these two arcs meet each 
other at the point C. P, C are joined to meet the circle with 
centre P at the point S. C, Q are joined. An arc of a circle 
with centre S and radius equal to CQ is drawn to meet the 
circle with centre Q at the point R. 
Then SR is the required transverse common tangent. 
Proof: According to constructions, /PCQ is an angle 
in the semi-circle; 
^. LPCQ = 1 right angle. 
Again, CS = PC — PS = PB — PA = AB = QR 
and SR — CQ (by construction); 
-. CORS is a parallelogram of which /QCS = 1 


right angle. 
-'. CORS is a rectangle. 
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^. SR LPS and SR L QR . 
<. SR is a tangent to both the circles, that is, it is a 
transverse common tangent to two circles. 
[Remarks: (1) Analysis of method of construction: 


First method: 'The analysis of this method of construc- 
tion is similar to that of the first method of construction of 
direct common tangent. So it is not restated. 


Second Method: 


Let SR be a transverse common tangent. Therefore, 
PS SR, QR _L SR; so PS | QR. QC | RS is drawn: 

Therefore, CQRS is a rectangle. Now if the position 
of the point C is determined, the positions of the points S, 
R, that is, the common tangent SR can be obtained. From 
the rectangle CORS, we get QR = CS. Therefore, the 
point C is tlie point of intersection of a new circle with 
centre P and radius equal to the sum of the radii of two 
circles and above mentioned semi-circle, for this that new 
circle and the semi-circle are to be drawn to determine the 
position of the point C. To avoid untidiness, instead of 
drawing the new circle and the semi-circle completely, two 


arcs are drawn in fig. 219. If only construction is required, 
C, Q need not be joined. 
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(2) If the two circles do not touch externally, another 
transverse common tangent can be drawn; that is, in that 
case, two transverse common tangents can be drawn to 
two circles, 
(3) No trarisverse common tangent can be drawn to 
two intersecting circles. 


(4) If the two circles touch each other externally or 
internally one common tangent can be drawn at the point 
of contact. We have already assumed this. We may call 
that common tangent as transverse common tangent in the 
first case and direct common tangent in the second case. 
The perpendicular drawn to the straight line, that joins the 
centres of two circles, at the point of contact is that 
common tangent.] 


Some applications: 

1. Z.Xe a line segment AB of length 8 cm. Draw two 
Circles with centres A and B and radii 3 cm and 2 cm 
respectively. Draw two transverse common tangents to 
two circles. 


Fig. 221 


Construction: A line segment AB of length 8 cm is 
taken. Circles are drawn, one with centre A and radius 3 
cm and the other with centre B and radius 2 cm. AP, a 
Tadius of the circle with centre A, is drawn. BQ, a radius of 
the circle with centre B, is drawn making parallel to AP, so 
that P and Q are on the opposite sides of AB. P, Q are 
joined to meet AB at the point O. T, the mid-point of OB 


260 MATHEMATICS 
is determined. An arc of a circle is drawn with centre T 
and radius TB to meet the circle with centre B at the point 


R. R, O are joined and RO is produced to touch the circle 
with centre A at the point S. 


Then RS is .a transverse common tangent to two. 
circles. 

Again, an arc of a circle is drawn with centre O and 
radius OR to meet thé circle with centre B at the point U. 
U, O are joined and UO is produced to touch the circle 
with centre A at the point V. 

Therefore, UV is the second transverse common 
tangent. . 

(Justify the method of construction.) 


2. Draw two circles each of radius 2:5 cm. Draw two 
transverse common tangents to those two circles. 


Fig. 122 


Construction : Two circles ar 


€ drawn with P and Q as 
; Q are joined. O, the mid point 
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Proof : *- T is the mid point of OQ 
-'. LORQ = 1 right angle. 
«^. QR LOR. 
^. the straight line RO is a tangent to the circle with 
centre Q. 


Now, PS is drawn perpendicular to the straight line RO 
from the point P. . 
In APOS and AQOR, 
LPOS = LQOR (vertically opposite angles), 
LPSO = LQRO (each is 1 right angle), 
OP = OQ (`; O is the mid-point of PQ) 
"^. POS € AQOR. 
'. PS = QR = radius of the circle with centre P. 
` radii of two circles are equal, 


-. RO, that is, the straight line ROS is also a tangent to . 
the circle with centre P. 


`. the straight line ROS is a transverse common tangent 
to two circles. 


Similarly, the straight line UOV is the other transverse 
common tangent to two circles. 


Exercise 3 3 


1. Draw two circles of radii 4 cm and 2'5 cm, their centres 


being 7°5 cm apart. Draw two transverse common tangents to 
those two circles. 


2. Draw two circles, each of 3 cm radius and their centres 
being 10 cm apart. Draw a direct and a transverse common 


tangent to those two circles and find the lengths of those two 
tangents with the help of a scale. 


3. Draw two circles of radii 4'4:cm and 1°6 cm, their centres 


a 6 cm apart. Draw all the common tangents to those two 
circles, 
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6'4 Construction of mean-proportional ; 


CONSTRUCTION II 


To draw the mean-proportional between two line 
segments. 


D 


First Method : 


Fig. 223 


- Let a, b be two line-segments. 


: To draw the mean-proportional between these two 
line segments. 


Construction: Any straight line AX is taken. 


From AX the portion AB is cut off making equal to 
the linc segment a and from BX the portion BC is cut off 
making equal to the line segment b. 


A semi-circle is drawn with AC as diameter. The 
perpendicular is drawn to BC at the point B to meet the 
semi-circle at the point D. 


Then BD is the required mean-proportional. 
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Proof: A, D and C, D are joined. 


"z LADC is an angle in the semi-circle 
.. LADC = 1 right angle. 


-. DB is perpendicular to BC from the right angular 
point D of the right-angled triangle ADC. 


.. AABD and LDBC are equiangular. 


AB _ BD 
- BD BC 
'- BD? = AB.AC - a.b 
-. BD is mean-proportional between a and b. 
Second method : 
^ 
b 
a 
Ww 


Fig. 224 
Let a, b be two line-segments. 


. .To draw the mean-proportional between these two 
line segments. i 


Construction: A iine segment AB, equal to the line 
Segment a, is taken. From BA a portion BC is cut off 


1§ 
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making equal to the line segment b. A semi-circle is drawn 
on AB. A perpendicular is drawn to AB at the point C to 
meet the semi-circle at the point D. 


Then BD is the required mean-proportional. 
Proof: A, D and B, D are joined. 


`.” LADB is an angle in the semi-circle 
^. LADB = 1 right angle. 
-. DC is perpendicular to AB from th 
point D of the right-angled triangle ADB. 
7. AABD and LDBC are equiangular. 
AB BD 


BD BC 


e right angular 


~. BD? = AB.AC =a. b ^ 
^. BD is mean-proportional between a and b. 
Third method : R 


Se ae 


Fig. 225 
Let a, b be two line-segments. 


To draw the mean- 


proportional between these two 
line segments, $ 


Construction: Any straight line AX is taken. From 
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AX a portion AB is cut off making equal to the line 
segment a. From that straight line the portions, BC and 
BD are cut off on both sides of B, making equal to the line 
segment b. Perpendicular bisectors of AC and AD are 
drawn to meet the straight line AX at the points P and Q 
respectively. An arc of a circle with centre A and radius 
AP is drawn to meet the perpendicular bisector of AD at 
the point R. . 

Then QR is the required mean-proportional. 
e Proof: A, R are joined. i 
' QR is the perpendicular bisector of AD. 
.. AAQR is a right-angled triangle. 
z. OR? = AR? — AQ? 
= AP? — AQ? 


(5-6) 
l r ee 


=AB.BC [: BC = BD] 
=a.b 
-. QR is mean-proportional between a and b. 
[Remarks: (1) Analysis of methods of constructions 
First method: 


| We know if DB be perpendicular to the hypotenuse 
^. AC of a right-angled triangle ADC from the right angular 
point D, then DB? = AB. BC = a. b 


D 


Fig. 226 
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Agaia, AC = AB + BC = a+b, 

`. the point B isobtained,if we take the line segment 
AC as the sum of the line segments a and b. Now the 
mean-proportional is obtained. if the point D is obtained. 
Since LADC = 1 right angle, therefore, the point D is on 
the semi-circle drawn on AC. Again, the point D is also on 
the perpendicular drawn to AC at the point B. Therefore, 
the point D is the point of intersection of the semi-circle 
drawn on AC and the Perpendicular drawn to that Straight 
line at the point B. This suggests the method of construc- 
tion. 

Second method: 

We know if DC is perpendicular to AB from the right 
angular point D of the right-angled triangle ADB, then 
BD? = AB. BC =a'b Again AC=AB-BC = a-b 

D ; 


A Cc B 

Fig. 227 
ifference of a and b. Thus the point c is 
© mean-proportional is obtained, if the 
ed. The analysis of the first method of 
ggests the procedure for obtaining the 


<. ACis the d 
obtained. Now th 
point D is obtain 
construction su 
point D. 


Third method: 


"yy 


P 
pol 


CONSTRUCTIONS 26; 
`. if x be the mean-proportional between a and b; then 


—(atb\?_ fa-b\? 
"()-G) 
Or, 2+ (3) -CEY 
i 2 2 


> X ero are the sides of a right-angled triangle. 


The hypotensuse f? Pang another side Por the rigt- 


angled triangle are known. 


^. x, that is, the mean-proportional is ouidined if the 
right-angled triangle is drawn. 


(2) We know how to find the mean-proportional 
between the line segments a and b. This means we are now 
in a position to find the side of a square, the area of which 
is equal to the rectangle contained by the adjacent sides o 
and b. Therefore, the above methods enable us to draw 
Square equal in area to a rectangle. 


(3) If a and b be the magnitudes of'two line segments 
and if x be mean-proportional between them. then x? = 
ab, that is x = Vab. Therefore, it is observed that if w 
resolve a number into two factors, then the mean- 
Proportional between those two factors is the square root 
of the number, Therefore, we can find the square root of è 
number geometrically with the help of drawing the 
meah-proportional.] 


Sufficient ideas about these things will be obtained 


through the following applications. ] 
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Some applications. 


1. Draw a square equal in area to a rectangle of length 
9 cm and breadth 4 cm 


A 9cm B 
Fig. 228 


- Construction: The rectangle ABCD of length 9 cm 
and breadth 4 cm is drawn. DC is produced and from DC 
produced the portion CE is cut off making equal to CB. A 
semi-circle is drawn on DE. BC is produced to meet the 


semi-circle at the point F. The square CFGH drawn with » 
CF as one of its sides. 


Then, CFGH is the required Square. 


Proof: According to construction AB 


CD is the given 
rectangle. 


Again, '." LBCD = 1 right angle, 
.. CF is perpendicular to DE 


_ ++ according to construction, CF is mean- prop- 
ortional between DC and CE. 1 


~ CF = DC.CE 
= AB.BC 


= Area of the rectangle. 


2. Find, geometrically, the value of V21 
Or, Find the square root of 21: geomertrically. 


q 


No 
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First method: 


D 


3 unit 


T unit 


Fig. 229° 


Construction: Two line segments a and b of lengths 7 
units and 3 units respectively are taken. From a straig:: 
line AX the portions AB and BC are cut oi? making equa’ 
to the line segments a and b respectively on the same side. 

BD, the mean-proportional of AB and BC is drawn. 

Then the length of the line segment BL degotes the 
value V21 or the square root of 21. It is found, with the 
help of a scale that BD = 4-6 units (approximately). 

Proof: `. BD is the mean-proportional between AB 


and BC. 
-. BD? = AB.BC 
-— a.b 
= S 
= 21 
BD = v21 


Second method: 


Constructiun: A right-angled triangle ABC is craw: 
with sides AB = 2 units and hypotenuse BC = 5 units. 
Then the length of AC is V21 units. 
It is found, with the help of a scale, that AC = 4.6 
units (approximately). 
Proof: '. AABC is a right-angled triangle, 
^. AC = BC? - AB? 
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ET. 
SAC V. 
c 
= 
S 
M 
b 
= 
E- ] 
~ 
A B 
a 
Fig. 230 


[Remark: A square with side V21 could have been 
drawn also following the same method. In that case a 
square would have to be drawn with AC as a side.] 


Exercise 34 


[State the method of constru 


ction and give proof in each 
case.] 


1. Draw the mean-proportional between the line segments 
of following lengths: 
(i) 4-5 cm, 2 cm (ii).4 cm, 3 cm (tii) 8 cm, 4 cm 
(iv) 16 cm. 2 em. (v) 10 cm. 3 cm (vi) 12 cm, 3 cm 
` Find the value of the mean-proportional with | 
Mi cs the help of a 


N 
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2. Draw the square (s) equal in area to the rectangle (s) of 
sides given below: 
(i) 8 cm, 6 cm (ii) 5 cm, 3 cm (iii) 4-2 cm, 3-5 cm. 
(iv) 8-9 cm, 3.1 cm. t 
3. Find geometrically, the square root of the following 
numbers: 
(i) 7 (ii) 15 (iii) 12 (iv) 18 (v) 24 (vi) 30 
4. Draw the square(s) of sides, the lengths of which are 
given below: 
(i) V8 (ii) V11 (iii) V14 (iv) V22 (v) V27 (vi) V28. 
5. Draw the Eum equal in area to the following 
triangle(s): 
(i) The three sides of the triangle are of lengths 10 cm, 


7 cm and 5 cm. 
(ii) The triangle is isosceles having the length of the base 


6 cm and the length of each equal side 5 cm. 
(iii) The triangle is equilateral having length of each side 


7 cm. 
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Miscellaneous Exercise 7 


Calculations, if necessary, should be done. Give reasons in 
support of your answer in each case. 


S S 


1. In fig. 231 AB is the 
diameter. AC || BD. AC=4 cm. 
BD=? 

If O be the centre of the 
circle, does the line segment 


B D cp pass through the point O? 
Fig. 231 
A B 
2. In fig. 232 AB I CD; 
c D OA=5 cm, AB=6 cm, CD=8 
cm. What is the distance be- 
tween AB and CD? 
Fig. 232 
[9 


3. In ñg. 233 AB |: AC and 
AB-5 cm, AC=12 cm. What - 
is the length of the radius of 
A B the circle? 


Fig. 233 


ve 
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4. In fig. 234, two circles are concentric. If AB=2 cm, 
CD — how much ? 


Fig. 234 
5. In fig. 235, AB || CD; AB=10 cm, CD=24 cm, the distance 


- between AB and CD is 17 cm. What is the length of the radius of 


the circle? 


Fig. 235 


6. In fig. 236, C is the mid-point of the arc ACB of the circle. 
CD | AB, if CD=2 cm, AB=12 cm, what is the length of the 
radius of the circle? 
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7. In fig. 237, if AD is the bisector of LBAC, 


A 
(i) the chord BD>the 
chord DC, 
(ii) the chord BD=the 
B chord DC, 
(iii) the chord BD<the 
chord DC. : 
D Which of the above relations is 
C true? ê 
ig. 237 
D 


measure of /AXC? 


respectively. What 
Fis, 539 sure of BDC? 


8. In fig. 238, LAOD = 110°, 
LBOC = 68°. What is the 


9. In fig. 239, LBAC=55°. 
BD and CD are tangents to 


circle at the Points B and C 


the 


is the mea- 
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10. In fig. 240, PA and PB are two tangents to the circle. If 
LAPB = 48°, what is the mea sure of LAEB? 


P 
Fig. 240 


11. In fig. 241, O is the centre of the circle and ABCD is a 
cyclic quadrilateral. If LCOD-130, LBAC-25*' and 
L BCA=40°, what are the measures of LBCD and LADC? 


OE 


Fig. 241 
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CE D 


A 12. In fig. 242, AB is a 
diameter of the circle and CD || 
AB, LADC = 35°. Find the 
measures of each angle of the 
trapezium ABDC. 


Fig. 242 


13. In fig. 243, BE | AC. If 
LEAC = 20° and LBEC = 60°, 
find the measures of each of 


the angles of ABAC and 
AAEC. 


Fig. 243 


14. In fig. 244, OP=6 cm, PO=4 cm, QR and QS are two 
tangents, and O is the centre of the circle. Find the lengths of the 
line segments QS, QR, RS and OT. 


R 


Fig. 244 
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15: In fig. 245, two circles with 


P T Q 
NI centres A and B touch each other 
|/ externally at the point S. PO and 
ST are common tangents. The 
length of the radius of the circle 
with centre A is 9 cm and that of 
the circle with centre B is 4 cm. 


Find the lengths of PQ and ST. 


Fig. 245 

A [e 16. In fig 246, O is the centre 
of the circle and OE | AB OF | 
CD, OE = OF. If AE=2-5 cm, 
what is the length of the line 
segment CD? 

E D 
Fig. 246 


17. In fig. 247, three circles with centres A, B and C touch 
each other. externally. The radii of three circles are 3 cm, 2:8 
cm and 1'2 cm respectively. Find the lengths of the sides of 
AABC and state what kind of triangle it is. 


o 


Fig. 247 
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Miscellaneous Exercise 8 


1. Fill in the gaps with appropriate words : 


(i) At least — non-collinear points are required to draw a. 


definite circle. 


(ii) If perpendicular is drawn to any chord of a circle from 
the centre of the circle, the perpendicular — the chord. 


(iii) The measure of the angle formed by the line segment 
that joins the mid-point of any chord of a circle and the centre of 
the circle with the chord is —. 


(iv) In a circle, the angle at the circumference is — the 
angle at the centre standing on the same arc. 


(v) The angles in the same segment are — each other. 


(vi) The angle in the semi-circle is —, the angle in the 
segment of a circle greater than a semi-circle is — and the angle 
in the segment of a circle lesser than a semi-circle is —. 


(vii) Two opposite angles of a cyclic quadrilateral are —. 


(viii) Two points C and D lie on the same side of the line 


segment AB and / ACB is equal to LADB. Four points A, B, C, 
D are —. 


(ix) In a quadrilateral ABCD 
together equal to 180°; The qua Hisar a. LADE ate 


quadrilateral. drilateral ABCD is aS 


(x) The tangent to a circle ; 
point of contact. £ ircle is — to the radius through the 


straight line — the chord of contact — 


(xii) If two circles touch i 
i each ot i 
centres and the point of contact lie on ie eA, thei 
distance between the two centres is — to the ES the ze "a 
— e two — 
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(xiii) If two circles touch each other internally, their 
centres and the point of contact are — and the distance between 
the two centres is — to the — of the two —. 


(xiv) The straight line parallel to a side of a triangle 
divides other two sides —. 


(xv) If two sides of a triangle be divided proportionally, 
the straight line thàt joins the points of division is — to the third 
side. 

(xvi) The — sides of two equiangular triangles are —. 

(xvii) If the sides of two triangles be —, those two 
triangles are similar. 


(xviii) Each of the two triangles formed by dropping a 
perpendicular on the hypotenuse of a right-angled triangle from 


the right angular point is — to the original triangle and they — 
are —, 


(xix) The square on the — of a right-angled triangle is — 
to the — of the — on other two sides. 


(xx) If the square on the greatest side of a triangle be 
€qual to the sum of the squares on other two sides, the angle 
Opposite to the greatest side is — angle. 


2. Fill in the gaps with appropriate words : 


(i) The bisector of an angle at the circumference standing 
on an arc of a circle — that arc. 
L4 


(ii) The bisectors of all angles standing on an arc of a 
Circle are — and that is — — the circle. 


(iii) A cyclic trapezium is an — trapezium. 
(iv) A cyclic parailelogram is a — 
(v) The diagonal of a cyclic square is a — of the circle. 


: (vi) The two tangents drawn at the end points of a 
diameter of a circle are —. à 


; (vii) The straight’ line that joins the centres of two 
intersecting circles is the — — of the common chord. 
19 
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(viii) The two direct common tangents of two circles are 
— in length. 


(ix) If two non-parallel line segments be the chords of a 
circle, the — of — of the — — of those two line segments is the 
centre of that circle. 


(x) If two intersecting straight lines be the tangents to a 
circle, the — of the angle included by those two straight lines 
passes through the centre of the circle. 


3. Write down the question numbers of ‘the correct 
statements in your exercise book and give a ‘V’ mark against 
them, and write down the incorrect statements correctly : 


(i) Only one circle can be drawn through any three 
points. 


(ii) Any chord perpendicular to a diameter of a circle is 
bisected by the diameter. 


(iii) An angle at the centre is double the angle at the 
circumference. 


(iv) The sides of equiangular triangles are proportional. 


(v) The perpendicular drawn to the end point of a radius 
of a circle is a tangent to the circle at that point. 


(vi) Tangents to a circle at any two points on the circle 
must intersect each other. 


1 (vii) If three congruent circles touch each other externally 
their centres are the vertices of an equilateral triangle. 


. (viii) If two tangents to a circle from a point outside the 
circle are at right angles, a square is formed by joining in order 


the centre, a point of contact, the exterior point and the other 
point of contact. ~~ 


(ix) If two triangles are equiangular, then these two 
triangles are similar. 


(x) The circle drawn with hypotenuse of a right-angled 
triangle as diameter must pass through right angular point. 


- 
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Miscellaneous Exercise 9 


1. ABC is a triangle. How are the sides of that triangle 
related to the circum-circle of the triangle? From that relation, 
state how the centre of the circle can be determined and what 
the radius of that circle is. Now, draw a triangle ABC and draw 
the circum-circle of that triangle. 


2. ABC is a triangle. How are the sides of that triangle 
related to the in-circle of that triangle? State, from these how the 
centre of the circle can be determined and what the radius of 
that circle is. Now draw a triangle ABC and draw the in-circle of 
that triangle. 


3. OP is a radius of a circle with centre O. How is that 
radius related to the tangent to the circle at the point P ? Using 
this, draw a tangent to a circle with centre O at a point P. 


4. O is the centre of a circle and P is a point outside the 
circle. If a tangent to the circle is drawn from the point P, what is 
the measure of the angle that OP makes at the point of«contact? 
What is the measure of an angle that a line segment subtends at 
any point on a semi-circle drawn with that line segment as 
diameter? Using these, draw two tangents to a circle with centre 
O from a point P outside the circle. 


5. A and B are the centres of two circles. PQ is a direct 
common tangent. BR || OP. 


P Q 


Fig. 248 


Now answer the following questions : 
(i) What kind of triangle is AARB? 
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fiz? What is tne length of the line segment AR? 
How is the point R obtained? 
(iv) How is the point P determined, if the point R is 
obtained? 
(v) How can the common tangent be obtained, if the 
póint P is obtained? 


Using thesedraw a directdirect common tangent to two 
circles with centres A and B. 


6. A and B are the centres of two circles. AC and BD are 
two parallel radii. Both CD and AB produced meet each other 
at the point O. The tangent to circle with centre B, is drawn 


from the point O. Show, with reasons, that OQ produced will 
also touch the circle with centre A. 


Fig. 249 
Draw a direct common tangent applying this method. 
7. Are these two methods applicable to two circles of equal. 
radii? What kind of quadrilateral will ABQP be in that case? 


From this datum draw a direct common tangent to two circles of 
equal radii. 


9. A and B are centres of two circles. PO is a transverse 
common tangent. BR || OP. 


La 
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Now answer the following questions : 
(i) What kind of triangle is AARB? 

(ii) What is the length of the line segment AR? 

(iii) How can the point R be determined? 

(iv) How can the point P be determined, if ihe point R is 
obtained? à 

(v) How can the common tangent PO be obtained, if the 
point P is obtained? 


Using these data, draw transverse common tangent to two” 
circles with centres A and B. 


9. A and B are the centres of two circles. AC and BD arc 
two parallel radii. CD and AB meet at the point O. OQ. a 
tangent to the circle with centre B, is drawn from the point O. 
Show, with reasons, GO produced will also touch the circle with 
centre A. 


Fig. 251 


Draw a transverse common tangent applying this method. 
10. What do you understand by *mean-proportiona!'? If c be 


the mean-proportional between a and b, what is the relation 
between a, b, c? 


A 
Se 
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ABC is a right-angled triangle with BC as hyoptenuse. 
AD -L BC. Which line segment is the mean-proportional 
between BD and DC? 


Let BD=a, DC=b. If c be the mean-proportional between 
a and b, which line segment denotes c ? How are a and b related 
with BC ? What is to be drawn to construct a right-angled 
triangle with BC as hypotenuse? How is the point A obtained 
after the above construction? Using the above data, draw the 
mean-proportional between a and b. 


11. ABC is a right-angled triangle with BC as hypotenuse. 
AD | BC. M 


B D C 
Fig. 253 


Let BC=a, DC=b. If c be the mean-proportional between a 
and b; which line segment does denote c? How are a and b 
related with c ? 

What do you need to construct a right-angled triangle with 
BC as hypotenuse? How can the point A be obtained after this 
construction. 


: Using these data, draw the mean-proportional between two 
line segments a and b (ab) 


à 
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a and b are two line segments. 
From the relation 


2 2 
(282) E ( uj culi 
2 2 
state what kind of triangle can 
be drawn with sides 


atb a-b F 
7 $5 and Vab 


How are a and b related with Vab ? Fig. 254 


Using these data draw the mean-proportional between the 
line segments a and b. 


13. Using the method of drawing mean-proportional find, 
geometrically, the square rooot of 24. 


Miscellaneous Exercise 10 


1. Two chords AB and CD of a circle meet each other at the 
point P. If PB — PD, prove that, AB = CD; also prove that, 
ACBD is a trapezium. 


2. AB and CD are two parallel chords of a circle. AD and 
BC meet at the point P. Prove that, PC = PD. 


3. O is the in-centre of AABC. AO produced meets the 
circum-circle of that triangle at the point D. Prove that, DB = 
DC = DO. 


4. Six points A, B, C, D, E, F lie on a circle. Prove that., 
LABC + LCDE + LEFA = 4 right angles. , ] 

[Hints: Draw AACE and use the properties of a cyclic 
quadrilateral]. 


5. The point of intersection of two diagonals of a cyclic 
parallelogram is the centre of the circle—prove. 


6. The side BC of a cyclic quadrilateral ABCD is produced 
to the point E. Prove that the bisectors of [BAD and [DCE meet 
at a point on the circle. 
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7. The bisectors of /A, /B and ¿C of AABC meet the 
circum-circle .of the triangle at the points X, Y and Z 
respectively. Prove that, YZ | AX. 

[Hints: Join A, Y and prove that the sum of /XAY and 


LAYZ is equal to $ (LA + LB + C). 


8. A tangent PA and a secant PCD are drawn to a circle 
with centre O from a point P outside the circle. Join A, P, B with 
the point O. Draw OD perpendicular to BC and prove that, A P? 
= PD? — BD”. Hence prove that, AP? = PB. PC. 


9. PCD is a secant drawn to a circle with centre O from a 
point P outside the circle. AB is a diameter. The perpendicular 
to AB drawn from the point P meets AB produced at the point 
M. Prove that, PM? = PC. PD — MB. MA. 


10. P, Q, R, S, T are such five points on a circle that [QPR 
= [RPS = LSPT. Prove that, the angle contained by two chords 
QS and PR is equal to that contained by QT and PS. 


' 11. Two chords AB and CD of a circle with centre O meet 
each other at the point P. The tangents to the circle at the points 
A and B meet at the point Q and those at the points C and D 
meet at the point R. Prove that, LAQB + LCRD = 2 {BPC. 


12. In a cyclic quadrilateral ABCD, the sides AB and DC, 
when-produced, meet at the point Q and the sides BC and AD, 
when produced, meet at the point R. The bisectors of BOC and 
LCRD meet each other at the point O. Prove that, 

(i) LBQC + LCRD = 180° — 2/BAD, 

(ii) LOOR = LBCD — $(LBQC + [CRD) 

Hence prove that, /QOR = 1 right angle. 

13. AABC is inscribed in a circle, The perpendicular drawn 
to AC from the point B meets AC at the point D and the circle at 


the point F. The perpendicular drawn to AB from the point C 


meets AB at the point E and the circle at the point G. Prove 
that, FG || DE. 


Í 14. AABC is inscribed in a circle. The bisector of LBAC 
meets the circle at the point D. The circle with centre D and 


bisector of /ABC. 
[Hints: Prove that CP is the bisector of /ACB]. 


MISCELLANEOUS EXERCISES 287 
15. A direct common tangent and a transverse common 
tangent to two circles with centres A and B meet each other at 
the point P. Prove that the point P is on the circle with AB as 
diameter. 
16. P and Q are two points on a straight line. PR and QS are 
“ perpendiculars to the straight line at the points P and Q 
respectively. PS and QR meet each other at the point O. OT is 
perpendicular to PQ. Prove that, 
a Wed 
OT PR gs” 


17. ABCD is a rhombus. A straight line through the point D 
meets AB and DA produced at the points P and Q respectively. 
Prove that, AAPQ, APBC and ADCQ are equiangular. Hence 
prove that, PB: DQ = AP? ; AQ?. 


18. In a cyclic quadrilateral ABCD, the sides BA and CD, 
When produced, meet at the point P. The bisector of /BPC 
meets AD and BC at the points Q and R respectively. Prove that 
AQ: QD = RC: BR. 


19. A straight line parallel to the side BC of AABC 
intersects AB and AC at the points P and Q respectively. BQ 
and CP meet each other at the point R. AR produced meets BC 
at the point $. Prove that, 5 is the mid-point of BC. 

[Hints: Draw parallel to PC through the point B and 
Produce AS to meet this parallel straight line. Join C with the 
point of intersection. Now proceed.] 


20. D and E are any two points on the sides AB and BC of 
AABC. A straight line parallel to BC through the point D meets 
AC at the point H. F and G are two such points on 


BE _ BG 
AB such that 22 = 8G , FH || EG. 
such that DH^ DF Prove that I 


21. D is any point on the side BC of AABC. Straight lines 
drawn through the point D parallel to AB and AC meet AC and 
AB at the points E and F respectively. Prove that— 


AFBD _ AAEF Ț 
AAEF AEDC 


22. AABC is inscribed in a circle. AD is a diameter and AE 
is perpendicular to BC. Prove that, AAEB and AACD are 
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equiangular. Hence prove that, AB. AC = AE. AD. 
(Brahmagupta’s Theorem). 


23. ABC is a triangle. Three concurrent straight lines AD, 
BE and CF meet at the point O. D, E, F lie on BC, CA and AB 
respectively. Prove that, 


BD _ AABD _ AOBD _ AAOB 
DC AADC AODC AAOC 


Find similar two relations for CE, EA ‘and AF, FB and 
BD GE AES 
prove that, DC EA FB 1 


(Ceva's Theorem—1678 A.D.). 


24. A straight line meets the sides BC, CA and BA 
produced of AABC at the points L, M and N respectively. AP, 
BQ and CR are perpendiculars to the straight line LMN from 
the points A, B and C respectively. Prove that, ABLQ is similar 
to ACLR, ACRM to AAPM and AAPN to ABLN. Hence 
prove that, 


BL CM AN_, 

CL'AM BN . 

(Menelaus! Theorem—About 100 A.D.) 

25. From a point P on the circum-circle of AABC, PL, PM 
and PN are perpendiculars to AB, BC and CA produced 
respectively; prove that, (i) PLM = 180? — /PBC, (ii) [PLN = 


LPAN, (iii) LPLM + LPLN = 180°, (iv) MLN is a straight line. 


[The straight line MLN is called Simson's line]. 
: 26. O is the ortho-centre of AABC. Prove that, the point O 
is the in-centre of the pedal triangle. 

27. If a straight line parallel to the side BC of AABC meets 


AB and AC at the points P and ivel; AP AQ. 
p and Q respectively, ihen PB ^ QC 


A Student proved this theorem in the following-way: 
: PQ || BC and APB ís a transversal 
s LAPQ = corresponding /ABC, 
Similarly, /AQP — LACB, 
LPAQ = LBAC (same angle). 
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.. AAPQ and AABC are equiangular. 
.'. Corresponding sides are proportional, 


A 
P Q 
B (0; 
Fig. 255 
i, AP — AQ 
That is, 75 AC’ 
~ AP _ AQ 
"PB QC 


Is the, proof correct? If not, state where is the defect? 
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APPENDIX 


You have gone through a table in class VIII. From 
the, table you know the conditions for obtaining a 
geometrical property. That is, from which data you can 
arrive at the conclusion you desire. You have become 
familiar with some geometrica! properties in classes IX & 
X, for which naturally there will be some additions in that 
table. Besides, the theorems that you have learnt, or the 
geometrical properties with which you have been familiar 
through exercises, there are many other geometrical 
properties. You may have to use those properties in 
future, particularly in case, when you will get with higher 
education. Another table has been given here from which 
you will be able to know the propertiesofdifferent figures. 
The following two tables will help you much in knowing or 
establishing ; those geometrical properties: 


First Table 


Given figure or figures 


The properties we get 


1. Ifa line segment stands 
on a straight line, the 
adjacent angles so for- 
med are equal. 


=R] 


(1) Each of the angles is a 
right angle (from defini-- 
tion). 

(2) One of the straight lines 
is perpendicular to the 
other (from definition). 


2. A line segment stands 
on a straight line. 


| 


The sum of the two adja- 
cent angles. is equal to two 
right angles. 


3. The sum of two ad- 


Exterior arms of the two 


jacent angles is equal | adjacent angles are on the 
to two right angles. same straight line. 
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Given figure or figures 


The properties we get 


4. Two straight lines in- 
tersect each other. 


The vertically opposite 
angles are equal to each 
other. 


m- 


5. One of the two straight 
lines is the internal 
bisector of an angle 
and the other is the 
external bisector of 
that angle. 


6. Two straight lines are 
perpendicular to each 
other. 


(1) The two straight lines 
are perpendicular to each 
other. 
(2) The angle included by 
the two bisectors is a right- 
angle. 


Each of the angles is a right 


angle (from definition). 


7. ^» angle is a right 
angle. 


The arms of the angle are 
perpendicular to each other 
(from definition). 


— 


8. Two straight lines are 
parallel. 


Two straight lines have no 
point of intersection (from 
definition). 


9. A straight line inter- | (1) The corresponding 


sects two parallel stra- 
ight lines. 


angles are equal to each 
other. 

(2) The alternate angles are 
equal to each other. 

(3) Two interior angles on 
one side of the transversal 
are together equal to two 
right angles. 


10. A straight line inter- 
sects three parallel 
straight lines so that 
two intercepts of the 
transversal are equal. 


Two intercepts of any other 
transversal are also equal. 
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Given figure or figures 


| 


The properties we get 


11. A straight line inter- 
sects two other straight 
lines so that (i) two 
corresponding angles 
are equal, or, (ii) two 
alternate angles are 
equal, or, (iii) the two 
interior angles on one 
side of the transversal 
are together equal to 
two right angles. 


Those two straight lines are 
parallel to each othet. 


12. A straight line is para- 
llel to any of two 
intersecting straight lines. 


That straight line cannot be 
parallel to other intersect- 
ing line. 


13. Ofall the line segments 
drawn from a point 
outside a straight line 
to that straight line, one 
is the least. 


That line segment is per- 
pendicular to. the straight 
line. 


14. A triangle. (1) The sum of the lengths 


of any two sides is greater 
than the length of the third 
side. 

(2) The sum of three angles 
is equal to two right angles. 


15. One side of a triangle is | (1) The exterior angle is 
produced. equal to the sum of two 


interior opposite angles. 
(2) The exterior angle is 
greater than any of the in- 
terior opposite angles. 
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Given figure or figures 


| The properties we get 


16. One side of a triangle is 
greater than another. 


The angle opposite to the 
greater side is lesser than 
the angle opposite to the 


17. One angle of a triangle 
is greater than another. 


En 
The side opposite to the 
greater angle is lesser than 
the side opposite to the 
less. 


18. An isosceles triangle. 


(1) Two sides are equal 
(from definition). 

(2) The angles opposite to 
the equal sides are equal. 
(3) The bisector of the ver- 
tical angle is the per pen- 
dicular bisector of the base. 


19. Two angles of a triang- 
le are equal. 


20. An equilateral triangle. 


The sides opposite to the 
equal angles are equal. 


(1) Three sides are equal 
(from definition). 

(2) Three angles are equal. 
(3) The measure of each of 
the angles is 60°. 

(4) The bisector of each 
angle is perpendicular 
bisector of the opposite 
side. 


21. A right-angled triangle. 


(1) One angle is a right 
angle (from definition). 

(2) The sum of other two 
angles is equal to one right 


ee Oo E 
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Given figure or figures 


The properties we get 


22. The square on the 
` greatest side of a tri- 
angle is equal to the- 
Sum of the squares on 
the other two sides. 


one right angle. 

(3) Hypotenuse is the 
greatest side. 

(4) Other two sides 
are perpendicular to 
each other. 

(5) The square on the 
hypotenuse is equal to 
the sum of the Squares 
on other two sides. 

(6) The  semi-circle 
drawn with the 
hypotenuse as dia- 
meter passes through 
the right angular point, 


The triangle is right-angled 
and the angle Opposite to 


the greatest side is a right 
angle. 


23. An obtuse-angled tri- 
e. 


angl 


(1) One angle is obtuse 
(from definition), 

(2) Each of the other two 
angles is acute, 


(3) The side Opposite to the 
obtu 


se angle is the greatest. 
24. An acute-angled trj- Each 


angle. 


definition). 
25. Two triangles are con- 


gruent. 


2 equal in area. 


angle is acute (from 


s 
(1) Corresponding sides are 
equal to each other, 
Corresponding angles 
are equal to each Other. 
(3) The two triangles are 


. 
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Given figure or figures 


The properties we get 


26. The mid-points of two 
sides of a triangle are 
joined. 


(1) The straight line that 
joins the mid-points is para- 
llel to the third side. 

(2) The line segment that 


joins the mid-points is half 
| the third side. 


27. Through the mid-point 
of a side of a triangle a 
straight line parallel to 
another side is drawn. 


(1) The parallel straight 
line bisects the third side. 
(2) The intercept from the 
parallel straight line by the 
sides of the triangle is half 
the second side. 


28. Two triangles stand on | The two triangles are equal 


the same base and be- 
tween the same paral- 


in area. 


lels. . 


29. Two triangles having 
equal area stand on the 
same base and on the 
same side of it. 


The straight line that joins 
the vertices is parallel to 
the base. 


30. The perpendicular bi- 
sectors of two sides of a 


triangle intersect each 
other. 


26 


(1) The distances of the 
vertices from the point of 
intersection are equal. 

(2) The perpendicular 
drawn from the point of 
intersection to the third 
side bisects the third side. 
(3) The straight line that 
joins the point of inter- 
section and the mid-point 
of the third side is perpen- 
dicular to the third side. 
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Given figure or figures The properties we get 


bisectors uf two (1) The Perpendicular 

i ne of a triangle in- length of the sides of the 

tersect each other. triangle from the point of 
intersection are equal. 

(2) The Straight line that 

joins the point of inter- 

section and the third vertex 
bisects the third angle. 


32. Perpendiculars are 
drawn from the vertices 
of a triangle to the 
Opposite sides, 


(1) Perpendiculars are 
concurrent. 

(2) The perperdiculars are 
the bisectors of the angles 
of the triangle formed by 
joining the feet of the per- 
Pendiculars (that is, the 
pedal triangle). 

(3) The Perpendiculars are 
the perpendicular bisectors 
of the sides of the triangle 
formed by the Straight lines 


through the vertices para- 
| llel to the Opposite sides, 


33. Ina triangle a median is | (1) The median bisects the 
drawn. Side opposite to the vertex 

through which the median 

is drawn, 

(2) The median divides the 

triangle into two triangles 

having €qual area, 
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(1) The line segment that 
joins the point of inter- 
section and the third 
vertex, when produced, 
bisects the third side; that 
is, that line segment, when 
produced, is the third me- 
dian. 

(2) Any median is divided 
at the point of intersection 
in the ratio 2 : 1. 

(3) The triangles formed by 
joining the. point of in- 
tersection with the vertices 
are equal in area. ` 


Given figure or figures 


34. Two medians of a 
triangle intersect each 
other. 


- Two triangles have the 
same vertex and their 
bases are on the same 
straight line. 


(1) The areas of the tri- 
angles bear the same ratio 
to the bases. 

(2) Triangles have the same 
altitude. 


. The bases of two tri- 
angles are on the same 
straight line and their 
vertices are on a stra- 
ight line parallel to the 
former one. 


(1) The altitudes of two 
triangles are equal. 

(2) The areas of the tri- 
angles bear the same ratio 
to tlre bases. 


37. A straight line parallel 
to a side of a triangle 
intersects the other two 
sides. 


The intercepts of the other 
two sides bear the same 
ratio. 


- A straight line divides 
two sides of a triangle 
Proportionally. 


The straight line is parallel 
to the third side. 
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Given figure or figures 


The properties we get 


39. Two angles of one 
triangle are equal to 
two angles of another. 


(1) The third angles of the 
two triangles are also 
equal. . 
(2) Two triangles are equi- 
angular. 


40. Two triangles are equi- 


(1) Corresponding Sides of 
angular. 


two triangles. are propor- 
tional. 


(2) Two triangles are simi- ' 
ar. 


- The sides of two tri- 
angles are Proportio- 
nal. 


(1) Two trian 
angular. 


(2) Two triangles are simi- 
lar. 


gles are equi- 


- Two sides of a triangle 
bear the same Tatio to 
the two sides of another 
and angles included by 
those two Sides are 
equal. 


(1) The two 
€quiangular. 
(2) Corresponding Sides of 


two triangles are Proportio- 
nal. 


(3) Two triangles are simi- 
ar, 


WEG M ee 


The two triangles so for. 
med are similar to the ori- 
ginal triangle and they are 
Similar to each other. 


triangles aré 


43. Perpendicular is drawn 
to the hypotenuse Of a 
right-angled triangle 
from the right angular 
point. 


- A quadrilateral. The sum of four angles is 


€qual to four Tight angles, 


Uu 
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Given figure or figures The properties we get 


45. A trapezium. : (1) Two opposite sides are 
parallel (from definition). 
(2) The sum of the angles 
adjacent to any oblique 
side is equal to two right 
angles. 


46. The mid-points of two 
oblique sides of a tra- 
pezium are joined. 


(1) The line segment that 
joins the mid-points is para- 
llel to the parallel sides. 
(2) The length of the line 
segment that joins the mid- 
points is half the sum of the 
lengths of two parallel 
sides. 


(1) Two opposite sides are 
parallel (from definition). 
(2) Two oblique sides are 
equal (from definition). 
(3) Two angles adjacent to 
any one of the parallel sides 
are equal to each other. 
(4) Two angles adjacent to 
any of the oblique sides are 
together equal to two right 
angles. 

(5) Two diagonals are equal 
to each other and the dis- 
tances of the end points of 
any one of the parallel sides 
from the point of intersec- 
tion of the diagonals are 
equal. 

(6) The vertices are con- 
cyclic. 


47. Ar isosceles trapezium. 
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Given figure or figures The properties we get 


48. A parallelogram. (1) Two opposite sides are 
parallel (from definition). 
(2) Two opposite sides are 
equal to each other. 

(3) Two opposite angles are 
equal to each other. 


(4) Two diagonals bisect 
each other. 

(5) Any diagonal divides 
the parallelogram into two 
congruent triangles. 

(6) The two triangles for- 
med by any side at two 
other vertices are equal in 
area. 


49. In a quadrilateral 
' (i) each pair of opposite 

sides are parallel to 

each other, or 

(ii) each pair of oppo- 

site sides are equal to 

each other, or 

(iii) each pair of oppo- 

site angles are equal to 

each other, or 

(iv) two opposite sides 

are parallel and equal 

to each other, or 

(v) twodiagonal bisect 

each other, or 

(vi) each diagonal di- 

vides the quadrilateral 

into two congruent 

triangles. 


The quadrila 


teral is a para- 
llelogram. 


50. 


53. 


- A parallelogram and a 


- A rectangle. j| 
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Given figure or figures The properties we get 


Two parallelograms 
stand on the same base 
and between the same 
parallels. 


triangle stand on the 
sanie base and between 
the same parallels. 


A quadrilateral holds 
(i) any one of the prop- 
erties of a parallelo- 
gram and any. one of its 
angles is a right angle, 
or 

(ii) any one of the prop- 
erties of a parallelo- 
gram and two diagonals 
are equal. 


Two  parallelograms are 
equal in area. 


The area of the triangle is 
half that of the parallelo- 
gram. 


(1) It is a parallelogram; 
hence it holds all the prop- 
erties of a parallelogram. 
(2) The measure of. each 
angle is one right angle. 
(3) The two diagonals are 
equal to each other. 

(4) The vertices are con- 
cyclic; any diagonal is dia- 
meter of that circle and the 
point of intersection of the 
diagonals is the centre of 
that circle. 


The quadrilateral is a rec- 
tangle. 
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55. A quadrilateral holds 
(i) any one of the prop- 
erties of a rectangle 
and two diagonals 
bisect each other at 
right angles, or 
(ii) any one of the pro- 
perties of a rectangle 
and two adjacent sides 
are equal. 


56. A rhombus, 


MATHEMATICS 
Given figure or figures The properties we get 
54. A square. 


(1)Itisa rectangle; hence it 
holds all the properties of a 
rectangle. 

(2) Four sides are equal to 
each other. 

(3) Two diagonals are equal 
and one bisects the other at 
right angles. 

(4) Any diagonal bisects 
two angles formed at the 
corresponding vertices; 
that is, any diagonal divides, 
the square into two right- 
angled isosceles triangles, 


The quadrilateral 
Square. 


is a 


(1) Four sides 
each other. 
(2) No angle is a right 
angle. 

(3) Diagonals are unequal 
and one bisects the other at 
right angles, 

(4) Any diagonal bisects 
two angles formed at the 
corresponding vertices, l 
It is a parallelogram, 


are equal to 


APPENDIX 


303 


Given figure or figures 


57. 


58. 


59. 


The properties we get 


In a quadrilateral 

(i) four sides are equal 
but no angle is a right 
angle, or 

(ii) two diagonals are 
unequal and they bisect 
each other. at right 
angles, or 

(iii) the quadrilateral 
holds any one of the 
properties of a paralle- 
logram, and two adja- 
cent sides are equal but 
no angle is a right 
angle. 


A circle. 


Two equal chords of a 
circle. 


hence it holds all the prop- 
erties of a parallellogram. 
(6) The vertices are not 
concyclic. 


The quadrilateral is a 
rhombus. 


(1) All diameters are equal. 
(2) All radii are equal. 

(3) A radius is half a dia- 
meter. 

(4) The mid-point of a dia- 
meter is the centre of the 
circle. 


(1) Two chords subten 

equal angles at the centre. 
(2) Corresponding arcs in- 
tercepted by the chords are 
equal. 

(3) Two chords are equi- 


distant from the centre. 
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. Given figure or figures 


60. Two equal arcs of a 
circle. 


61. A chord of a circle and 
Perpendicular to that 
chord from the centre. 


62. A. chord of a circle and 
the straight line, that 
joins the centre and the 
mid-point of the chord. 


63. The Perpendicular bj. 
Sectors of two non- 


Parallel chords of a 
circle. 


64. The Perpendicular bj. 
Sectors of two parallel 
chords of a circle. 


65. An angle at the circum- 
ference and the angle at 
the centre standing on 
the same arc of a circle. 


MATHEMATICS 


The properties we get 


(1) Two arcs.subtend equal 
angles at the centre. M 

(2) Two chords that join 
the end points of each arc 
are equal. ; 

(3) Two angles at the cir- 
cumference subtended by 


the arcs are equal to each 
other. 


The perpendicular bisects 
the chord. 


The straight line that joins 
the centre and the mid- 
Point of the chord is per- 
Pendicular to the chord. 


The point of intersection of 
two perpendicular bisec- 


tors is the centre of the 
circle. 


A straight line Passing 
through the centre of the 
circle, 

The an 


lé angle at the centre is 
twice the angle at the cir. 
cumference. 


APPENDIX 305 
Given figure or figures The properties we get 


66. Two angles in the same | Two angles are equal to 
segment of a circle, or, | each other. 

two angles at the cir- 
cumference „standing 
on the same arc. 


. An angle in the semi- 


\ The measure of the angle i is 
circle. 


one right angle. 


. An angle in the seg- 
ment of a circle greater 
than a semi-circle. 


The angle is acute. 


69. An angle in the seg- 
ment of a circle lesser 
than a semi-circle. 


The angle is obtuse. 


- A cyclic quadrilateral. | The opposite angles are 


supplementary. 


Two end points of the line 
segment and vertices of two - 
angles are concyclic. 


. A-line segment subte- 
nds two equal angles at 
two points on the same 
side of it. 


The quadrilateral is a cyclic 
one; that is, the vertices of 
the quadrilateral are con- 
cydlic. 


72. 'The sum of two oppo- 
site angles of a quadri- 
lateral is equal to two 
right angles. 


All points on the tang 
excepting the point of co: 
tact are outside the circle. 


- The tangent to the cir- 
cle at a point on it. 


The ta..gent and the radius 
through the point of con- 


- A tangent to a circle 
and the radius passing 
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Given figure or figures The properties we get 
of 


through the point tact are perpendicular to 
contact each other. 

75.Perpendicular to the 
tangent to a circle at the 
point of contact. 


76. Perpendicular to the | The perpendicular is tan- 


radius of a circle at the gent to the circle at that 
point where the radius point. 
meets the circle. 


77. Two tangents to a circle 
from an external point. 


The perpendicular passes 
through the centre of the 
circle. 


(1) The two tangents’ are 
equal in length. 

(2) The two tangents sub- 
tend equal angles at the 
centre. 

(3) The straight line that 
joins the centre and the 
external point is the bisec- 
tor of the angle contained 
by the tangents. 

(4) That straight line bi- 
Sects the chord of contact at 
right angles. 


78. Two circles touch each | (1) Centres of two circles 
other externally. and the point of contact are 

collinear. 

(2) The distance between 

the two centres is equal to 


the sum of the two radii. - 

79. 'Two circles touch each (1) Centres of two circles 
other internally, and the point of contact are 

collinear. 

(2) The distance between 

the two centres is equal to 

the difference of two radii. 


` APPENDIX aoz 
Second Table 


To prove 


1. An angle is a right 
angle. 


To be given for proof 


(1) If a line segment stands 
on a straight line, the adja- 
cent angles so formed are 
equal. 

(2) A straight line is per- 
pendicular to another. 

(3) An angle of a triangle is 
equal to the sum of other 
two angles. 

(4) The angle is opposite to 
the hypotenuse of a right- 
angled triangle. 

(5) The angle is any angle 
of a rectangle or a square. 
(6) The angle is contained 
by the two diagonals of a 
rhombus or those of a 
square. 

(7) The angle is an angle in 
the semi-circle. 

(8) The angle is contained 
by a tangent and the radius 
through the point of con- 
tact. 

(9) The angle is contained 
by a chord and the line 
segment that joins the mid- 
point of the chord and the 
centre of the circle. 

(10) The angle is contained 
by the internal and external 
bisectors of an angle. 

(11) The angle formed by 
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To be given for proof 


2. Two line segments are 
on a straight line or 
three points are col- 
linear 


the base with the bisector 
of the vertical angle of an 
isosceles triangle or the me- 
dian drawn from the vertex 
to the base. 

(12) The angle is such an 
angle of a triangle, the me- 
dian drawn from the vertex 
of which is half the third 
side. 


(1) The measure of the 
angle contained by those 
two line segments is 180° 
(2) The straight line drawn 
through the common Point 
of those two line segments 
makes equal angles on 
Opposite sides. 


(3) Those two line seg- 
ments are perpendiculars to 
a straight line drawn 
through the common point 
of the line segments. 

(4) If those two line seg- 
ments have a common 
Point and each of them is 
Parallel to a Straight line. 
(5) Two of the three points 
are joined with the third 
point, particularly, the 
point between these two 
points and if any of the 
above mentioned prop- 
erties are obtained. 

(6) If the three points are 
two opposite vertices of a 
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To prove To be given for proof 


parallelogram and the mid- 
point of the diagonal that 
does not pass through those 
two vertices. 

(7) If the three points are 
the centre of a circle and 
mid-points of two parallel 
chords. 

(8) If the three points are 
the centroid of a triangle, a: 
vertex and the mid-point of 
the opposite side. 

(9) If the three points are 
the points of contact of two 
parallel tangents to a circle 
and the centre of the circle. 
(10) If the three points are 
the points of contact of a ` 
tangent to a circle, mid- 
points of a chord parallel 
to the tangent and the cen- 
tre of the circle. 

(11) If the three points are 
the point of contact of two 
circles touching each other 
and the centres of those 
two circles. 


3. Two angles are equal. | (1) Each of the two angles 
is a right angle. 

(2) If a straight line is per- 
pendicular to another 
straight line. 

(3) Two angles are vertical- 
ly opposite angles. 

(4) If the two angles are 
corresponding angles or 
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To prove 


To be given for proof 


alternate angles formed by 
intersection of each of two 


Parallel straight lines by 
another straight line. 

(5) If the angles are base 
angles of an isosceles 
triangle. 

(6) Two parallel straight 
lines make the angle with 
two other parallel Straight 
lines in the same direction. 
(7) Two angles are corres- 
Ponding angles of two con- 
gruent triangles, 

(8) If the two angles are 
angles of two triangles of 
Which the sum of other two 
angles of the triangles are 
equal. 

(9) Two angles are opposite ` 
angles of a parallelogram. 
(10) Two angles are adja- 
cent with respect to any of 
the paralle] Sides of an isos- 
celes trapezium. 

(11) The angles are equal to 
half or twice the same angle 
Or equal angles, . 


tended 


equal chords, 
ed by two equal 
arcs at a point or two points 
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To prove 


To be given for proof 
on the third arc. 


(14) One of the two angles 
is an angle of a cyclic 
quadrilateral and the other 
is the corresponding exter- 
nal angle. 

(15) Two angles are sub- 
tended at the centre of a 
circle by two tangents 
drawn from a point outside 
the circle. 

(16) Two corresponding 
angles of two triangles of 
which sides are prop- 
ortional. 


ces SES 


4. Two line segments are 
equal. 


21 


(1) Two line segments are 
the sides of a triangle oppo- 
Site to two equal angles. 
(2) A triangle is isosceles or 
equilateral. 


(3) The angles adjacent to 
any of the parallel sides of a 
trapezium are equal. 

(4) The oblique sides of an 
isosceles trapezium. 

(5) Two line segments are 
corresponding sides of two 
congruent triangles. 

(6) Two line segments are 
opposite sides of a para- 
llelogram. 

(7) Two line segments are 
diagonals of a rectangle. 
(8) Two line segments are 
any two sides of a rhombus 
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To prove 


| To be given for proof 


Or.a square. 


(9) Two line segments are 
equal to half or twice the 
same line segment or equal 


line segments. 


sides. 


circle, 


hypotenuse. 
points of 


line segment. 
(15) Two line s 
the distances 


bisector of the a 


(10) Two line segments are 
the bisectors of base angles 
of an isosceles triangle or 
the perpendiculars or me- 
dians drawn through those 
two vertices to the Opposite 


(11) Two line segments are 
diameters, or radii of a 


(12) Two line segments are. 
two portions of a chord 
which are obtained by 
dropping Perpendicular on 
the chord from the centre. 

(13) One of the two line 
Segments is half the 
hypotenuse of a right- 
angled triangle and the 
other is the median on the 


(14) Two line Segments are 
the distances of two end 
à line segment 
from any point on the per- 
pendicular bisector of that 


egments are 
Of two in- 
tersecting Straight lines 
from any point on the 
ngle in- 
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To prove 


To be given for proof 


5. Two triangles are con- 
gruent. 


6. Two straight lines or 
two line segments are 
parallel. 


cluded by those two 
straight lines. 

(16) Two line segments are 
the tangents to a circle from 


a point outside the circle. 


(17) Two line segments are 
two chords of a circle 
equidistant from the 
centre. 


(1) Two sides and the 
angles included by them are 
equal. 

(2) Two angles and a cor- 
responding side are equal. 
(3) Three sides are equal. 
(4) In two right-angled 
triangles, hypotenuse and 
another side are equal. 


(1) When the two straight 
lines are intersected by 
another straight line, two 
corresponding angles are 
equal or two alternate 
angles are equal or two 
interior angles on the same 
side of the transversal are 
together equal to two right 
angles. 

(2) Two straight lines are 
perpendicular to another 
straight line. 

(3) Each of the two straight 


lines is parallel to another 
straight line. 
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To prove 


To be given for proof 


_ u 


(4) Two line segments are 
the opposite sides of a para- 
Helogram. 

(5) One of the two line 
segments is a side of a 
triangle and the other is the 
line segment that joins the 
mid-points of other two 
sides. 

(6) One of the two line 
segments is the common 
side of two triangles having 
equal area and lying on the 
same side of the common 
side and the corresponding 
vertices are on the other 
line scgment. 

(7) Two line segments are 
the opposite sides of a 
trapezium (not any two 
Opposite sides.) 

(8) Two straight lines are 
the tangents to a circle at 
two end points of a dia- 
meter. 

(9) One of the line seg- 
ments is a side of a triangle 
and the other is the line 
Segment that joins the 
Points at which the other 
two sides are divided prop- 
artionally. 
(10) Arms of two equal 
angles fromed in the same 
direction at two points on 
two parallel Straight lines. 


cou ee 
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To prove 


To be given for proof 


7. A straight line is per- 
pendicular to another 
straight line. 


8. A quadrilateral is a pa- 
rallelogram. 


9. A quadrilateral is a rec- 
tangle. i 


All the conditions by which 
an angle can be proved to 
be a right angle are applic- 
able. The two arms of a 
right-angle are perpendicu- 
lar to each other. 
Moreover, there is another 
condition: 

If from one point on a 
straight line, line segments 
are drawn to another 
straight line and if the line 
segment which is the part of 
the first line is:the least. 
(1) Opposite sides are para- 
llel. 

(2) Opposite 
equal. 

(3) Opposite angles are 
equal. 

(4) Any two opposite sides 
are parallel and equal. 

(5) Any two opposite sides 
are parallel and any two 
opposite angles are equal. 
(6) Two diagonals bisect 
each other. 

(7) Each diagonal divides 
the quadrilateral into two 
congruent triangles. 


sides are 


(1) The quadrilateral is a 
parallelogram and any 
angle is a right angle. 

(2) The quadrilaterai is a 
parallelogram and two dia- 


———————————————————— 
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To prove To be given for proof 


gonals are equal. i 
(3) The quadrilateral. is a 
cyclic paraltelogram. 


10. A quadrilateral is a 
square. 


(1) The quadrilateral is a 
rectangle and any two adja- 
cent sides are equal. 

(2) The quadrilateral is a 
rectangle and the diagonals 
are at right angles. 

(3) The quadrilateral is a 
rectangle and a diagonal 
bisects the opposite angles. 
(4) The quadrilateral is à 
Cyclic one and its diagonals 
are diameters of the circle 
Which are at right angles. 


11. A quadrilateral is a 


rhombus. quadrilateral are equal, but 


no angle is a right angle. 
(2) The quadrilateral is a 
parallelogram (not a rect- 


cent sides are equal. 

(3) The diagonals of the 
quadrilateral are unequal 
and the diagonals bisect 
each other at right angles. 


12. A quadrilateral is an 


! (1) Two opposite sides of 
isosceles trapezium. 


quadrilateral are parallel 

and the other two sides 

(oblique Sides) are equal. 
Two opposite sides of 


the quadrilaterat are para- 


(1) Four Sides of the 


angle) and any two adja- ` 


APPENDIX 317 


To prove | To be given for proof 


| llel and two angles adjacent 


to any of the parallel sides 
are equal. 

(3) The quadrilateral is a 
cyclic trapezium. 


13. Two  parallelograms 
are equal in area. 


Two parallelograms stand 
on the same base or equal 
bases and within the same 
parallels or having same 
altitude. 


14. Two triangles are equal 
in area. 


(1) Two triangles are con- 
gruent. 

(2) Two triangles stand on 
the same base or equal 
bases and within the same 
parallels or having same 
altitude. 

(3) Two triangles have the 
same base as that of a 
parallelogram and they are 
within the same parallels. 


15. The areas of two triang- 
les bear the same ratio 
as that of their bases. 


16. A triangle is isosceles. 


The bases of two triangles 
are on the same straight 
line and they have the same 
vertex or their vertices are 
on a straight line parallel to 
their bases. 


(1) Two sides of the triang- 
le are equal. 


(2 Two angles of the 
triangle are equal. 
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To be given for proof 


(3) The bisector of an angle 
of the triangle bisects the 
base at right angles. 


To prove 
17. A triangle is | ( 
equilateral. 


18. A triangle is right- 
angled. 


19. Two triangles ^ are 
equiangular. 


20. Two 


triangles are 
similar. 


1) The measure of each of 
the two angles of the triang- 
le is 60°. 

(2) All sides of the triangle 
are equal. 

(3) The bisectors of any two 
angles of the triangle bisect 
the. corresponding Opposite 
sides at right angles. 


(1) One angle of the triang- 
le is a right angle. 

(2) The sum of two angles 
of the triangle is one right 
angle or equal to the third 
angle. 

(3) The triangle is inscribed 
in a circle and one side of 
the triangle is a diameter. 
(4) The Square on the 
greatest side of the triangle 
is equal to sum of the 
Squares on other two sides. 


(1) Any two angles of a 
triangle are equal to two 
angles of the other. 


(2) The sides of two triang- 
les are Proportional. 


(1) Two 
equiangular. 
(2) The sides of two triang- 


triangles are 
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To prove 


To be given for proof 


———J 


les are proportional. 

(3) The ratio of two sides of 
a triangle is equal to the 
ratio of two sides of the 
other and the angles con- 
tained by those two sides 
are equal. 

(4) If two triangles are 
obtained by dropping per- 
pendicular to the 
hypotenuse of a right- 
angled triangle from the 
right angular point, or, one 
of the two triangles is the 
triangle obtained as men- 
tioned above and the other 
is the original triangle. 


21. Four points are con- 
cyclic. 


(1) If any two of those four 
points are on the same side 
of the line segment that 
joins the other two points 
and the line segment sub- 
tends equal angles at the 
former two points. 

(2) The four points are ver- 
tices of a quadrilateral, the 
two opposite angles of 
which are supplementary. 


22. A straight line passes | (1) the straight line is per- 


through the centre of a 
circle. 


pendicular bisector of a 
chord of the circle. 

(2) The straight line is the 
bisector of the angle con- 
tained by two tangents to 
the circle. 
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To prove 


To be given for proof 


23. A straight line is a tan- 
gent to a circle. 


(1) The straight line is per- 
pendicular to a radius of 
the circle at the point where 
the radius meets the circle. 


[Remark: The informations enlisted in these two 
tables may not be exhaustive. Hence, any addition may be 
made to these tables, which are logical. 


MENSURATION 


CHAPTER 1 E 


Triangle 
In Class VII you have learnt to find the perimeter and 
the area of rectangles and squares.-Besides rectangles and 
squares we come across figures and articles of other 
different shapes in our daily life. Examples of some of 
those are given in Fig. 1. 


At different times we are réquired to determine the 
length. breadth, height, area, volume etc. of these figures 
and articles. The practical art of measuring the length, 
breadth. perimeter. area and volume of figures and 
articles is known as mensuration in Mathematics. 

In Class VII you have learnt the following : 

Perimeter of a rectangle = 2 (length + breadth) 

Area of a rectangle — length X breadth 


Fig-2 Fig-3 


Premiter of a square = 4 X length of one side 
Area of a square = (length of one side)" 


4 MATHEMATICS 
You will now learn how the perimeter and the area of 
_triangles and circles are determined. 
Perimeter of triangles : 
A 
If ABC be a triangular field 
with sides a, b and c, then 
4 c to enclose it by a boundary, 
we would need a fence equal 
to the length of sum of the 


three sides of the triangle. 
ae 


e B -. The perimeter of the 
Fig-4 above triangle — (a b 4 c) 
Example 1: What is the 
perimeter of a triangle whose 
sides are 15 metres, 18 metres 
and 24 metres respectively? 


24m 
Perimeter of the triangle 15m 
= (15 + 18 + 24) metres 
= 57 metres. 
Area of tri : 18m 
riangles : Fig-5 


Or recta 
diagrams below: ngular in shape. See the two 
A P " 
B - 
D 
z R 
Fig-6 *C $ hy 


The quadrilateral ABCD is neither a rectangle nor a 


n 


MENSURATION 
square. Again figure FORST is a pentagon. 


Therefore it is not possible to find the area of these 
figures with the help of the rules applicable to rectangle 
and square. But if you notice carefully you will find that 
they can be divided into more than one triangle. So if we 
can find the area of these triangles individually, then we 
will be able to find the area of the whole figure. So it is also 
necessary to find the area of triangles individually. 
Therefore, the formula for finding the area.of a triangle is 
very important. 


Deduction of the formula for finding the area of a triangle: 


According to the formula for determination of the area ol 
a rectangle, the area of rectangle ABCD = DC x AD 


A B 


C 
F Fig-8 
You also know that the diagonal of a rectangle divides 
it into two equal parts. In the above figure diagonal AC 
divides the rectangle ABCD into two triangles AABC and 
AADC. 
.. We can wr:e 


area of AADC = area of AABC 
= j area of rectangle ABCD 
5 DC x AD 
j base X altitude 
` in the AADC, DC = base and AD = altitude, 


x " A 1 
SO It can be said, area of the triangle = 5 base x 
altitude 


6 MATHEMATICS 

[Remark: observe that in this case, both the triangles 
are right-angled and if one of the perpendicular sides be 
taken as base, the other is the altitude.] 


Example 2. 18 m and 12 m are the length and breadth 
respectively of a rectangle ABCD. What is the area of 
AABC or AADC? 

Area of rectangle = (18X12) sqq. meters = 216 sq. meters 
.. Now area of AABC or AADC 
= (216 + 2) sq. metres 
= 108 sq. metres 
Or, Area of AABC = Area of AADC. 


5 base’ X altitude 
j X (18 X 12) sq. metres 
108 sq. metres 


, Inthe above example we have found out the area of a 
right-angled triangle. Now let us find the area of a triangle 
which is not a right-angled triangle, 


B P 
Fig-9 £ 
In the figure above, ABC is a scalene triangle. 


TRIANGLE 
You know area of AABC 
1 
2 
} BC.BE 
Í BC.AP 


5 base X altitude 


area of the rectangle BCDE 


ll 


i} 


i} 


*. we can say that for any triangle 


area of the triangle = j „base X altitude 


Area of an equilateral triangle : 


A 


ABC is an equilateral triangle, 
each sides of which is equal 
and AD is the median which 
. indicates the altitude of the ' 
triangle. 

Let the length of each 
side of AABC — a 

'. AB = a units and 


BD = $ BC = $ units. > $ 


Fig-10 


You know AD? = AB? — BD’. 


.AD- VAB'- AB! — BD? = Vd — ($F units 


= —— bu 2 a units 


Altitude of an equilateral triangle -M3 length of its side 
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.. Area Of the equilateral triangle ABC 


= i base X altitude 


V3 V3 


a we sq. unit = 


i= 


@ sq. unit. 


Area of an equilateral triangle =“ side}? 


Example 3. Find the area of an e 


quilateral triangle 
whose sides are 4 cm. 


Area of the triangle — “3x 4? sq. cm. 
= 4V3 sq. cm. 
Area of an isosceles triangle : 


A 
Base of isosceles AABC 


= a units and the length of 
the two equal sides = p units 
and the altitude = h units. s 


vey 
M p-* 4 a2 D y 


Fig-11 ' 
Area of isosceles.triangle ABC = j Xax Vy a 
4 


Il 


rA 


sq. unit. 


Example 4. The 


base óf an isosceles triangle is 8 cm, 
and the other two side 


sare of length 10cm each. Find the ` 
area of the triangle. 


he required area of the triangle, 


1 $ j 
=5X8x WV/aoy-8 Sq.cm-8 V21 sq. cm. 


v4 


TRIANGLE 9 
To find the area of a triangle when the lengths of the 
three sides are known : 


B C 


a 
Fig-12 

The lengths of the three sides of the triangle ABC are 
a, b and c units respectively, 
. the perimeter of the triangle = (a + b + c) units. 


'. semi-perimeter = s DUE units 


Then the area of the triangle will be 


= Vs(s—a) (s—b) (s—c) Sq. units. 


Example 5. Find the area of a triangle whose sides are 
26 cm, 28 cm and 30 cm respectively. 


= 76428430 cm = E cm = 42 cm. 


'. Area of the triangle 
= VA2(42-26 4228) (4230) sq. cm. 
= V42x16x14X12 sq. cm. 
= VIXGXGX2X2XTXAXÁ sq. cm. 
= 7X6X4X2 sq. cm. 


— 336 sq. cm. 


10 MATHEMATICS 
Miscellaneous Examples : 


Example 1. The area of a rectangular garden is 55 sq. 
metres and its breadth is 5 metres 5 decimetres. Find its 
length. 

area _ 55 


Length — uad 35 metres — 10 metres 


Therefore the length of th. rectangle is 10 metres. 


Example 2. The length and breadth of a rectangular 
garden are 100 metres and 80 metres respectively. A path 
5 metres wide rüns within it along the sides of the garden. 
What is the area of the path? 
100 m 


menu 5. —— — A i 
90m 


Fig-13 
Area of the garden including the path 
= (100 x 80) sq. m = 8000: sq. m. 
Area of the garden excluding the path 
= [(100 — (5 x 2)} x {80-(5x2)}] s 
= (90 x 70) sq. m. HIM. 
= 6300 sq. m. 


-'. the area of th = = 
T e path = (8000—6300) sq. m = 1700 sq. 


* 


TRIANGLE 11 


We know diagonals of a parallelogram bisect each other 
B 


z. AO0=0C=15cm. A 
BO = OD =2 cm. 


.'. According to the 


problem, 
AAOB is a right-angled 


triangle. 
AB = V2 «15? = Vo'25 


= 2:5 cm. 
s. AB = DC = 2:5 cm. 
Similarly, BC = AD = 2:5 cm. Fig-14 


*. all the sides of the parallelogram are 2:5 cm long. 
The parallelogram is a rhombus. 


Example 4. Find the area of an isosceles triangle 
whose equal sides are 10 cm each and the angle included 


by two sides is 45°. 
" = In AABC, AB = AC 
= 10 cm and /A = 45%. 
Perpertdicular CD is 
dropped on AB. 
*. according to cons ` 
truction, LACD = 45? 
<. AD = CD 
Again, in right-angled 
C triangle ADC, 


Fig-15 
AD? + CD? = AC? = 10? sq. cm. = 100 sq. cm. 


+. 2CD? = 100 sq. cm. 
CD? = 50 sq. cm. 
CD = 5V2 cm. 
.'. Area of the triangle 


H 
= $ AB.CD 
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3.10.5 V2 sq. cm. 
25 V2 sq. cm. 


Example 5. Cut out the biggest square from a 


right-angled triangle whose sides are 3 cm. 4 cm and 5 cm, 


in.such a way that one of the vertices Of the square is on 
the hypotenuse of the triangle. What will be the length of 
the sides of the square? 

In the adjoining figure. the lengths of the sides of 
AABC are 3 cm. 4 cm and 5 cm. The square BDEF is 
inscribed in it'such that vertex E lies on the hypotenuse ` 


AC and sides BD and BF are on sides BA and BC 
respectively. 


Now, the len 


gth of each side of the Square is to be 


found out. A à 
Let the length of the s 
sides of the square be x cm. E 2 
7 vr 
5. AD = (4 — x) cm, 
CF = (3— X) cm E 
`. the area of AADE D E 


1 
= 3 X (4 — x) sq. cm 
Again the area of AEFC 


1 
= 2% (3 —2x)xsq. cm. 


B E C 
Area of square BDEF — X'sq.cm. Fig-]6 
But you know the area of AABC 
2l4x3 
nib. Sq. em. = 6 sq. cm, 


C *$ 9r lou 


~ ~. the length of the sides of the required sqüare is 13 


TRIANGLE 13. 
Exercise 1 x 


1. Find the area and perimeter of a rectangular garden of 
length 15 metres and breadth 10 metres. 


2. The perimeter of a rectangle is 120 metres and the 
difference between its length and breadth is 12 metres. Find the 
area of the rectangle. 


3. The length of one of the diagonals of a parallelogram is 
75 metres and the length of the two adjacent sides are 70 metres 
and 65 metres respectively. Find-the area of the parallelogram. 


4 4. In the front portion of a rectangular plot 16 sq. m space is 

reserved for gardening and'a house is built on the remaining 
portion. At this the length of the plot reduced by 2 metres and 
. the house-is on a square plot. Find the area of the land on which 
the house is situated. 


5. The length and breadth of a rectangular court-vard is 
15 m and 12 m respectively. How much will it cost to construct a 
path within the yard along its sides at the rate of Rs. 2-25 per sq. 
metre? 


6. How many tiles each 20 cm long and 17:5 cm wide will be 
' required to pave a court-yard 10 metres long and 7 metres wide? 


7. A rectangular field of 60 metres length and 45 metres 
breadth is divided into 4 equal plots by raising two paths parallel 
to its sides. If the paths are 6 decimetres wide. what will be the 
area.of each plot? How much land will the paths occupy? 


_ 8. What is the area of a triangle having its sides 14 cm and 
height 5 cm? 


9. What is the perimeter of a triangle having its sides 14 cm, 
13 cm and 18 cm respectively? 


__ 10. What is the height and area of an equilateral triangle 
With sides 8 cm long? 


, 11. The height of an equilateral triangle is 15 cm What wiil 
be its perimeter and area? 
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12. Prove that the numerical value of the area of a 


right-angled triangle is equal to half of the numerical value of the 


product of the lengths of the sides holding the right angle and 
hence find the area of a right-angled triangle in which the sides 
holding the right angle are 7 cm and 12 cm respectively, 


13. In a right-angled triangle the sides holding the right 
angle are 12 cm and 5 cm respectively. Find the length of the 
perpendicular from the vertex on the hypotenuse. (approx. upto 
3 places-of decimal) 


14. What are the area and perimeter of an equilateral 
triangle whose height is 4V3 cm? 
15. The base of an isosceles triang| 


le is 6 cm and the length 
of each of its equal sides is 5 cm. What 


is its area? 


16. The length of each ot th 
triangle is 10 cm and its height is 8 cm. Find the length of its base 
and area. 

17. The three sides of a triangle are 25 cm, 39 cm and 56 cm 
long. Find the length of the Perpendicular on the longest side 
from the vert. - Opposite to it. ! ' 


18. the length of the two e 
is 15 cm and the length of the 
equal sides is 12 cm.Find the p 


qual sides of an isosceles triangle 
bisector of the angle held by the 
erimeter and area of the triangle, 


19. The length of the three sides of a 
cm and 25 cm respectively. Find the lengt 
on the longest side from the vertex Oppo 


triangle are 15 cm, 20 


Site to it. 

20. The length of 
cm and 16 cm. Find "tri from it show 
that the length of the p i n the longest side from the 
vertex opposite to it is 5/3 cm, a, : 


: 21. The ratio of the three 
2:3:4 and its Perimeter is 108 met 
much will one have to walk to Teach straight to the longest side 
from the angular Point opposite to-it? R 


sides of. a triangular park is 


€ equal sides of an isosceles : 


h of the perpendicular . 


res. Find its area. How | 


2 
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22. Three villages Satirpara, Narsinghi and Hajipur are not 

on the same straight line. The respective distances between them 

are 823 metres, 1250 metres and 1327 metres. How much long a 

road is to be built to link them in order? How much would cost 
to build thé road at Rs. 9-45 per metre? 


. 23. The upper part of a coconut tree 45 meires ling broke 
down in’storm and its top touched the ground 15 metres away 
from its‘foot. What is the area of the triangle formed by joining 
the foot and top of the tree? 


24. Out of an iron sheet 16 dcm long and 12 dcm wide 8 
equal pieces have been cut off. The pieces are of right-angled 
triangular shape such that the sides adjacent to the right angle - 
are half of both the length and width of the rectangle. If no 


„portion of the sheet is waste, what will be the perimeter and area 
: of each piece? 


25. If 25 metres long ladder is placed just to touch the top of 
a 20 metres long chimney, how far from the foot of the chimney 
will'the foot of the ladder rest? 


26. The ratio of the three sides of a triangle is 4 : 5 : 7 and its 
perimeter is 144 metres. Find the area of the triangle. 


27. Starting from the same port one of the two ships has 
gone 60 km per hr southward , while the other has gone 90 km 
perhreastward Find the distance between the two ships after 


- one hour. 


28. The distance of the bases of two light-post 35 metres and 
11 metres high is 10 metres. Find the distance between their 
tops. : 


29. The ratio of the heights of two triangles is 3 : 4. If the 
ratio of their areas is 4 : 3, what will be the ratio of their bases? 


30; From a rectangular wooden sheet. the biggest triangular 


„piece that can be cut out has an area 54 sq. cm. If the length of 


the rectangle be 1 rd of its breadth, what will be the length of its 


. _ diagonals? 


CHAPTER 2 


CIRCLE 


Circumference of Circle 


Take a wire of 44 cm length and bend it in the form of 
4 circle as given in the figure below. 


Fig-17 
Now measure the diameter Of the circle. 
Then the circumfere 


circumference : diameter = 44 : 14 (approx) 


2229 (approx) 


Here also, circumference : diameter = 66 : 2] (approx) 
= 22:7 (approx) 
If circles are formed With Wires of 
you will fing the ratio of circumfereng 


different lengths 
always @PProxmately 22:7 


* to diameter is 


To 


CIRCLE 17 

So. it can. be said that there is.a definite and 
fixed-relation between the circumference of a circle and its 
diameter, and it is. circumference : diameter — 22 $7 
(approx). H / 

It can be practically verified and can also be verified 
with the help of geometry. 

On a card-board draw three concentric circles of radii 
7 cm, 10-5 cm and 14 cm as given in the figure below. Also 
draw a common diameter which intercepts the three 
^ circumferences at c, z ; b, y and a, x points respectively. 


x 
. Fig-18 

Now, take three pieces of thin wire and by bending 
them place them in such a Way that the open ends meet at 
the points c, b, a respéctively of the common diameter. 
Now make the pieces of wire straight and place them in 
Such a position that the wires are perperpendicular to the 
Tespective diameters at the other end points z, y and x of 
the respective diameters and the middle points of the wires 
Concide with z, y and x respectively. 

Obviously, the three points a, b, c are collinear. If the 
end points of the wires in their new positions are joined 
and produced, it will be observed that they lie on the same 
Straight line which passes through the centre, O. If two 
€nd points of the wires in their new position be c', c"; b’, p" 
and a’, a”, then measure a" a', b" b' and c'c'. You will find 
that.the lengths are approximately 44 cms, 33 cms and 22 
cms respectively. 
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iow, in AOcz, ae -2 


Hal M, i 
ircumference _ 22 
. o _2e'z _ Circumference -22 approx) 
cz oz -© Diameter g 


Similarly. we wilt find frorn AOb"y and Oa"z that 
Circumference _ 


Diameter 
€ 


= (approx) 


Circumference _ 


22 
Diameter 7 (approx) 


-. We conclude, 
This ratio of circumference of a circle to its diameter 
is denoted by the symbol "7" 
Circumference of circle _ 


diameter of circle 


.'. Circumference of circle = 7Xdiameter of the circle 
= 7X2 radius of the circle. 
If we take the radius of a circle as r, then the formula 

for circumference of the circle will be 


| Circumference of the circle — 27r units. | 


circumference of circle 


Corollary: r = T 
LT 


units 


N.B.: Note that the value of 7 is usually taken as 2 


It is not possible to determine the value of m exactly. 


Example 1. The diameter of a c 
metres. How many metres of rai 
fence around the park? 


f a circular park is 35 
ling is required to put a 


You know that the length of 


uk ET " h the 
fence will ve equal to the erede |o 


er of the park. 


/ 


19. 


Perimeter of the park = 27 X r 


=2x 2x 17-5 metres 


7 
= 110 metres . 
*. 110 metres of railing is required to put a fence 
around the park. à 


Example 2. The diameter of the wheel of a bullock- 
cart is 1-05 metres. How many revolutions will the wheel 
make‘to cover a distance of 495 metres 


"You know, in one complete revolution the wheel 
covers a distance equal to the circumference of the wheel. 


Circumferece of the wheel = 27 X -525 metres 


=2x 22x :525 metres 
T x 
= 33 metres. 


_ Therefore, to cover a distance of 495 metres the wheel 
will make (495+3-3) revolutions = 150 revolutions. 


Example 3. The radius of the wheel of a train is0-35 
metre. Find the speed of the train if the wheel makes 450 


revolutions per minute. 


The circumference of the wheel of the train 
= 27 X 0'35 metres 


=2 Xx 2x 0-35 metres 


= 2-2 metres 


^. In 1 minute the train travels (2:2 x 450) metres = 


990 metres. 
-". In 1 hour or 60 minutes the train travels (990 x 60) 


metres — 59400 metres. 


Therefore, the speed of the train is 59-4 km/hr. 
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Example 4. There is a square field of sides 4-2 metres. 
A circular well with the widest opening is dug on this field. 


How much railing is required to pat a boundry around this 
well? 


From the adjoined figure you can find that the 
diameter of the widest well will be equal to the side of the 
square i.e. 4-2 metres. 


*. the perimeter of the well 


= 27 X 271 metres = 
=2x 2x 2:1 metres 


_ = 13-2 metres 


E 
Z. 13:2 metres of railing E 
will be required to put a 


boundary around the well. Fig-19 


Example 5. The radius of the front wheel of a steam x. 
engine is 35 cm and that of the rear wheel 85 cm. How 


^) 
many times will the rear wheel revolve when the front 
wheel revolves 600 times? 


Circumference of the front wheel = 2 x22x 17-5 cm 


Circumference of the rear wheel —2 x 2, 42 cm 

While the front wheel revolves 600 times it covers 
2X m X 17:5 x 600cm 

Therefore, to travel that 


distance, the rear wheel will 1 
revolve 
2X m x 17-5 x 600 A 
2xzx4j — 250 times 


Answer: The rear wheel will revolve 250 times 
es 
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- Exercise 2 


1. The diameter of a circular park is 42 m. How many 
metres of railing will be required to put a fence around it? : 


2. How long wire will be required to make a circular ring of 
35 cm diameter? 


3. How much will it cost to put a bamboo fence around a 
circular area of 4 m radius at the rate of Rs. 4:55 per metre? 


5. How many revolutions will be required to complete 
440 m and 1100 m races respectively in a circular track of radius 
35 m? 


6. The difference cf length of the circumference and 


.diameter of a wheel is 75 cm. What is the radius of that wheel? 


7. In a race Ram and Shyam starts from the same point on a 


- circular track of 49 m diameter. Taking 10 complete revolutions 


while Ram has finished the race Shvam is one revolution behind. 
How long is the race and by how many metres has Ram beaten 


Shyam? 


8. The radius of the wheels of a train is 0:245 m. If the 
wheels revolve 500 times per minute. find the speed of the train. 


9. While a rope runs over a pulley it revolves 115 times per 
minute. If the speed of the rope be 2530 cm per minute, what is 
the radius of the pulley? * 


10. When a wire is bent to form a circle, the diameter of the 
circle becomes 5:6 dcm. If a square is formed with that wire, 
what will be the length of its sides? 


11. A square of sides 33 cm long can be formed by a wire. 
What will be the radius of the circle that can be formed by that 
wire? 


i 12. The ratio of the circumferences of two circles is 2 : 3 and 
ine difference of the length of their radii is 2 cm. What are the 
€ngths of their diametres? 

x 


= 
x 


22 MATHEMATICS 


13. To put a fence around a semi-circular park we require a 
railing 162 m long. What is the length of the park along its 
diameter? 


14. The internal and external circumferences of a metal ring 
are 132 cm and 154 cm respectively. Find the width of the ring. 


15. How long railing will be required to enclose the 
maximum circular area within a square field of sides 24-5 m 


long? If the field is enclosed as it is, how much more railing will 
be needed? 


16. Find the circumference of each of the four maximum 
sized circular plates that can be had from a brass plate of square 
size having the area of 196 sq. cm. 

17. The wheel of a machine is attached to the wheel of a 
motor with a belting. The diameters of the wheel of the motor 
and that-of the machine are 14 cm and 94-5 cm respectively. If 
the wheel of the motor revolves 27 times in one second. how 
many times will the wheel of the machine revolve per hour? 


—————A— r 


C d 


23 
Area of circle 


w Draw a polygon with large number of sides around a - 
circle as given in the figure. 


E 


f bi 
N je 


Se ed 
P B 
Fig-20 
You can find the area of the polygon by the method of 
finding area of a triangle. 
If radius of the circle be r units 
Then the area of circumscribed polygon 
($ AB.r + 4BC.r + 5CD.r +.) 
| (AB + BC + CD +....) r sq units 


1l 


ll 


j perimeter of the polygon r Sq units. 


Now increasing the number of sides ef the polygon, 
we can make the perimeter of the polygon closer to the 
circumference of the circle and the area of a polygon 
having infinite number of sides will practically become 
equal area of the circle. 


Area of the polygon — 5 x perimeter of the 
polygon X r 


circumference of the 
circle X r 
Area of circle. 


| 
wie 


1l 


w 
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4. Area of a circle = i circumference of the circle x r 
, Sq. units 
3 X 2mm xr ay? sqùnits 
| -"- Area of circle- 772 Sq units | 


There is another way of demonst 


ating this. Study the 
two figures Fig. 21 and Fig. 22. E 
* a 
P 
Fig-2] 
O 
~, 9. 
P 
Fig-22 


If the circle of fig.21i 


t along Oa and Spread out, it 
take the Shape of AaQq’ 
Nov if the rad 


ius of the circle-is r units, 
then OP = radius of the circle = y 
and, aPa’ = 


Circumference of the circle = 27r units 
-. In the AaOa', aPa' = ba 
and, OP = height 
Therefore, according to the formula of the area of a 
triangle 
Area of A4Oa' = 


s cu 
will 


S€ = 27r units 
— r units 


1 > 
3X lar. r= gr? = area of circle 


I 


A 
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Example 1. The diameter of a found table is 1-4 

metres. What is the area of the upper surface of the table? 
9 


22 es 
Area of the surface ==> x (0-7)" sq.m. 
/ 


= 1-54 sq.m. 


Example 2. A cow is tied to a post with a rope 3:5 m 
long. Find the area of the field that it can graze freely. 


Area of the part of the field in which it can graze freely 
will be equal to the area of circle whose radius is 3-5 m. 
<. Area of the plot = 73-5)’ sq. m. 
moe X 3-5 x 3-5 sq.m. 


Therefore, the area of the plot-in which it can graze 
freely is 38:5 sq.m. 
Area of an annular shaped region : 
An annular region is bounded by circumferences of 
two circles. If the outer radius and the inner radius be R 
units and r units respectively then the area of the annular, 
shased region will be m (R^—7^) sq. units. 


SRE R 
Fig-23 


ou ee eng EO INE es 
| Area of an annular shaped region—-z(R?—7^) sq. units | 


Example 4. The diameter of a circular park is 56 
metres, A circular path 3:5 m wide runs around outside the 
park. Find the cost of constructing the path sis 8-40 per 
Sq. metre. 
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Area of the path 


=Area of the park including the path—Area of the 
park ~ 
={7 (31-5) (28) sq.m. 
77 (31-5+28) (31-5~28) sq.m. 
E X 59-5 x 3.5 (sq.m.) 
7654-5 sq.m. 


-. The total cost of constructing the path at Rs. 8-40 
per sq.m. is Rs. (654-5x8-40) - Rs, 5497.80 


Example 5. The internal and external diameters of an 
iron plate are 20 cm and 22 cm Tespectively. Find the area 
of the iron plate in it. What will be the weight of the Ting if 
1 sq.m. iron plate weighs 2 quinta] 44 kg.? 


The area of iron plate in the ring =(71 17-710?) sq. cm 
-7(11-10?) sq. cm 
=F X 21 sq. cm 
766 sq. cm: 


66 33 
Y i = ed BS ee 
ou know, 66 Sq. cm 10099 50-m 5000 3a-m. 
Now, 1 sq. m plate weighs 255 kg. 
v oni ; 
"500954: ™- plate weighs 225 X ke. = 1-683 kg. 
~ The weight of the ring is 1 kg. 683 gr. 


UM m 


Exercise 3 


1. Find the area of the circles having the following radii : 
(i) 42 m (ii) 7 cm (iii) 6:3 m (iv) 4 m 9 dcm. 


" x : ; y 
2. Find the area of the circle whose circumference is 44 cm. 


3. What is the length of the fence of the circular garden 
whose diameter is 132 m? What is its area? 


4. The'area of a circular park is 616 sq. m. How much 


“distance will have to be covered if you cross the park along its 


diameter? 


5. A cow is allowed to graze with a rope, 3-5 m long tied to 
a pole. Had the rope been 4-2 m long, how much more area the 
cow could have grazed freely? 


6. The fence of a half circular park is 144 m long. Find the 
area of the park. 


7. There is a path around outside a circular playground. If 
the difference of the internal and the external circumferences of 
the path be 132 m. and its area be 9702 sq. m what will be the 
area of the playground? 


at 


8. An annular shaped iron plate has its internal and externa 
diameters 18 cm and 32 cm respectively. Find thé area of iron 
plate in it. 


9. The area of a circle is 154 sq. cm. Find the area and the 
. Perimeter of the biggest square inscribed in it. 


10. You have got a square shaped card-board sheet with. 
14 m sides. How much card-board will be waste, if you cut out 4 
Circular pieces of maximum size and of equal area from it? 


11. Find the ratio of the perimeters of a circle and a square 
Of equal area. 


12. The area of an annular shaped brass plate is 269-5 sq. cm. 


5 the external diameter of the ring be 28 cm, find its internal 
diameter. 
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13. A fort has a circular ditch around it. If the ditch be 7 m 


wide and its area be 29414 sq. m. find the area of the base the 
fort. 


14. A triangular wooden plank equilateral in size has a 
surface area of 84 sq. cm. How much piank will be waste if a 
circular disc of 7 cm diameter is cut out of it? 


15. A person finds that he takes 30 seconds less time if he 
walks along the diameter of the circular field instead of revolving 


once along its circumference. If his speed be 90 m per minute, 
calculate the atea of the field. 


16. An iron disc having 56 cm. diameter weighs 9 kg 856 
gms. If 24 small discs of 7 cm diameter is cut ou 


i t of it, how much 
plate will be waste? Calculate the weight of each of the small 
+ discs. 


17. Out of a tin plate of unifor 
discs are cut-out. If the ratio of their 
will be the ratio of their weights? 


m thickness three circular 
diameters be 3: 5 : 7, what 


< ; MENSURATION . %27 
Miscellanious Exercise 


17 Answer the questions attached to the following 
figures : i 
. [Let area=A, leneth-l, breadth-b, height-h] 


10 cm 


22m A (of circle) =? 
Fig-24 i 
2. Find the perimeter of each.of the following figures 
from the given data : 
(i) three sides of a triangle are 11 em, 13 cm and 15 
cm. 
(ii) Each of two equal sides of an isosceles triangle 
is 10 cm and the base is 7 cm. « 
(iii) In a right-angled triangle the sides containing 
the right angle are 21 dcm and 28 dcm. 
(iv) The altitude of an équilateral triangle is 6V3 
: mètres. 
(v) The area of an equilateral triangle is 4V3 sq. 
metres. : 
(vi) Two adjacent sides of a parallelogram are 5 cm 
and 9 cm. 
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(vii) A diagonal of a square is 32 metres. 


(viii) Two diagonals of a rhombus are 6 cm and 8 cm. : 


(ix) The area of a square is 12:25 Sq. cm. 
(x) The diameter of a circle is 14 mm..- 


3. Fill in the gaps : (in case of triangles) 
Base Altitude Area 


(i) 16m ‘80 sq.m. 
(ii) 13m 195 sq.m: l 
(iii) 8m ——— [the triangle is 
equilateral] 
(iv) = ——— 18 cm — —— [the triangle is 
equilateral] 


4. The perimeter and the hypotenuse of a right-angled 
triangle are 30 cm and 13 cm respectively, find the area. 


5. The area of a triangle is equal to that of a square of 
side 4'5 m and the distance of a side from the opposite 


Vertex is 75 m. What is the length of that side of the 
triangle? 


6. Subir traversed 13:5 metres towards south, then 12 


metres towards west and lastly 10 metres towards north. 
How far did he go 


direct from the first Position? 


7. In an isosceles triangle, the ratio of the base to one 
of the equal sides is 3 : 2 and the perimeter is 28 cm. Find 
the area of the triangle. 


8. The lengths:of three si 
Tatio 3:4:5 and the area is 7776 
of three sides of the triangle a 


des of a triangle are in the 
Sq. metres. Find the lengths 
nd also the perimeter, 


9. The perimetet of an equilater 
What is the area of the triangle? 


10. Three villa 
(when taken to be p 


al triangle is 24 cm. 


ges Gouripur, Lalpur and Jiarkandi 
Oints) are equidistant from each other. 


A 


N 


MISCELLANIOUS EXERCISE Sih” 
To set a transformer, Makhan Babu is in search of a site 
which is equidistant from each of these three villages. If 
the distance of Jiarkandi from Gouripur is 2V3 Km, find 
the position of that site. 

11. The length and breadth of a rectangular garden 
are 85 metres and 65 metres respectively. A road, 1°5 
metres wide, surrounds the garden. Find the area of the 
road. 

12. B.T.P.S. Township Zone is surrounded by four 
. roads AB, BC, CD, DA covering an area of 87696 sq. 
metres. AB=442 metres, CD=370 metres. Also it is 
known that AE, the distance of CD from the point A=216 
metres and EC=280 metres. Find the lengths of AD and 
BC. T 

13. A square card-board is equal in area to a 
rectangular card-board of length 16 cm and breadth 4 cm. 
What is the length of each side of the square card-board? 


14. How many tiles, each of length 40 cm and breadth 
10 cm, are required to cover a square floor of side 16 
metres? 


15. Tulsi Babu purchased a rectangular plot of land 32 
metres long and 25 metres broad. At the time of 
constructing the house he left off lands, 1'5 metres wide on 
three sides and also left off a portion of the land in front 
for gardening. He constructed the house on the remaining 
portion of the land. If the land on which the house is 
constructed is of square shape, what is its area? How much 
land is left off for gardening in front of the house? 


16. The length of one side of a rhombus is 25 cm and 
that of a diagonal is 40 cm. What is the length of the other 
diagonal? 


17. The length and breadth of a rectangular plot of 
land are in the ratio 3 : 2 and its area is 11094 sq. metres. 
Find the cost of fencing the plot of land at the rate of 
Rs. 2:50 per metre. j 
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18. A rectangular plot of land is 150 metres long and 
84:5 metres broad. The plot of land is divided into four 
plots by constructing two paths, each of 2'5 metres width, 
in the middle of the land, one lengthwise and the other 
breadthwise. What is the area of each plot? If for 


construction of the path one Square metre costs Rs. 5°25, 
what is the total cost? 


19. A plot of land in the sha 
area 1025 sq. metres. The len 
35 metres and 47 metres. If t 
two plots by a line that join 
angles, what will be area of 


pe of a trapezium is of 
gths of two parallel ridges are 
he plot of land is divided into 
s the vertices of two opposite 
each of the plots? Hence show 


parallel sides. 


e 20. What is the area of the largest circle that can be 
drawn in a square of side 21 cnr? 


21. The radius of a circular park is 210 metres. If 
Swagata wants to walk round the park at a speed of 5:5 
- km/hour, how much time will she take? 


22. The circumference of a circu 
It i$ surrounded by a path 


repairing cost of the path is Rs. 4:50 
total repairing cost? 


lar field is 88 metres, 


23. The wei 
kg. A right-sha 
that disc. If the 
disc, find the i 
As‘ result, th 
is the ratio of 


ght of an iron disc of 
Ped piece of width ^ 
weight of the ring is - 
nternal and external 
€ iron disc is divided i 
their weights? 


diameter 35 cm is 4:5 
5 cm is cut off from 
“of the weight of the 
‘ameters of the ring. 
9 three pieces. What 


EX 


CHAPTER II 
Rectangular Parallelopiped 


You have learnt how to find the perimeter and the 
area of plane figures like rectangles, squares etc. earlier fn 
class VII. You have also learnt to find the perimeter and 
the areas of different triangles and circles in class IX. All 
of these are plane figures. But we have to use varieties of 
solid bodies in our daily life. They are of different shapes 
also. Again their upper surfaces are formed by one or 
more than one plane. A main characteristic of these bodies 
is that they occupy some space. 


So to know the perimeters and'areas of surfaces of the 
solid bodies is a necessity for us; so also the measurement 
of the space that they occupy. In this chapter we shall 
discuss the methods of measurements of these things. 


C 77772225» 


Have a look at the shapes and structures of these solid 
bodies. What do we see from the figures given? 

Fig. No. 1 is the figure of a match box. You know a 
match box has 6 faces.and each face is rectangular. 
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Similarly, the faces of a brick (fig. no. 11) and those of a 
water tank (fig. no. 19) are also rectangular. The ludo dice 
(fig. no. 2) has 6 faces, but they are of square shape. 


Figure 3 represents a container. The two faces at the 
top and at the bottom are circular but it is surrounded by a 


curved surface. The shapes of the solid bodies (fig. nos. 4, 
12%17) are similar. 


Figure 5 represents the porition of a banana flower. 
The face at the bottom is circular and the curved surface 
all around meets at a vertex. Similar is the shape of the 
upper part of a tent shown in fig. no. 7. 


The football shown in figure no. 8 is composed of only 


one curved surface. The objects shown in fig. nos. 13 and 
14 are likewise. 


Again, the objects represented by fig. nos. 10 and 15 


are made of two plane surfaces, one circular and the other 
a curved surface. 


But the surfaces of a lump of earth as shown in fig. no. 
9 and those of a piece of coal as shown in fig. no. 16 cannot - 
be expressed by a definite familiar name. 


All bodies except football, globe and iron ball are 
solids having more than one surface, 


Again the solid objects other than the lump of earth 
and the piece of coal ar 


| th e composed of faces of one or other 
defigite shapes familiar to us. So we can call these solids as 
solids of regular shap 


2 €, while the lump of earth and the 
Piece of coal are solids of irregular shape. 


In this chapter we will disc 
area of fa 
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Rectangular parallelopiped (or cuboid) : 


Each face of the solids like fig. nos. 1, 2, 11 and 19 is 
rectangular and any two adjacent faces are mutually 
perpendicular. These solids are said to be rectangular 
parallelopipeds or cuboids. 


| Althouth the: object in fig. 2 is of cuboidal shape, it 
has another characteristic. All its faces are squares. This is 
said to be a cube. The length, breadth and height of a cube 
v are equal and we call each of them as a side of the cube. 


Some parts of a rectangular parallelopiped and their 
description: 

The ‘adjoining fi- 

| A B gure ABCDEFGH of 

a rectangular parallelo- 


H Zr piped has 8 vertices. 

4 D G It has also 12 
edges where two adja- 
cent faces meet. Of 

iU X these edges those, 
E F which are along length, 
are equal; those, which 


Fig-26 are along breadth, are 
equal; so also those which are along height. 


^ It has also 6 rectangular faces. Any one of them is 
parallel to the opposite one and they are equal in area. In 
case of a cube, however, all the faces are equal in area. 


The face on which the rectangular parallelopiped 
Stands may be called its base. With respect to this base 
some edges are perpendicular to it. The length of each of 
these edges may be called the height of the rectangular 
| parallelopiped. The line segment that joins one of the 

vertices and the vertex opposite to it is said to be a 
diagonal of the rectangular parallelopiped. 


36 MA1HEMATICS 


Think for a while and say how many diagonals you 
can draw in a rectangular prallelopiped. 


Length of the diagonal of a rectangular parallelopiped: 


A B 


E 5 
Fig-27 
BE is a diagonal of the rectangular parallelopiped 
shown above. Let the length, breadth and height of the 
rectangular parallelopiped be a unis, b 


units and c units. 
Let us find the length of the diagonal BE. 


E, G are joined. 
Now, ABEG isa right-angled triangle, 
o BE°=EG?+ BG? 


. Again you know, since AEFG is a right-angled 
triangle, therefore E@=EF + FG? 


^ BE=EG?+BG 
=EF+FG?+BG2 
-. BE =VEP+FG?+BG2 
that is BE- Va E712 units, 
Since, EF 


é > FG and BG are the length, breadth and 
height of the rectangular peralleopiped respectively. 


ao 


RECTANGULAR PARALLELOPIPED 37 


The length of thediagonalof a rectangular parallelopiped 


= Vlength?-- breadth^-- height? 


NỌ is a diagonal of the cube 
M 5 N MNOPOQRST as shown in the 
adjoining figure. Let the length of 
the side of the cube be a units. 
Then according to the above for- 


mula, a 
NQ- va +e +e units 
=V3@ units 
=a V3 units. 


Fig-27(i) 


The length of the diagonal of a cube=sidex V3 


Say, are the diagonals of a rectangular parallelopiped 
equal in length? 5 


N.B.—Note that the length of the diagonal is the 
largest distance between any two vertices of a rectangular 
parallelopiped. 


Total surface area of a rectangular parallelopiped: 


The adjoining fi- 
gure shows a rec- 
tangular parallelo- 
piped whose length, 
breadth and height 
are a, b and c units 
respectively, ABCD 
and EFGH are the 
faces at the top and 
at the bottom re- 
spectively. Their total area= 2 X length x breadth=2ab 
Sq. units. Two lateral faces along the length are DEFC and 


Fig-28 
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ABGH. Their area= 2 x length x height = 2ac sq. units. 
.Two lateral faces along the breadth are ADEH and 
BCFG. Their total area = 2 x breadth x height = 2bc sq. 
units. 


«`. Area of the 6 faces of the rectangular parallelopiped 
=(2ab+2ac+2bc) sq. units 
=2(ab+ac+bc) sq. units 


Total surface area of a rectangular parallelopiped 
=2 (length x breadth + length x height+ breadth x height) 


In case of a cube, Length=breadth=height=side=a 
units 


-'. Total area of the 6 faces of a cube 
— (2a? 42a? +20?) sq. units 
=6a° sq. units 


Total surface area of a cube — 6 x side? 


Remarks: Since length, breadth and height cannot be 
negative, we shall take the positive Square root only to find 
the length of the side of a cube from the total surface area. 


Volume of a rectangular parallelopiped: 


,  Youhave seen, when we measured the area of a plane 
figure, we had first chosen a Square region of definite ' 
value fo be the unit and then we Observed how many times 
this unit can be placed in the region of the plane figure 


considered. From this we could find out the area of the 
plane figure. The same procedure we will follow in case of 
finding the volume. 


cubic unit will give the volume of the solid 
body. 


RECTANGULAR PARALLELOPIPED 39 


Apply synthetic method and have a clear idea about 
the volume of a rectangular parallelopiped. 


The length, breadth and height of the cube shown in 
fig. 29(i) are 1.cm each. When we measured the area we 
chose a square of length and breadth 1 cm each as unit and 
named that unit as 1 sq. cm. Similarly, we shall take the 
cube shown in Fig. 29(i) as unit and the volume of that 
cube is said to be 1 cubic centimetre. 


4cm 
1cm 
lcm NN 
lcm 3cm 
Fig-29 
lcm 
Fig-29(i) 
4cm 
3cm 
2cm 
Fig-29(ii) 


First we take 24 such cubes. Take 12 cubes from them 
and arrange them according to fig. no. 29(ii). The length, 
breadth and height of the figure formed are 4 cms, 3 cms 
and 1 cm respectively. 


Now take the remaining 12 cubes. Place one each on 
each of the cubes as shown in fig. no. 29(iii). 


Observe, you have obtained such a rectangular 
M in fig. no. 29(iii), the length, breadth and 


oo 
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height of which are 4 cms, 3 cms and 2 cms respectively. Its 
volume is obviously equal to that of 24 unit cubes. 
Therefore, its volume is 24 cu. cm. 
Again, observe that in 


Length x breadth x heigh 
cu. cm. 


the rectangular parallelopiped, 
t= 4cm X 3cm X 2cm = 24 


Hence we can say, 

the volume of a rectangular parallelopiped 
=(Lengthx Breadth x Height) cubic units 
—(A;ea of the basexHeight) cubic units 


This can be shown in a different way: 
5cm 


lcm 
ay 
4cm lem N 
lem ` Fig-30(ii) 


Fig-30(iii) 


. Fig-30 (i) Siown above is of a rectangular parallelo- 
Piped. Its length, breadth and height are 5 cm, 4 cmand 3 
cm respectively. 


d 


RECTANGULAR PARALLELOPIPED + Ai 
You have seen a sliced bread. Consider a bread of * 
cuboidal shape. Cut it into thin slices of height 1 cm. You 
will get three such slices as shown in fig. 30(ii). Each slice 
will also be of cuboidal shape and its length, breadth and 
height are 5 cm, 4 cm and 1 cm respectively. 


Now again if each slice is divided into 5 parts 
breadthwise and 4 parts lengthwise as shown in fig. no. 
30(ii) we will get 20 pieces. Each piece will be acube of 
length, breadth and height 1 cm each (see Fig. 30(iii)) 


So we will get 60 such pieces from the three slices. 
Hence we can say the volume of this rectangular parallelo- 
piped is 60 cu. cm. 


See again, how the number.60 is associated with the 
measures of length, breadth and height of the rectangular 
parallelopiped. If we multiply 5 X 4 sq. units, which is the 
area of the base of the rectangular parallelopiped by 3 
units, the height of the rectangular parallelopiped, we will 
get 20x3 cubic units i.e, 60 cu. units. 

Therefore we can say, volume of a rectangular 
parallelopiped 

— Area of the base X height 


Volume of a rectangular parallelopiped 


— Area of the base X Height 


Since in case of a cube, Length=breadth=height=side 


Volume of a cube side? 


Example 1. The length, breadth and height of a 
rectangular parallelopiped are 8 cms, 5 cms and 3 cms 
respectively. Find its total surface area. 

The total surface area of a rectangular parallelopiped 

=2(ab+be+ca) sq. units 
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Where length-a units, breadth=b units and 
height=c units. 


- Total surface area of the given rectangular paralle- 
lopiped 
=2(8X5+5x3+3x8) sq. cm. 
=2X79 sq. cm. 
7158 sq. cm. 


Example 2. A cubical shaped water tank made of 
Steel has its edge 2:2 metres, in length. The outer surfaces 
of the tank are painted at the rate of Rs. 25:50 per square 
metre. How much will be the total cost? 


Total surface area of the cubical shaped tank=6x (2:2)’sq.m. 


=29°04 sq. m. 
-. Total cost for painting the tota] Surface area at the 
rate of Rs. 25:50 per sq. micizo=Rs, (29-04 25:50) 
—Rs. 740°52. 


Example3 The length. breadth and height of a room 
are 5 metres, 4 


metres and 3 metres respectively. What 
would be the maximum length of a piece of bamboo that 
can be placed diagonally in the room? 


You understand 

that this is an example of 

25 à rectangular parallelo- 

Piped You also know 

the diagonals are the 

greatest distances be- 

tween any two vertices 

of tlie rectangular para- 

llelopiped . So the re- ` 

quired length of the 

piece of bamboo is equal 

Fig-31 to the length of a di- 
agonal. 
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Now, length of a diagonal V/a^--b?--c? units where 
length=a units, breadth=6 units and height=c units. 


*. The length of the diagonal of the room V/5?--4?--3* metres 
=V50 metres 
—5'V2 metres. 


. The maximum length of the piece of bamboo that 
can be placed diagonally in that room is 5 V2 métres. 


Example 4. A tank, 5 metres long and 4 metres broad 
contains water, the depth of which is 2 metres. How many 
cubic metres of water does the tank contain? 


The volume of water that the tank contains=abc cubic 
units. 
Where length=a units, breadth-b units, height=c 
units. 
=(5X4X2) cubic metres 
—40 cubic metres 


Therefore, the tank contains 40 cubic metres of water. 


Example 5. Two petrol tankers contained 18750 litres 
and 11250 litres of petrol respectively. Owing to formation 
of holes in the two tanks the petrol contained in them is 
poured in a large tank, of cuboidal shape to avoid leakage 
of oil. If the length and breadth of the large tank are 4 
metres and 3 metres, what is the depth of the petrol 
poured in it? 


Total quantity of petrol contained in two-tanks = 
(18750 + 11250) litres=30000 litres. 


Therefore the large tank will contain 30000 litres of 
ES 


s litre ] cubic decimetre. 
. 30000 litres of petrol=30000 cu. dcm of bd 
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Let the required depth of the petrol be h dem. 


^. 40x30xh=30000 
— 30000 


That is, the depth of petrol = 25 dcm = 2:5 metres. 


Example 6. The length and breadth of a rectangular 
land of paddy are 18 metres and 11 metres. That land is 
watered from an adjoined pond with the help of a pump. lf 
the pump can sprinkle 39600 litres of water in an hour, 


how long will the pump work so that 3°5 decimetres of 
water will stand in the land? 


If 35 decimetres of water stands in the land, then the 
volume of water will be (180x 110x3'5) cubic decimetres 
and when expressed in litres the volume will be 


(180x110x3:5) litres. Again, since the pump sprinkles 
39600 litres of water in an hour. 


^. the time for which the pump will work 
= 180 x 110 x 3:5 h 
39600; Ta saute 


1 hour 45 minutes. 


Example 7. 40 planks, 2 m long, 
sawed from a log of wood, 4 m long, 5 dcm wide and 3 dcm 
thick. 2% of wood is wasted on account of cleaving. But 
even then 108 cu. dcm of wood remain. Find the thickness 
of each plank. 


2 dcm wide are 


The volume o 


f wood that was in the long before 
cleaving was (40x 5 


X3) cu. dem=600 cu. dcm. 


The volume of Wood wasted on account of cleaving= 
2 


Xd d 


100 cu. dem=12 cu. dcm. 
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Let the thickness of each plank be x dcm. The volume 
of wood in 40 planks=(20X2xx)x40 cu. dcm—1600x cu. 
dcm. 
Again the volume of wood, the log contains after 
cleaving — 108 cu. dcm. 


.'. According to the conditions of the problem, 
1600x—600—12— 108 
or, 1600x=480 
or, y= 0. = 
i 1600 


.'. The thickness of each plank=-3 decm=3 cm. 


Example 8. A wooden box is made of plank, 4 cm 
thick. The box with its lid weighs 31 kg 920 gms. But it 
weighs 63 kg 168 gms. when it is filled with tea. The 
length, breadth and height of the box are 7 dcm, 5 dcm and 
4'8 dcm respectively. Find the weight of a cu. dcm of wood 
and also that of tea. 


The volume of the box-(70x50x48) cu. cm 

à l =168000 cu. cm. 

The volume of the hollow space within the box 
—(70—8) (50—8) (48-8) cu. cm 
=104160 cu. cm. 


Therefore, the volume of wood by which the box is made 
:5—:(168000— 104160) cu. cm 
—63840 cu. cm. 


According to the conditions of the problem, 63840 cu. 
cm or 63:840 cu. dem of wood weighs 317920 kg. 


^. The weight of 1 cu. dem of wood 


31:920 T 
= =0°5 kg=500 gms. 
63°840 kg : E 
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Again, sincé the empty box weighs 31:920 kg. and the 
box filled with tea weighs 63:168 kg. 


`. weight.of tea only = (63:168—31:920) kg 
= 31248 kg. 


Now,.weight of 104160 cu. cm of tea, that is of 
104160 cu. dem of tea is 31248 kg. 


b —_ 31:248 
-. Weight of 1 cu. dem. of tea = 104-160 k 


= 03 kg = 300 gms. 


`. The weight of 1 cu. dem of wood is 500 gms and 
that of 1 cu. dcm of tea is 300 gms. 


ee ae 
Exercise 4 


1. The length, breadth and 
5'8 dem, 32 dem and 24 
of expenditure to be incu 
box all ro 


height of a harmonium box are 
dcm respectively. What is the amount 


rred to polish the outer surface of the 
und at the rate of Rs. 1°25 per sq. dcm? 


2. The length, breadth 
are 5m,3°Sand3m respectively. The four walls and the roof are 
painted at the rate of Rs. 1°50 per Sq. metre and the floor is 
polished at the rate of Rs. 15°50 Per sq. metre. What will be the 
total cost? 


and height of the interior of.a room 


3. The length, breadth an 
are 5 dem, 3:5 dem and 2:4 d 


? (The thickness 
not to be taken into account.) 


4. A wooden box is made 


of planks, 5 cm thick. The length, 
breadth and thickness of the 


box are 8 dem, 6 dcm and 5 dcm 
respectively. The inner and outer sides of the faces of the box 
are painted at the rate ofRe. 0°50 per sq. dcm. What will be the 
total cost? 


o 
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5. A cuboidal shaped water tank has its length and height 

with the lid 4'5 metres and 1 metre respectively. The outer 

surfaces of the tank all round are painted at the rate of Rs. 5775 

per sq. metre and the amount of expenditure incurred is Rs. 
24150. What is the breadth of the tank? 


6. The plastering of four walls and the roof of a room at the 
rate of Rs. 7:50 per sq. metre costs Rs. 67155. If the length, 
breadth and height of the room are in the ratio 5:4:3, find its 


length, breadh and height. 


7. The length, breadth and depth of a cuboidal shaped tank 
are 1 m 7 dcm, 1 m 5 dcm and 8 dcm respectively. How many 
cubic metres of water does the tank contain? 


8. A cuboidal shaped pond is to be dug making its depth 4 
metres. If the pond is 35 metres long; 25 metres broad, how 
many cubic metres of earth are to be removed? If the earth is 
removed at the rate of Rs. 425 per cubic metre, what will be the 
cost to dig the pond? 


9. A petrol tanker contains 113960 litres of petrol. How 
many cuboidal shaped tubs will be required to keep that petrol, 
if the length, breadth and depth of each tub are 37 m, 2'8 m and 
1 m respectively? 


10. The water supply in a town is made from a cuboidal 
shaped reservoir, 25 m long, 17 m broad and 6 m deep. It is 
found in the morning that th of the reservoir is filled with 
water. ih of the reservoir is found to be filled with water in the 
noon. How much water has been used during this period? 
(Assume that no more water was supplied during this period.) 


11. A cuboidal shaped tank contains 10175 litres of water. 
The length and breadth of the tank are 3'7 m and 25 m 
respectively. What is the depth of water that is contained in the 
tank? (1 cu. dcm- 1 litre) ! 


12. A canal72 m wide and 8 dcm deep is dug by the 
Panchayet of a village to extend the scope of irrigation in the 
fields. It is found by calculation that 240 cubic metres of earth is 
removed. How long is the canal? 
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i i ide of a box 
i3. The length, breadth and height of the inner si : 
sontaining tea m 75 dcm, 6 dcm and 5'4 dcm respectively. 
When the box is filled with tea it weighs 52 kg. 350 gms., but 


when it is empty it weighs 3°75 kg. What is the weight of 1 cu. 
dcm of tea? 


14. The length, breadth and thickness of a brick are 25 cm, 
12/5 cm and 8 cm. How many cubic metres of Space will be 
required to keep such 5500 bricks arranged? (It is to be assumed 
that there is no hollow space between two bricks.) 


~ 15. The length, breadth and height of a kerosine tin are 24 
cm, 24 cm and 35 cm respectively. How many such tins can be 
filled with kerosine oil which is contained in a cuboidal tank, 
3°15 metres long, 12 metres broad and 0°72 meter deep? 


16. 30 cuboidal holes of equal depth are dug in the lands on 
both sides of the road that connects your village with the main 
toad and the road is elevated by the earth removed from the 
holes. If the length and breadth of each hole are 14 m and 8.m 
respectively and if 2520 cubic metres of earth is required to 
elevate the road, what is the depth of each hole? 

17. If 64 buckets of water are removed from a cubical 
shaped water tank, completely filled with water, ard of the tank 
remains filled with water. If the length of each side of the tank is 
1'2 metres, find how many litres 


; of water each bucket holds, 
assuming that all buckets are of same measure. 


18. A petrol tank of cuboidal shape contains such quantity 
of petrol that can fill 528 tins of 5 litres capacity."The depth of 
the tank is 7:5 dem and breadth is 8 


mi of the length. Find the 
length and breadh of the tank. 


19. The length, breadth and height of a packet of one gross 
match boxes are 2°8 dem, 1°5 dem 


and 0°9 dem respectively, 
What is the volume of each match box? If the length of a match 
box is 5 cm and the breadth is 3'5 cm, what is its thickness? 

ʻi gross=12 dozens) l 


[e 


iX 


t 
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20. Some bricks are arranged in a space of 25 cubic metres. 
If the length, breadth and height of each brick are 25 cm, 12°5 
cm and 8 cm respectively, how many bricks are there in the pile 
of bricks? (Assume that there is no hollow space between two 
bricks.) 


21. A cuboidal shaped water tank, 21 m long and 1:5 m 
broad is half filled with water. If 630 litres more water is poured 
into that tank, how much will the water level rise? 


22. Three drums contain 800 litres, 725 litres and 575 litres 
of coconut oil. The oil contained in these three drums are 
poured into a tub of cuboidal shape. For this, the depth of oil in 
the tub becomes 7 dcm. If the length and breadth of the tub are 
in the ratio 4 : 3, find the length and breadth of the tub. If the 
depth of the tub would have been 5 dcm, then will it be possible 
to pour in that tub all the oil contained in a drum that contains 
1620 litres of oil? Give reasons in support of your answer. 


23. The daily water consumptions of the three families who 
are tenants of a three-storied building are 1200 litres, 1050 litres 
and 950 litres respectively. A reservoir is erected with such 
Capacity that even after meeting the demand, 25% of water 
remains stored. For erecting the reservoir, a land, 275 m long 
and 1*6 m broad, only is available. How many metres deep will 
be the reservoir? If the breadth of the land would have been 4 
dcm more, then what should have been the depth of the 
reservoir that would have served the purpose? 


24. A tank, 3 m long, 2:5 m broad and 1°8 m deep is erected 
to soak bricks. Some bricks are soaked in it when the tank 
contains water 8 dcm deep. Bricks absorb 3th of the quantity of 
Water and even after that is is found that the water level has riser: 
52 dem, If the length, breadth and thickness of each brick are 25 
€m, 12:5 cm and 8 cm respectively, find the number of bricks 
that are soaked. 


25. Corporation authorities have erected a water reservoir 
to Supply pure water in a slum at Calcutta. The length, breadth 
and height of the reservoir are 4'3 m, 32 m and 15 m 
respectively, Everyday in the morning three tanks of same 
Capacity are carried by a lorry and the reservoir is: filled with 
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water contained in those three tanks. What is the capacity of 
each tank? 


26. A low land, 48 m long and 31:5 m broad, is raised to 65 
dcm. For this earth is removed from a hole. 27 m long and 


182 m broad, dug by the side of the land. How deep will be the 
hole? 


27. A wooden box is made of planks. 5 cm thick. The box 
with the lid weighs 115'5 kg. But when it is filled with rice it 
weighs 8805 kg. The inner length and breadth of the box are 12 
dem and 8'5 dcm. One cubic decimetre of rice weighs 1'5 kg. 
What is the inner height of the box? What is the cost of painting 
due side of the box all around at the rate of Re. 0'50 per sq. 

cm? 


28. The water level in a pond 20 m long and 18'5 broad is 
32 m. if a pump can sprinkle 160 kilolitres of water per hour, in 
what time all the water of the pond can be sprinkled? If that 


water is thrown in a water-logged paddy field, how much will the 
depth of water in the field rise? 


———— 
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CHAPTER 4 


RIGHT CIRCULAR CYLINDER 


You have seen.the figures 3, 4, 12 and 17 in page 33 
Look at some more pictures of solid objects of similar 


shape. 
gas water drum waret drum wooden beaker 
jar with lid with open log 
Fig-32 mouth 
4 You can see that some of these objects are small and 


Others, big. But the shapes of all are same. Solid objects of 
the above shape are examples of right circular cylinder. 


In the adjoining figure, a 
C0 NA sketch of right circular cylindér is 
po am given. Observe some special fea- 
tures of the solid objects of the 

above shape. 


First of all note that a right 

| B circularcylinder is formed by three 

e 7 pui faces. Of them, two faces—the up- 

per and lower ones—are circular 

Fig-33 and congruent. The lower face 

" on which the cylinder stands is 
Said to be the base of the cylinder. D 

The third plane is a curved surface surrounding the 

nder. Further note that the curved surface stands 

perpendicularly along the circumference of the base. This 

ace Is called the Zateral surface of the cylinder. 


cyli 
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If the centres of two circular faces are O and Q 
respectively, the straight line OQ is called the Axis of the 
cylinder. There is a relationship between this axis and 
every point on the surrounding lateral surface. Every point 
on the lateral surface is equidistant from this axis. 


The distance between two circular faces is called the 
height of the cylinder. Here OQ=height. 


Again take a line segment AB on the lateral surface 
parallel to the axis OQ. It can be seen that the right 
circular cylinder has been formed by the revolution of AB 
Which is kept at a fixed distance from the axis OQ. Thus 


the straight line AB is called the generating line of the 
cylinder. 


Total surface area of a right circular cylinder: 


Suppose, the radius of the circular faces of the above 
cylinder =OA=QB=r and height OQ-AB- 4. 


Then, area of each of the two circ 


ular faces = gr? sq. 
units. 


Now, if the curved lateral surface 
generating line AB and stretched, a r 
obtained whose length will be equal to t 
of the circular face, i.e. 27r and breadth 
the height of the cylinder, A. 


-". area of the lateral surface=2ar X h sq. units 


Area of the total surface of the cylinder 
= Q x ar + 2 arh) sq. units 
= 2 ar(r + h) sq. units - 
72m X radius (radius + height) 


is cut along the 
ectangle will be 
he circumference 
will be equal to 


Total surface area of the cylinder 


—2 T X radius (radius + height) 
=2ar(r+ h) 


RIGHT CIRCULAR CYLINDER 53 
Volume of the right circular cylinder: 


— L3 Volume of the right circular cylinder 


= Area of the base x height 


=arxh cubic units 


C ES =a7rhcu. units. 


Volume of the cylinder = Area of the base Xheight 


=arh 


Example 1: Find the area of an iron-sheet necessary 
to make a cylindrical drum closed at both ends whose 
height is 6 dcm and radius of base is 3:5 dcm. 


Total surface area 
= 27 X radius (radius-- height), 
={2 m x 3:5 (3°5+6)} Sq. dcm. 


Ep, x2 3:5 x 9:5) Sq. dcm. 
— 209 Sq. dcm. 


^. 209 Sq. dem of iron-sheet will be required to make 
the drum. è 


/ Example 2: The radius of the base of a cylindrical 
tin-pot is 525 cm and the area of its lateral surface is 396 
Sq. cm. Find the height of the tin-pot. 


Let the height of the tin-pot = / cm 


Area of lateral surface 
= Circumference of the base X height 
= (2m X 525 x h) sq. cm. 
— 33 h sq. cm. 
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But, according to the problem, 
33h = 396 
396 
<. h mI 
k 33 


-. height of the tin-pot = 12 cm. 


Example 3: The total surfa 
Open at one end, is 1474 Sq. cm. 
of the cylinder is 14 cm, find th 


ce-area of a cylindrical pot 
If the diameter of the base 
€ height of the pot. 


Let the height of the pot be h cm. 


According to the problem, 7.72 
-.154444h = 1474 
<. 44h = 1474 — 154 


: = 130 _ 
.h EUR 30 


+ 27.7h = 1474 


-. height of the pot 


Example 4: T 
high is 24 cm. H 


= 30 cm. 


he diameter oft 


he base of a drum 35 cm 
Ow much water d 


oes it contain? 


Volume of the drum — Area of the base xheight 
= (7 xX 122 x 35) cu.cm 


= @ x 12 x 12 x 35) cu. em 


= 15840 cu. cm. 
-< the drum can contain 15840 cu. cm of water. 
Example 5: Find the numb 


etro] tanker, 8:4 l 

diameter of the base 1-2 m. ae 
According to the cond: 
(7 x “6 x 84) + 
`. required number o 
. 22 6X 6x84 

= Zx a Se E 
1 4x2x3 326 


e 
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. 396 tins can be filled up by the petrol of the 
tanker. 


Example 6: A water-pipe of a pumpset, whose 
diameter is 14 cm, releases water at the rate of 2500L, per 
minute. How much water will be irrigated by the pump in 
one hour. (1 litre 1 cu. dcm). 


Cross-sectional area of the mouth of the pipe 


Ex Sq. c cm 


154 Sq. cm 
1:54 Sq. dcm. 


Volume of the water irrigated by the pump in one 
minute 
(1:54 x 2500) cu. dcm 
3850 cu. dcm. 


Volume of water irrigated in 1 hour or 60 minutes 
= (3850 x 60) cu. dem. = 231000 cu. dem. 


Now, 1 cu dem. of water = 1 litre 
The pumpset can irrigate 231000 litres — 231 
kilolitves of water in one hour. 


Example 7: A water-pipe, whose diameter is 5°6 cm, 
releases water at the rate of 200 metres per minute. In 


what time will gh part of a cistern, 2:8 metres long, 272 
‘metres broad waa 1'6 metres deep, be filled by the water 
released by the pump? 


Volume of the cistern = (28X22 16) cu. dem. = 9856 
cu. dem. 


. Volume of 2 g the part of the cistern = 9856x3 cu. 
dem) — 6160 cu. dem. 
Volume of water released in one minute 
—(s (2:8)? x 20000) cu. cm 


= Z x 2:8 x 2°8 x 20000)cu. cm 
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i 492800 cu. cm 
492-8 cu. dem. 
`- Time required for fillin 


W fi 


g &th part of the cistern 
= (6160+492-8) min 

= 12°5 min 

= 12 min 30 Sec. 


Example 8: On getting the news of fire in the village 
of Tilakpur, a fire brigade Party came with a cylindrical 


water tanker. The diameter and length of the tanker are 


Per minute. How much water was used 


to extinguish fire? 
How much water i still left in the tank 


er? 
Quantity of water in the tanker= 


Urx(1:4?x6) cu.m, 
= 3696 cum = 36960 


cu. dcm. 
Water ejected by the -Pipe in one minute by one 
hose-pipe . 
—7(Tx1?x 42000) cu. cm. 
= 132000 cu. cm. 
= 132 cu. dem. 


^. Quantity of water ejected by 3 hose 


= (1322x 3x 40) cu. dem 
= 15840 cu. dem. 


~. 15840 cm. 


-pipes in 40 min. ; 


ntity of water left in the tanker 
= (36960-1 40) cu. de 
= 21120 cu. q 


Example 9: 110 Kilolitres of water has entered into 
the ship by a hole, After the i 
taken for draini 


of the Pipe of the 


^ 
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For how long should the pump work so that all water is 
thrown out of the ship? 


In one minute, the pump can throw out, 


= 2 x 5 E x 3500) cu. dcm of water 
= zin cu. M 
'"- Time required to throw out 110 kilolitres of water 
= E min. — 40 min. 


. The pump can drain out all water in 40 min. 


Example 10: The inner and outer radii of a cylindrical 
Pipe of iron, 6 metres long, are 3:5 cm and 4:2 cm 
respectively. What is the volume of iron in the pipe? If 
1 cu. dem of iron weighs 5 kilograms, what will be the 
weight of the pipe? 


Outer radius of the pipe = 42 cm-2-2:1 cm 
—:2] dcm 
Inner radius of the pipe23:5 cm+2="175 dcm. 


- cross-sectional area of the part of the pipe 
containing iron 
= m (201? — 175?) Sq. dcm. 


(E x -013475 Sq Jdem 


'- Volume of iron contained in the pipe 


=(2 x -013475 x 60 cu)dem 


— 2:541 cu. dcm. 


2:541x5 kg 
12:705 kg = 12 kg. 705 gm. 


` Weight of the pipe 
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Exercise 5 


1. A cylindrical waterdrum with lid has its diameter 6:3 dem 
` and height 9-1 dem, What will be the cost for painting the outer 
surface of the drum at the rate of Re. -60 per sq. dem? 


2. In the varandah of a room, there are three cylindrical 
pillars of diameter 4-2 dem. The height of each pillar is 3-4 


metres. What will be the Cost of plastering the Pillars at the rate 
of Rs. 15 per Sq. metre? 


3. The length of the cylindrical chimney of a workshop is 21 
metres. The outer diameter of the chimney is 5-6 dem, What will 


be the cost of Painting the outer part at the rate of Re. 0-15 per 
Sq. dem.? 


4. 93-06 sq. dem of iron sheet is necessary to make a 
cylindrical drum, one mouth open. The diameter of the drum is 
42 dem. What is its height? 


ndrical chimne 


5. A cyli 
Sq. metres, Wh 


sheet, 56.35 
mouth? 


Y, 28 metres long, is made of iron 
at will be the diameter of its open 


Cu..cm Of acid will the bea l 


8. The diameter of a drum for stotin 


and its height 1-2 metres, How many 
rums contain? 


8 mustard oil is 8-4 dem 
cu. dem of oil will five such 


. 9. The diameter and length of a milk tank of Mother Dairy 
IS 1-75 metres and 6 metres respectively. How many litres of 
milk will the tank contain? (1 litrez cu. dem.) s 


10. How mu 


ch earth į 
whose diameter 


l S to be dug out for Constructing a well 
IS 2-1 metres and depth 8 metres? 


& 
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ll. How many cu. dem of concrete materials will be 

necessary to construct two cylindrical pillars each of whose 

diameter is 5-6 dem and height 2-5 metres? If the concrete 

materials are made of stone-chips, sand and cement in the ratio 
4:2:1, how much of each of the components will be needed? 


12. The diameter and height of a gas jar (cylindrical 
glass-containers for keeping gases in the laboratory)are 8 cm and 


24-5 cm respectively. How many c.c. of gas will the gas jar 
contain? j 


13. The diameter and length of the cylindrical tank of 
corporation for supply of water in the slums are 1-4 metres and 
7:2 metres respectively. How many drums each of 8:4 dcm. 
diameter and 1-25 m height, can be filled up by the water of the 
tank? 5 

14. The diameter and length of a cylindrical wooden biock 
of uniform density are 5-6 dcm and 2-5 metres respectively. 
What will be the weight of one cu. dem of wood, if the total 
Weight of the block is 9-24 quintals? 


15. If a cylinder of fuel gas of diameter 2-8 dcm and length 
7:5 dem contains 15 kg 15 gms of gas, what will be the weight of 1 
Cu. dem of gas? 


16. The depth of water in a well, whose diameter is 1-8 
Metres is 5-25 m. How many litres of water are there in the well? 

litre=1 cu, dem). 

17. 25 drums each of whose diameter is 1-4 metres and 
height 1-6 metres are filled with oil from a tank, full of oil, of 
diameter 2.1 metres and length 20 metres. How much oil will be 
left in the tank? yh. 

. 18. The heights of dilute acid in two beakers of equa! 
diameters are 8 cm and 10 cm respectively. Acid from both the 
Cakers is poured in a big beaker of diameter 10-5 cm and 
height of the acid becomes 8 cm. What are the diameters of the 
USt two beakers? 


mét 19. The diameter and height of a kerosin tanker are 1-4 

ré res and 5 metres respectively. 250 tins each of length 24 cm, 

und 24 cm and height 35 cm are filled with oil from the 

tai. Which was full with oil. How many lirés will be left in the 
87? (1 cu. dem=1 litre.) 
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20. Water is being drawn into a cistern, whose length, 
breadth and depth are 14-7 metres, 11 metres and 9 dcm 
respectively, by a pipe of diameter 4-2 cm at the rate of 250 


metres per minute. In what time will the empty cistern be filled 
up with water? 


21. A long gas jar of diameter 7 cm contains some water. 
An iron-cylinder of diameter 5-6 cm and length 5 cm is 


completely immersed in its water. How much will water-level be 
raised in the cylinder? ` 


22. There are three cylindrical jars of equal diameters and 
equal heights. 31d part of the first jar, zth part of the second jar 
and oth part of the third jar are filled with dilute sulphuric acid.’ 
When ihe acid of these three jars are kept in another jar of 
diameter 2-1 dcm, the height of the acid becomes 4-1 dem. If the 
diameter of the first three jars be 1-4 dcm, what is the heightof . 
each jar? 

23. The depth of w 
diameter is 2 metres, is 5 


24. What part of a ditch, 48 metre 
and 4 metres deep. vn be filled by the 


come out by digging a cylindrical tunnel of diameter 4 metres 
and length 56 metres?. M^ 


s long, 16:5 metres broad 


- In what time will 
Out by the pipe? 


. 26. A pipe of 7 em diameter is connected with a cylindrical 
tank of coal-tar Which'is 10-5 metres long. If coal-tar is drawn 
Out at the rate of 21 Tes per minute through the pipe, the 


tank full of coal-ta omes empty in 45 minutes. What is the 


0 met 
: rb 
` diameter of the tank? 


Eci 


e 
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27. The depth of a brick-walled well whose diameter is 2:8 
metres, is 4 metres. At what rate per minute should all the water 
be pumped out from the well in 12-5 minutes, if the diameter of . 
the pipe be 11-2 cm? : 


28. The cross-sectional area of a cuboidal wooden log, 2 
metres long, is a square each of whose side is of length 14 dcm. if 
the log is to be converted into a cylindrical wooden block 
wasting minimum quantity of wood, how many cu. metres of 
wood will remain in it? How many cu. metres of wood will be 
wasted? z 


29. From a cylindrical woden stock, whose diameter and 
length are 12V2 cm and 21 metres respectively, a cuboic:: 
Wooden log whose cross-sectional area is a square, is prepared. 
What quantity of wood will remain in the log? How much wood 
Will be wasted? 


30. The inner and outer 
diameters of a hollow cylin- 
drical pipe of cast iron are 5:6 
cm and 7 cm respectively. How 
many cubic dcm of iron will be 
contained in the above pipe if 
its length be 10 metres? 


Fig-35 
31. The inner and outer diameters of a cement-pipe required 
for constructing underground drainage system, are 1-05 metres 
and 1-4 metres respectively. How many cu. metres of concrete . 
materials have been used for constructing such a pipe 200 metres 
long? If the ratio of quantities of cement, sand and stone-chips 
be 1:2:4, how many cu. metres of cement have been used init? 


32. The outer and inner diameters of a cylindrical gas-Jar 

Made of iron are 35 cm and 28 cm. How may cu. dem of iron will 

€ contained in the jar, if its height be 1-2 metres? What will be 
the weight of the gas-jar if one cu. dem of iron weighs 5 kg? 


33. It is required to make a plastering of sand and cement, 
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3-5 cm thick, surrounding four cylindrical pillars each of whose 


diameter is 17-5 cm. How many cu. dem of plaster materials will. 


be needed, if each pillar is 3 metres high? If the ratio of sand and 


cement in the plaster materials be 4:1, how many cu. dcm of 
cement will be nceded? 


34. The diameter of a cylindrical kerosine tanker is 2:8 
metres. 50 drums, each of 8-4 dcm diameter and 1-5 meters 
height, are filled from the tanker full of kerosine. 500 tins, 24 cm 
long, 22 cm broad and 35 cm high can be filled by the kerosine 
left in the tanker. (i) What is the length of the tanker? (ii) How 


much oil was left after filling the drums? (iii) How many litres of ~ 


oil are contained in each tin? (1 cu. dcm.— 1 litre). 


35. 3th part of a reserve tank, 14 metres long, 9 metres 
broad and 3:3 metres deep, is filled with drinking water. Water 
is supplied in different parts of the city by filling the cylindrical 
tankers, taking water from the reserve tank. A pump of 
diameter 1-2 dem can fill up a tanker in.7 minutes by pouring 
water at the rate of 350 metres per minute. 


(i) What part of the reserve tank was full, after filling 5 
tankers? 


(ii) What quantity of water does each tanker hold? 


(iii) If water is drawn to fill up two more tankers, how ` 


many litres of water will remain in the reserve tank? 


E 


It 


CHAPTER 5 
RIGHT CIRCULAR CONE 


You have seen the figure of a cone on page 6. Look at 
the pictures of some other objects similar in shape to that _ 
of a cone which are given below. 


Fig-36 : 
You observe that the shapes of figures bounded by 
thick lines are same. The solid figures of this shape are 
€xamples of right circular cones. 


In the adjoining figure, the A 
Skeleton figure of a right circu- 
lar Cone is given. From the 
figure, you can understand that 
the face on which the cone 
Stands is circular and the 
Curved: surface surrounding it 


has met at the ver 

: tex. The Pee: 
utar plane surface at the sC oL—3 S, 
Ottom is called the base and 


the curved surface surrounding 


as the lateral surface of the 
Cone, 


Fig-37 


Further note from the above figure that the line 
ment joining vertex A to the centre of the base O is 
Perpendicular to the base. This distance is called as the 

eight of the cone. Here, AO=height. 

Again the oblique distance AC or AB is called the 
slant height and OC the radius of the circular base. 


Seg 
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Also note another point. If AB or AC is taken as a 
generating line, taking AO as axis, the cone is produced by 
revolving AB around the axis AO. AO and AB are, - 
therefore called the AXIS and the generating line of the 
cone respectively. 


Total Surface Area of the Cone: 


Let the radius of the base=OC=r, height=AO=h 
and slant height -AB- 1. 


Then, the area of the base of the coner? sq. units 
the area of the curved surface 


=}x circumference of the base xslant height 


=$x2arxl sq. units=7rl sq. units 
. area of the total surface of cone 
=(aP+arl) sq. units=ar (r+) sq. units 


Total Surface Area of Cone 


=7Xradius (radius+slant height) i 
=nr(r+l) 


Suppose, the radius of the base and the height of the 
cone are given. We are to find out the total surface-area of 
the cone. ; 

In the adjoining figure, the 
radius of the base of the cone A 
ABC=OC=r and its height 
AO=h. But the slant height is not 
given. We are to determine the 
total surface area of the cone. We 
are to know the slant height so / 
that we can use the formula which Pi 
we have just obtained. 


io derent 
But here the magnitude of 


slant height AC is not given; 


We can, however, get AC 
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from the right-angled triangle AOC. 
Thus, AC=AO0?+OC=H?4+° 
s. ACE VI? E 
*. area of the total surface of the cone 
=r (r+ V? r) 
Volume of Cone: 


Volume of a cone-i X area of the base X height. 


lar xh cu. units 


=; 7h cu. units. ` 


Volume of cone= $ area of the basex height 


=$ arh 


_ Example 1: The diameter of the base of a right 
circular cone ig 7 cm and its slant height is 10 cm. Find the 
total surface area of the cone. 


Diameter of the base of E 


.the cone ABC=7 cm 


`. radius=r=3:5 cm 10cm 
and slant height=/=10 cm. 
-'. total surface area of the 
cone 
=ar(r+l) B C 
—7X3:5(3:5--10) sq cm. o 
= Z x3-5x13'5 sq. em. 
Fig-39 
—148:5 sq. cm. HE 


Example 2: 132 sq. m. of canvas is necessary for 
making the conical roof of a tent. The circumference of the 
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base of the roof is 33 metres. What will be the slant height 
of the roof? 


Suppose, the slant height of 
the roof=/ metres... You know . 


V that, the area of the lateral 
surface of the cone-i X cir- 
cumference of the base X slant 
height. 

*. according to the problem 
5 x 33 x l= 132 
; =. 1=132x2=8 
Fig-40 Pe 33 
*. slant height of the roof=8 metres. 
Example 3: The diameter of A 


the base of a wooden toy having 
the shape of a right circular cone 
is 10 cm. The expenses for 
polishing its total surface at the 1 
rate or Re. :07 per sq. cm is Rs. 
19:80. Find the height of the toy. 


The expenses at the rate of B [ n C 
Re. :70 per sq. cm is Rs. 19°80. puc DE, 


10 
, area polished= ———— E 2 sq. "s 


Fig-4l 
S m sq. cm. 


*. total surface-area of the ty 20 Sq. cm. 


Let the slant height of the toy=/ cm. 
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According to the condition of the problem 


75(5+)= I 


22 1980 
or x 5 x (541) ELM 
1980x7 


7x22x5 


> or, 5+/=18 : 
` or, /318—5=13 
*. slant height of the toy=13 cm. 


or, 5+1 = 


Let height of the toy=h cm. . 
J. WP=P—S?=13?—-5?=169-25=144 
o. h=V144=12 

<. wught of the toy=12 cm. 


Á Example 4: The diameter of the base of a conical 
water tank is 28 metres and the height is 18 metres. How 
much water does the tank hold? 1 litre = 1 cm. dcm. 


Radius of the base of the tank=28 metres+2=14 
Metres. 


-. Volume of the tank= (14°18) cu. metres. 


" =x x14x14x18) cu.metres. 


—3696 cu. metres. 
=3696000 cu. dcm. 


< «. the tank holds 3696000 litres or 3696 kilolitres of 
water. 


Example 5: The radius of the base and the height of 
both the right circular cylinder and the right circular cone 
are 21 cm and 24 cm respectively. Compare their volumes. 
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Diameter of the base=21 cm. 
*. the radius of the base- 10:5 cm. 


Now volume of the right circular cylinder 
=the area of the basexheight 
=(7%10°5?X24) cu. cm. 


=( = x 10-5x 10:5x24) cu. cm. 


=8316 cu. cm. 


Again, volume of the right circular cone 
= 7X 10°57 X24) cu. cm. 
=2772 cu. cm. 


. =, Volume of cylinder : volume of cone 
-8316 :273223 : 1. 
In other words. having ihe same base and height, the 
volume of a cylinder is three times the volume of a cone. 


[N.B. From the formulae, volume of the cylinder—area of 

the base x height, and, volume of the cone=4 X area 

of the basexheight, the relation can also be 
obtained. ] 


Exercise 6 


1. The diameter of the base of a right circular cone is 14 cm 
and the slant height is 12 cm. What is the area of the lateral 
surface of the cone? 


A 2. The diameter of the base of a conical buoy is 3 metres and 
its height is 2 metres. What will be the cost of painting the total 
surface of the buoy, at the rate of Re. -07 per sq. dcm? 


1 TENE " ; 
3. 8173 sq. cm. of tinfoil paper is required for covering the 
outer-surface of a conical sola hat. The diameter of the base O 
the sola hat is. 20 cm. What is the height of the hat? 
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4. 77 sq. m. of tarpaulin is required to make a conical tent. 

The slant height of the tent is 7 metres. What will be the area of 
the base of the tent? 1 


5. How much tarpaulin will be required to make à conical 
tent, 15 metres high, whose area of the base is 2014 sq. metres? 


6. The diameter of the base of a conical wooden toy is 1-4 
dem and its height is 1-2 dem. How many cu. dem of wood does 
the toy contain? 


7. The inner diameter of the base of a conical tank is 21 
metres and its slant height is 17-5 metres. How. much water can 
the tank hold? 


8. The area of the base of a conical tank is 13-86 sq. metres 
and its height is 2-8 metres. How many sq. metres of canvas has 
been use * to prepare the tent? How many litres of air can the 
tent hold? 


9. 753 sq. metres of iron-sheet is necessry to make a conical 


buoy. If the slant height of the buoy be 5 metres, how much air is 
Present in the buoy? What is the height of the buoy? (neglect the 
breadth of the iron-sheet) 


10. The diameter of the conical plumb (the instrument by 
which the mason finds the vertical line) of a mason is 3 cm. Its 
Slant height is 2-5 cm. How many cu. cm of metal does the 
Plumb contain? 


11. The slant height of a conical mountain is 2-5 km. The 
area of the base of the mountain is 1:54 sq. km. What is the 
eight of the mountain? 


, 12. A right circular cylindrical drum contains some water. A 
Conical iron piece of diameter 2:8 dem and height 3 dcm is 
completely immersed in the water. The level of water in the 

tum is raised by 0-64 dcm. Find the diameter of the drum. 


pi 13. The diameters of a cylindrical drum and a conical iron 
is Es is 2r dcm. The height of both the drum and the cone 
dem. The conical iron piece is kept immersed in the drum 
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full of water and then removed. It is found that the height of 


water level in the drum is now What conclusion can you draw 


from this? Explain with reasons. 


14. The outer diameter of conical cap made of cork is 21 cm. 
At the rate of 2 paise per sq. cm, Rs. 11-55 is needed to cover the 
outer part of the cork cap with tin foil-paper. Find the height! 
‘the slant height of the cork cap. 


. 15. The lower and upper part of the grannary (of paddy) of 
Anwar’s family are cylindrical an? conical respectively. The 
diameter of the base is 2-1 metres. The height of the cylindrical 
part is 2 metres and that of the conical part is 1-4 metres. How 
many cu. dem of paddy will the grannary contain when it is 
one-third full with paddy? 


———————— 


CHAPTER 6 
SPHERE 


In Page 6, you have seen the pictures of a football ag 
a globe. Look at some pictures below whose shapes afe 


similar to those pictures. 
f^ 
Q 


Globe Round Marble 
Coconut 


Shot put bal 
Fig-42 
Things of the above shapes are examples of sphere. 


From the above pictures, you have certainly realised 
that a sphere is made by a single spherical curved surface. 


The sketch of a sphere is given below. 


A 


B 
Fig-43 : 
i In the above figure, the point O lies in the middle of 
he globe such that its distance from any point on the 
d €re is equal. This point is the centre of the globe. The 
‘Stance of any point on the sphere from the centre is 


nown as its radius. . 
ae 
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Look at the figure of the globe shown above. You can 
See a rod through the middle of the globe about which the 
globe can be rotated. Again, the Straight line AB (Shown ; 
in the figure on the lower part that passes through the 
centre of the sphere and meets the curved surface in two 
Opposite points is similar to that rod. The straight line AB 
is called the axis of the sphere. 


A close look will show that the revolution of the 
semicircle ACB, taking the line AB fixed, has formed the 
Sphere. Thus AB is the axis of the sphere here and the 
semicircle ACB is the generating line. Another characteris- 
tic feature of the sphere is that the intersection of any 
plane and the sphere will give a circular plane. 


Total Surface Area of the Sphere: 


If r is takne to be the radius of 


the sphere, its diameter will be 2r. p 
Now the area of the curve | 
surface=7 x (diameter)? 
=4nr sq. units, 
Fig-44 


-'- The total surface area of sphere 
=r X (diameter)?=47/2 


Volume of Sphere: 
Volume of sphere =} 7 X (radius)? 


4 3 n 
= 3r cu. units 


SPHERE i B 


MMM 


3 


Hemisphere: 


l 2 
Fig-45 
Among the pictures above, no. 1 is half of a metallic 
sphere, no. 2 is a hemispherical bowl and no. 3 is a dome. 
All of them are examples of hemispheres. 


Solid hemispheres have two surfaces, one a circular 
surface and the second, a round curved surface. 
Total Surface-area of a Solid Hemisphere: 
Let the radius of the hemisphere be r. 
.'. Its area (of the circular plane) 
mr! sq. units and its surface area of 
curved part = sq. units 
Fig-46 = 2nr sq. units 
So total surface-area of the solid hemisphere 
=(mr+27r°) sq. units 
= 3 mr sq. units 


-'- Total surface area of the solid hemisphere—3z7? 


Volume of the Hemisphere: : 
The volume of the hemisphere will obviously be half 


Ë the volume of the sphere. 
-< The volume will be Ġrr=2) cu. units 


=rr cu. units 
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.'. Volume of the hemisphere- 2 nr 


Example 1: The diameter of a football is 28 cm. How 
many sq. cm of leather are used to make the football? 
Required area of leather —(z x 28?) sq. cm 


-Z X 28 x 28) sq. cm 
= 2464 sq. cm. 


-. 2464 sq. cm of leather are used to make the 
football. 


Example 2: The diameter of the iron ball used for the 
shot-put game in your school is 14 cm. How many cu. cm 
of iron is there in the ball? 

'. diameter of the ball=14 cm. .'. radius=7 cm. 
`. volume of iron present in the ball 


= x m X 7) cu. cm 


=@ x 2x7x7x 7) cu. em 


4312 
—— cu. cm 


3 
- 14375 cu. cm 


2 1437; cu. cm of iron is present in the.ball. 


Example 3: By melting three copper balls of radii 3 ; 


cm, 4 cm. and 5 cm., a big sphere is formed. What will be 
the radius of the big sphere? 


Let radius of the big sphere be x cm. 


'. according to the condition of the problem, 


4 3 


47X-im. $$. 4? tirs 


a. (945?) 


UNA std 


»— 
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= Í m. (274644125) 


<. X =27+64+125=216=6x6x6 

Jo x=6, 

| -'. radius of the big sphere=6 cm. 

| Example 4: The amount of water in a right circular 
Cylinder of diameter 28 cm is such that three iron balls of 
€qual diameter can be completely immersed in it. The 

á level of water after the immersion of the balls is raised by 

77 cm over the water level before their immersion. What is 
the diameter of each sphere? 


F 


Let radius of the spheres be r cm. 
'. according to the condition of the problem 
3x3 m rP=rXx14x7 
or, 4°=14x14x7 
á gps HXMAXT TT 


ur-]7 
`. radius of each sphere=7 cm 
~. their diameter=14 cm. 


. Example 5: A cylindrical drum of radius 21 cm and 
height 21 cm is full of water. What will happen if a iron of 
‘ameter 21 cm is completely immersed in it and then 

» Pulled out? What will be the ratio of the volumes of the 


Tum and the sphere? 


Radius of the drum=21 cm. 


. volume of water in the drum 
—(rX21?x21) cu. cm. 


=(2x21%21 x21) cu. cm 


—(22x21x21x3) cu. cm 
= 29106 cu cm. 
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When the sphere will be immersed in the water of the 
drum, the amount of water equal to the volume of the 
sphere will spout out of the drum. 


Diameter of the sphere=21 cm. 
`. radius of sphere=10°5 cm. 


'. volume of sphere-(3 7X10:55) cu.cm. 


=Gx2x10:5x10'5x10'5) cu. cm. 


— 4851 cu. cm. 


When the sphere is completely immersed, the amount 
of water equal to the volume of sphere will spout out of the 


drum and the depth of water will decrease when the sphere 
is pulled out. 


Let the new depth be hcm. 


'. according to the condition of the problem, 
7 X 21? x h — 29106—4851 
= 24255 
2.5 24255x7 
mx2T XA 22x21x21 


-. depth of water will be 17:5 cm. 


-175 


. volume of drum: volume of sphere= 
29106 :4851=6:1 


N.B.: Here the diameter of the sphere, the radius of 


the drum and the height of the drum are equal and each is 
2r cm. 


The volume of the drum=4 sr? h cu.cm. 
Since h=2r, the volume of the drum-8z7 cu. cm. 


Again the volume of sphere=3 mr’ cu. cm. 


`. their ratio=87r : E r=8: E =6:1 
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Example 6: By flattening a solid brass sphere of 
radius 2-1 dem., a circular sheet of 7 cm thickness is made. 
What is the diameter of the sheet? What will be the ratio 
of the total surface areas of the sheet and the sphere? 
Let radius of the sheet be r cm. 
*. according to the condition of the problem. 


axPxT7-3 x 7x 215 


» 
4 
ps xDD = 4x21x21 
oor = V4x21x21. = 42 
*. radius of the sheet=42 cm. 
. diameter of the sheet=84 cm=8"4 dem. 
x Now, total surface area of the sheet 
/ —2nx42 (424-7) sq. cm 
- (2x2 42x49) sq. cm 
7 
=12936 sq. cm. 
Total surface area of the sphere-4r 21^ sq. cm 
» z x21x2] sq. cm 
3) : =5544 sq. cm. 
ii <. Total surface area of the sheet : surface-area of 


Sphere 
=12936 : 5544 = 7:3 


bo Example 7: The outer diameter of a hemispherical 
_ “owi made of brass of 1 cm thickhess is 12 cm. If i cu. em 


> 
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of brass weighs 8-85 gms, find the weight of the bowl. 


volume of brass in the bowl 


ther r 12cm 
25 (5 TXOR: qx5*) ci! em E oana N- = 
NY 
FEM 7 X91) cu. cm 
mU cu. cm 
3 . cm. 
Fig-47 
Since 1 cu. cm of brass weighs : 
8:85 gms, 
; cro 
Weight of the bowl "P S 85 gms 
1687:4 gms 


oil 


1 kg 687:4 gms. 


Exercise 7 


1. The diameter of a sphere made by an iron sheet is 14 cm. 
What will be the cost of painting it at the rate of Rs. 1-50 per sq. 
dcm? 


2. 1 sq. dcm of leather costs Rs. 3-50. Rs. 86:24 is the cost of 
leather required for making a ball. What is the diameter of the 
ball? 


3. For making a hemispherical bowl, 173-25 sq. em. of metal 
sheet is necessary. Find the diameter of the outer rim of the 
bowl. 


4. The radius of a solid iron ball is 2:1 cm. How many cu. 
cm of iron is there in the ball? What is the curved surface area 
of the ball? 


5. The diameter of a solid lead sphere is 14 cm. How many 
spheres of 3-5 cm radius can be made by melting this sphere? 
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6. A brass block in the shape of a rectangular parallelopiped 

of length 6:6 dcm. breadth 4-2 dem and thickness 1-4 dcm is 

melted. How many solid spheres of diameter 2-1 dcm can be 
made out of it? What is the volume of each ball in cu. dem?. 


7. The diameter of the base of a hemispherical dome is 42 
dem. What will be the cost of painting the outer surface of the 
dome, if the cost per sq. metre is Rs. 1:50? 


- 8. The diameters of two hollow spheres made from the same 
metal sheet are 21 cm and 17-5 cm respectively. Find the ratio of 
the metal sheets required for making two spheres. 


9. A cylindrical bar of diameter 2-8 cm is made from a solid 
Sphere of gold of radius 4:2 cm. What is the length of the bar? 


. . 10. The radius of the cross-section of a solid cylindrical rod 

ìs 3-2 dem. By melting the rod, 21 solid spheres are made. What 

Will be the length of the rod if the radius of each of these spheres 
€ 8 cm? 


11. A cylindrical iron rod is made by hammering a solid iron 
ball of diameter 12 cm. If the length of the rod be 18 cm, what 
Vill be its diameter? 


12. A cistern of length 21 dcm, breadth 11 dcm and depth 6 
dem is half filled with water. How many dcm will the water level 
be raised, if 100 iron balls each of diameter 21 cm be completely 
Immersed in it? E 


13. The areas of curved surfaces of a right circular cylinder 
and a sphere are equal. If the radii of the cylinder and the sphere 
equal, show that the ratio of their volumes is 3:2. 


14, How many solid spheres each of 6cm diameter can be 
made by melting a solid metallic rod of length 36 cm and 
diameter 4 cm? 


. 1S. A solid silver sphere of 6 dcm diameter is melted and 
“cular sheet of vod 1 dcm is prepared. What will be the 


‘ameter of the sheet? 
uum 
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What is Trigonometry and why 2: 

We know that "Necessity is the mother of invention" 
It is the compulsion of needs that is over-riding,. Thus it 
would not be unfair to look for such imperatives behind 
the birth of Trigonometry, which is a distinct branch of 
Mathematics. But what is this? 


Whatever man finds in nature, he accepts after 
Verification, be it from trees, fruits, flowers, animals that 
are within his reach to sun, moon, stars, planets of distant 
horizons, insurmountable mountains, vast oceans, rivers 


€tc. Man has learnt once to measure things around him, 
has understood shapes of different objects with the help of 
geometrical figures, and has learnt to measure length, 
breadth and height. Also with the help of these, he has 
Pursued ceaselessly his efforts to measure size, shape, 
distance, to determine laws of motion etc. of planets, 
stars, sun, moon etc. that are beyond his reach. It is 
because of such efforts that mathematicians could obtain 
the height of inacessible pyramid without getting at the top 
of it. ; 


Although man, in the course of development of 
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civilisation has, on one hand, been confronted with 
various new problems, it is man again, on the other hand, 
who has discovered new methods of solutions; for ex- 
ample, 

There is a hilly stream. One has to find out its width 
without using tape after crossing the stream. Man has done 
it with the help of mathematics. 

In the meantime, mathematicians have been able to 
get at the relationships between sides and angles of 
triangles of various forms. They have come to know that 
the ratio of the sides of right-angled triangles, with respect 
to a definite measure of an acute angle, is a constant 
quantity. It is with the help of this that they could 
determine how wide the stream was. You will learn this 
technique of doing so in this branch of mathematics. 

The relationships between sides of triangles, angles 
and areas are made use of in this particular branch of 
mathematics; that is why this branch is callled Tri- 
gonometry. 

You may keep in mind that mathematicians in ancient 
India were quite familiar with this branch of mathematics. 
They have applied this subject to the solution of many 
difficult problems of mathematics. 


CHAPTER I 
MEASUREMENT OF ANGLE 


As this particular branch of mathematics is mainly ` 
based on the ratios of sides of a right-angled triangle with 
Tespect to any of the two acute angles, we shc 1 have a 
full discussion about the angle. 

What is an angle? 

In Class VI you have learnt (i) an angle is formed at a 
point when two rays emerge from it. As in fig. 2 you 
See two rays OA and OB emerging from the point O form 
LAOB. 

A 


Fig. 2 Fig. 3 

(ii) If the initial point of a ray (the point from which 
the ray emerges) is kept fixed and the ray is rotated in the 
anticlockwise direction, then the subsequent positions of 
the ray make angles with the initial position at that fixed 
point. 

In Fig. 3 the initial point O of the ray OA is kept fixed 
and the ray OA is rotated in the anti-clockwise direction to 
attain the positions OA;,-OA2, OA; etc. Thus /AOA;,, 


LAOA,, LAOA; etc. are formed at the point O. 


Remark: We can similarly explain formation of 
LA,0A,, LA,OA; etc. 
Geometrical angle and Trigonometrical angle: 


In trigonometry, we consider the magnitude of an 
angle and also the direction in which the rotating ray 
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moves. Moreover, in trigonometry, the concept of angle is 
more comprehensive and full of variety than that in 
geometry. 


Za 


(i) From the figures and the discussion above, it js 
clear that in geometry only the magnitude of the angle is 
the main thing that we consider. But, in trigonometry, we 
consider both the direction and the magnitude. The angles 
are positive when the ray rotates in the anti-clockwise 
direction and negative when it rotates in the clocckwise 
direction. As for instance, Fig. 5(i) shows that the ray has 
moved in the anti-clockwise direction and angles thus 
obtained are denoted by + 9 , +  etc.; but Fig. 5(ii) 
shows that the rotating ray has moved in clockwise 


direction to form angles — à , — ^ etc. 


[o 
(i) Fig. 5 (ü) 


f 
(ii) In geometry, the magnitude of an angle may be ° 
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any value from 0° to 360°, and not more than that. That is, 
when the rotating ray makes one complete revolution it 


Fig. 6 
forms an angle of 360°; but if it moves further, the 
magnitude of the angle will start from 0° and increase upto 
360°. 


A2 i y` 
pe 
(360°+ e" 
A 
As 
fig. 7 


But in trigonometry, angles may be of any magnitude 
(positive or negative) starting from 0°. The magnitude of 
the angle increases by 360° for each complete revolution of 
the rotating ray. As for instance, in Fig. 7, when the 
Totating ray reaches the position OA,, the magnitude of 
the angle so formed is (360° + 0 °), but if the rotating ray 
traces an angle 0? (0° < 0*0^ < 360?) after two complete 
Tevolutions, the magnitude of the angle is (2 x 360° + 8^) 
= (1208 4:9 9). 


£y 


e 
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Again, in Fig. 8 when the rotating ray rotates in the 
Az : 


Fig. 8 
clockwise directign and reaches the position OA3, i 
produces an angle —(360° + oc). 
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Different systems of measurement of angles and their 


units : 
Sexagesimal system : 
In this system, the angle that the rotating ray traces 


making one complete revolution is taken to be 360°. 
One-fourth of it is 90°, that is one right angle = 90° and 


on th part of a right angle is 1°. The other lower units of 


this system are minute and second. The following table 
shows the relation between them. 
1 right angle = 90 degrees or 90° 
1° = 60 minutes or 60’ 
1' = 60 seconds or 60" 
Circular system : 
The unit of this system is based on the constant 
relation that exists between the circumference and the 
radius of any circle. 


Fig. 9 


. Let us take three concentric circles. From the smallest j 
Circle let us cut off an arc AD equal in length to the radius 
of the circle. O, A and O, D are joined. Then LAOD will 
Be an angle at the centre subtended by the arc equal in 
“€ngth to the radius of the circle. 

B OA and OD are produced to meet other two circles at 

: Cand E, F respectively. On measurement you will find 
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that BE aad CF are equal in length to the radii of the 
corresponding circles. So LBOE and LCOF are angles at 
the centre subtended by arcs equal in length to the 
respective radii. 

Hence we may conclude that an arc of any circle equal 
in length to the radius of the circle subtends at its centre an 
angle of constant magnitude. 


te: 


Fig. 10 


This angle is taken as the unit of measurement of 
angles in the circular system. This is called one radian and 
written as 1°. See the magnitude of an angle of one radian v 
in the figure. 


Radian is a constant angle : 


Let O be the centre of a circle and radius OR=r. If we 
take an arc AB=OA=r, then by definition, LAOB=1 
radian. ; 

Let AO be produced to meet the circle at the point C. 
Then the length of the arc ABC=half the circumference 
and /AOC, the angle at the centre " 
subtended by this arc=a SN 
straight angle — two right angles. 


r 
Now if we take the ration of C Max A 

the two arcs and that of the two 

angles, we have 


arc AB _ r E! 
arc ABC Ix Oar y 
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and 


LAOB _1 radian F 
LAOC 2 right angles 


But in geometry, we can show that an arc of a circle is 
Proportional to the angle it subtends at the centre of the 
circle. 

» LAOB , arc AB 
LAOC arc ACB 


l Therefore, 


: 1 radian 
' 2 right angles 


al 
T 


“. Lradian = t right angles. 
T 


This is constant as both 2 right angles and 7 are 


Constants. 
So, | 1 radian == right angles 


Corollary: m radian =2 right angles 
= 1805. 


Qu If we express one radian in the units of sexagesimal 
Ystem, we will get 


1 radian = 57° 17' 44-8" (approx) 


Relat; 
lation between the units of the two systems 


Sexagesimal Circular . 
360° = 2; radian = 27 
180° = qradian- 7 


1i 


90° 5 radian = 5 
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Remarks: (i) In the sexagesimal system, to indicate 
measures of angles in degrees symbol ‘°?’ is used; for 
example, 60 degres = 60°. And in the circular System, to 
indicate measures of angles in radians symbol ‘ ©’ is used; 
for example, 1 radian — 1*. 


(ii) In trigonometry, we generally do not write the 
magnitude of angles like 1°, but write them is terms of 7. 


When express in terms of z, we generally do not use 
the symbol * * °, 


Example 1: Two angles of a triangle are 75° and 45°. 
Find the value of the third angle in circular measure. 


In AABC, LABC = 
75°, and LACB = 45°; 
A LBAC-? 


You know that the 
sum of the three angles of 
a triangle is 180°. 


z^ LBAC=180°—(75°+45°) 


=180° — 120° 
=60° 
Again, you know 
B C 180°=7 
60 T 
J. 60° =—7=- 
Fig. 12 18 3 


^. In AABC, LBAC = F 


Example 2: A rotating ray revolves in the anti- 
clockwise direction and makes two complete RE = 
and moves further to trace an angle of 30°. What are t 
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sexagesimal and circular measures of the angle with 
reference to trigonometrical measure? 


As the rotating ray moves in the anti-clockwise 
direction, the angle formed is positive. 


You know, in one complete revolution the rotating 
ray traces an angle of 360°. So in two complete revolutions 
it makes an angle of 360° x 2 i.e., 720°. It has moved 
further to trace an angle of 30°. So the magnitude of the 
angle formed is (720°+30°) i.e., 750°. 


Now, 180° = 7 


Example 3: The ratio of the angles subtended at the 
Centre by two unequal arcs of a circle is 5:3. Kf the 
magnitude of the second angle is 45°, find the sexagesimal 
and circular measures of the first angle. 


Let the measure of the first angle be # 


e 5 Sy 45° = 75° 
Then, =2 s. P -2x 45° = 75°. 
"45° 3 3 
Again you know, 180° = 7. 
15 5 
759 2 — = =f, 
du i 


-. the sexagesimal measure of the first angle is 75? 


a s : 
nd the circular measure isz5 7. 


A Example 4: ABC is an equilateral triangle in which 
D IS the line segment that joins the vertex A to the mid 
Point of the side BC. What is the circular measure of 
‘BAD? 
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As AABC is equilateral, 
LBAC=60° 


You also know that the median of an equilateral 
triangle bisects the corresponding vertical angle. 


^. LBAD=30°. 


s i = 30 ai 
. the circular measure of BAD = 180 T é 


Exercise 1 
1. Express in degrees, minutes and seconds: 


(i) 832' (ii) 7312" (iii) 375" (iv) 2L (v) 72-04*. 


2. Find the circular measures: . 
(i) 60° (ii) 135° (iii) —150? (iv) 27° (v) 22°30' (vi) —67°30' 

(vii) 5225230". 

3. In a triangle one of the angles is 65° and the second one is 
T find the sexagesimal and circular measures of the third angle. 

4. The radius of a circle is 7 cm. Find the circular measure of 
the angle at the centre by an arc of this circle, 5 cm in length 

Take 7 = = } 

a 
12’ 
Tespectively. Find the sexagesimal and circular measures of the 
angles, 


5. The sum and difference of two angles are 135° and 


6. A rotating ray traces an angle -54r State in what 


direction the ray moves and find how many complete revolutions 
it makes and how much more in degrees the ray rotates. 


7. The point A on a rotating ray OA moves to the position 
An to make an angle Ẹ at the point O. It moves further in the 
same direction to the: position A; to make LA; OA, = 57°. Find ` 
the sexagesimal and circular measures of /AOA;. 


» 
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8. A rotating ray OA revolves in the anti-clockwise 

direction and attains the position OA; to trace LAOA; = 75° and 

then it moves in the clockwise direction to the position OA2. The 

measure of LAOA; is found to be n Find the sexagesimal 
measure of /A;OA;. 


9. In an isosceles triangle ABC, LABC contained by two 
equal sides measures 45°. The bisector of LABC meets AC at the 
ems D. Find the circular measures of /ABD, LBAD, LCBD and 
BCD. 


10. LABC of a right-angled triangle ABC is 90° and BAC = 
E The perpendicular from the point B on AC meets AC 
at the point D. Mention the names of all the angles of AABD 


and ABCD and write down their circular measures. 


11. Produce the base BC of an equilateral triangle ABC to 
the point E, such that CE = BC. Join A, E. Now mention the 
Names of all the angles of AACE and write down their circular _ 
Measures, 


———— 
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CHAPTER 2 
TRIGONOMETRICAL RATIOS 


Fig. 13 


Let the rotating ray OA attain a new position OA, 
revolving in the anti-clockwise direction to form LAOA; = 
0 and let it be an acute angle. 


Now any numbr of points P,. Q, R,....etc. are taken 
on OA, and perpendiculars PX, QY, RZ,.... etc. are 
drawn on OA from those points respectively. All the 
right-angled triangles POX, QOY, ROZ..... etc. are 
similar to each other. 


Now from the properties of similar triangles we know, 


, BX _QY_.RZ_ OX _ OY _OZ_ 
m E ORT" (ü GP OQ OR 
R 

., PX. QY. RZ . OP OQ .OR. 
ü) Ox OY OZ (iv) By QY RZ 

OP OQ OR. OX OY OZ. 
~) Ox OY OZ (vi) y OY RZ 


Thus you see in a set of similar right-angled triangles 
with respect to same acute angle (i) the perpendiculars 
bear the same ratio to the corresponding hypotenuses; E 


ey 
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also (ii) the bases to the corresponding hypotenuses, (iii) 
the perpendiculars to the corresponding bases etc. So we 
can say that the values of these ratios do not depend on the 
size of the triangles or the lengths of their sides. The values 
entirely depend on the magnitude of the acute angle 9. It is 
so becuse all the triangles are right-angled triangles having 
a common acute angle 6. Similar relations will hold 
whatever be the measure of the acute angle 0. 

So we see that in similar right-angled triangles the 
ratios of any two sides, with reference tc a common acute 
angle, give a definite value. This is the basis of trigo- 
nometrical ratios. I 

Again, we have seen, if we consider the ratio of any 
two sides of a right-angled triangle, we have six different 
ratios. . 

These six different ratios are identified by six names 
one for each. 

Trigonometrical ratios and their names: 

Let, in AAOB, ` 

LABO = 1 right angle, 

.. OA is the hypotenuse and with respect to the 
acute ange AOB, OB is the base and AB the perpen- 
dicular. . 

Let us suppose that LAOB = 6. 


A 
"y 1 
wf i 
LAs 
O base B 
Fig. 14. 


Then 


AB _ perpendicular _ cine of @ or briefly sin 9 
OA hypotenuse 
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OB _ base 
OA hypotenuse 


= Cosine of 0 or briefly cos 0 


AB . perpendicular _ P 
OB buc Tangent of 0 or briefly tan 0 


OA __hypotenuse_ ; 
VA i Ü 
AB _ perpendicular Cosecant of 0 or briefly cosec 


OA _ hypotenuse : , 
S s Ü 
OB bace Secant of 0 or briefly sec 


OB base : 
NETTE ME t t of 0 or briefly cot 0 

AB perpendicular Cotangen y 

N.B.: The side opposite to the angle under reference 


is to be taken as perpendicuular and the side adjacent to it 
except the hypotenuse as base. 


Like all other ratios these ratios are also pure 
numbers and have no units. 


In the beginning of this chapter you have become 
_acquainted with the above property. Let us see it here 
more categorically. 

Let us suppose that LAOA, = @ is formed due to 
change in position of the rotating ray OA to OA,. 

Here in Fig. 15, two points P and Q are taken on 
OA, and perpenddiculars PX and QY are dropped on OA 
from these two points respectively, while in Fig. 16, from 
two points R and S on OA, perpendiculars RM and SN are 
dropped on OA,. Consider the right-angled triangles 
POX, QOY, ROM and SON. As one of the acute angles is 
§, the other angle is 90° — (^. So all these right-angled 
triangles are equiangular; that is, sirnilar. 


Now, according to the definitions.of trigonometrical 
ratios, 


; sz EAK 
in APOX, sin§ = OP 
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ET 90*-9 CN 


O R S-A 
fig. 16 

in AQOY, sing= 2Y 

OQ 

in AROM, sinu = £M 

OR 

SN 


in ASON, sinü-. —— 
in sin OS 


But, as the triangles are similar, 
PX _QY_RM_SN 


“" OP OQ OR OS 


So, we can.say that the value of sin 0 always remains 
the same and does not change for change in the sizes of the 
triangles or the lengths of their sides. 


Similarly, this property can be established in case of 
Cos 0 , tan 0 etc. 
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[you are to establish these ‘on your own at your 
home]. 


Thus we can conclude that the value of each of the 
trigonometrical ratios with respect to a particular angle is 
constant. 


Relation between the ratios: 


From the figure, you see 


B 
sin § = AB and 
- BO 
e 
a BO 
2 cosec à =—= 
€ AB' 
[^] K 
[2 
g It is clear that one is the 
reciprocal of the other. 
[9] base A 
Fig. 17 So, sin § = an 
cosecó 
1 
cosec § = —— i 
sin 0 «m 
base _OA 
a Se and 
Again, cos? hypotenuse ~ OB 
hypotenuse _ 
base on 
So, one is reciporcal of the other, 
that is, cos @ = l and sec 4 = al . (ii) 
' sec f s 6 


base 
Also, tan 9 = Perpendicular _ AB ^ : 
bed base pem perpendicular 
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= E which shows one is reciprocal of the other. 


^ tand= T and cot4- L (i) d 
AB 
Moreover, Sin4.. OB, AB, OB AB _ nng 
OVER cosi OA OF OA 0A = 
OB 
g Sind _ tang -. (iv) 
cos 4 
0A 
and $954.08, OA, OB OA _ 
sind AB OB AB AB T C? 
OB 
. cos. 
ET = cot4 (v) 


squares of trigonometrical ratios : 

If we are to take square of sin e, that is (sin 0)?, we 
write it as sin? o. That is, we write (sin )^—sin? a, Similarly, 
(cos 6)?=cos? o, (tan e)?—tan? e, etc. 

Further discussions on relation between the ratios : 
(1) From rightangled triangle AOB, in Fig. 17, we get 
AB OA OB? 

Now, dividing both sides of the above relation by 

OB?, we get 
AB?+OA? _ OB? 


OB? B 
a Errera 


But we know, a = sin e and 53 = cos o 
'. sin? e + cos? e=1. . (vi) 
Corollary: sin? e=1—cos? e 


'. sine = VI-cos?e . (1) 
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cos? e = 1—sin? e Also 
"^. cos e = V1—sin?e a (2 


(2) From the right-angled triangle AOB in Fig. 17, we 
get 


OB? = AB? + QA, 


Dividing both sides by OA2, we get 


But you know, af = sec o and A = tan à 


s. sec?e = tan? + | « (vit) Yi 
'"ssece = Vian? ex] 
Corollary: tan? ə = sec? & — | 
". tan e = Vsec? o—]. 


(3) Again. dividing both sides of the relation OB?= 
AB’+OA? by AB’, we get 


OB? AB , OA? _ | | OA? 
AB AB AB? AB! 


Since Oe cosec e and im = cot @ 
"AB “AB 
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". cosec^e = 1cot? e cot e+ 1... (viii) 


'". cosece= Veot?e + | 
Corollary: cot? e = cosec? e — 1 
"Scot e = Veosec* e- 1. 


It is clear from the above discussion that if we know 


,'^ any one of the trigonometrical ratios for a particular angle, 


we can derive the values of al! other ratios from the known 
one, for that particular angle. Ail these values are given in 
the table on page 29. 


N.B. You need not memorise these values. In doing a sum 
you are to find the values of other trigonometrical 
ratios from a given trigonometrical ratio by using a 
right-angled triangle. You may also use funda- 
mental relations (i) to (viii). 


Some solutions based on relations between the 
ratios : i 

Example 1: With respect to the positive acute angle e 

—Á NE 12 

^ ina right-angled triangle, sin e = 5 


find the value of tan e and cos e. 


/ First method 


19 12 "ia fig. 18, observe according to 
condition of the problem, AACE be 
right-angled at B. Let /AC8= e and 
with respect to it, we may assume 


6 perpendicular, AB=12 units and 
x B hypotenuse AC=13 units. as 
` Fig. 18 "EL 
sin 8 1 
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«o the base BC = VAC AR? — VI3-12- V25=5 


—. tang =Petpendicular_ AB 12 


base BC 5 
b 
and eos p == aft .5 


hypotenuse AC 13 


Second method : 


zo m = PN PC: PME (Cha 
Suas Vl sin?e vi (2) o 
12 
: =Sine 13 12 
eG ET E s 
13 


Example 2: If sin C = $ cos C.Cosec C = ? 
First method : 


In the right-angled triangle ABC, /B is a right angle. 
Also let AC = 5 units, AB = 3 units 


s CB = VAC - ABP= SET 3b units 


= 4 units ^ 
todo eod 
'. cos, C.cosec C = 2 27 y 
x B 
Second method : C Fig-19 
cos C « pens = e 
cos C.cosec C= SinC = cot C= Vcosec?C — 1 
E f 3 
E -1 (Sunc) 
- V | 
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^ Example 3: In an isosceles triangle ABC, AB = AC = 
cm and BC = 10 cm. Find sin ABC, cos /ABC and 


tan /ABC. A 


B D C 
Fig-20 
In fig. 20, in isosceles triangle AABC, AB = AC = 
13 cm and BC = 10 cm. x 


Perpendicular AD is dropped from the verttex A on 
the base BC. 


~. BD =} BC = 5 cm. 
From the right-angled triangle ABD, we get 
AD = VAB? — AD? = V13? - S em = 12 cm 
We know, LABC = LABQ 


= = cn App 2 AD = = sinLABC 
.. sin ABD AB à ! 


i 5 
c 22 = = GostABC 
os LABD A 3 os 


tan/ABD = === =tanlABC 
B 5 
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Example 4: If sin A =2 find the values of tan A, 
`q 


cot A and sec A. 


SAME E; a =o 
cos A = V1—sin?A 1 SES T 


q q 
ra 
e. 
sin A -p p 
= cos A q Vq?—p? 
PAN. 
cot A = l = Vg E 
tan A p 
1 q 
sec A COSA q?-p? 


Remark: You may also soive it by drawing a right- 
angled triangle. A being one of the acute angles and 
assuming perpendicular = p units and hypotenuse = q 
units. 


Example 5: if cot = = prove that 


X¢080~ysing_ ey? 
Xcosó + ysing +y? 


L.H.S =~ COS  — y sing ; 


X COS @+ y sin 


xXcos0.- 


ZOU (Dividing numerator and 


i a denominator by sin 9) 


sin 0 
= Xcot0 — y 
xcot d+ y 
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Example 6: If sin 0+c08 0= 3 and sin 0 cos 4 = 32 


find the value of sin 0—cos 4. 
(sin @—cos 0)? = (sin 0-+cos 6)?—4 sin 0 cos 0 


eh" 4,2 Wm 
te ^25 735-25 ^35 


'. sin ĝ—cos 0 = +} 


Example 7: Express 1+2 sin 0 cos 0 as a perfect square. 


1+2 sin 0 cos 0 = sin?0--cos?0--2 sin 0 cos 0 
= (sin 6+cos 0)? _ 


sec 0--tan 0 51 
M——  — = 2 —, find the val f 
Example 8: If netu) 79° find the value o 


sin 6. 
secO+tan§  _ 4 2L 


sec ü—tan 0 


or SecÓttanü 209 
sec §—tan 0 79 


,2tanü - 130 
ndo and dividendo) 
dim sl 3 (by compone 


or Sino ES 
cot] X cos 0 "d 
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Example 9: A ABC is right-angled at B. The length of 


the hypotenuse of that triangle is V 


13 and the sum of the 


lengths of other two sides is 5. Find the value of sin C+sin A. 


C 


: Fig-21 
The hypotenuse of the 
ABC=AC. AB and BC are perpen 
LC dnd LA respectively. 


a i A AB BC. 
. sin C+sin A AC TAC 


Alternative method : 


` Let AB=x, then BCz5-x 
E 6-x ^ (V13) 
or, X *25—-10x432—13 
or, 2x^-10x-1220 
or, X°-5x+6=6 
or, (x-3) (x-2)=0 .". x23 o 


- when AB=3, BC=5-3=2 


right-angled triangle 
diculars with respect to 


AB+BC EE 
AC VB 

r2 

BC. 2 
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1—V29502A. 


VAOCRQAC 
Y 29509 


T-V 
I—-Vz29502A : y 100 
I 
I—V 29502. : 
==> I-V;295A. 
is 


y 29800 
1—V;29502A. 


VURI+IA 


y uis 
VYzuls -1^ 
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32 7 M NN 
. Sin C+sin A VB Vi3^ Vv 


when AB=2, BC=5-2=3 


o - ae BC. 3 
sin CT Vg sin As C VB 


'. sin C+sin A= s = 3 


VB*VB^ vis 
Exercise 2 


1. Ina right-angled triangle ABC, hypotenuse AB = 10 cm, 
base BC = 8 cm and perpendicular AC = 6 cm. Find the values 
of sine and tangent of /4 Be. 

2. in a right-angled triangle, one of the acute angles is of. ]f 
tance 4B, find the values of sin c and sec «t, 


3. Given that cot A E find the values of cos A and cosec A. 


4. In an isosceles iriangle ABC, AB = AC = 10 cm and the 
length of the bisector of the angie contained by two equal sides is 
12 em. Find the valucs of Sine, cosine and tangent of any one of 


TAY 
5. Tf sin à =3 what is the value of-COSec 9 ? 
5 1+cot 6 


7. I tan =. show that (/TZSHY _, 
15 Y | sin @ 


[m 


8. (i) Isecé-- tana 2, wht is the value of sec à —ian6? 
(ii) 1f cosec 4 --cot & = V2—1, what is the value of 
cosec f +- cot à? 


(iii) Y sin 4 + cost = 1, what is the value of sin 0 cos 0 ? 

(iv) M tan  - cot à 2, what is the value of tan à — cot4? 

(v) if sin 9 — cosy = h» what is the value of sin 6 + 
cos 0? ; 

(vi) IF sin 9 cos d = 5. what is the value of sin 9 — ces 0? 


(vii) Hf sec — tang - 3 find the values of secg and.tan 4. 


[ 
AX 
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(viii) If cosec 0 + cot § = V3, find the values of cosec 4 
and cot 9. 


(ix) jy Sui cos T 7, what is the value of tan 6? 
sin à — cos 4 


(x) re coset + sin? = 3. what is the value of sin 0 ? 


(xi) If sec d+ cos = 3, what is the value of sec 9 — cos ? 
(xii) What is the value of sin? 9 + cos? 4 ? Using that 
value, find the value of tan 9 from the relation 


5 sin? l + 4cos?0 = 3. 
\ œ 


(xiii) If tan? @ + cot? à = E find the values of tan 0 + cot à 
and tan 4 — cot 9. Hence find the value of tan 6. 

(xiv) If sec? 0 + tan? 9 = n what is the value of 
sec'ü— tan*6? 

(xv) APQR is right-angled at Q. PR— V5 and 
PQ — RQ = 1. Find the value of cos P—cos R. 


; (xvi) A XYZ is right-angled at Y. XY = 2 V6 and 
j t 


XZ — YZ = 2. Find the value of sec X—tan X. 


9. If sin & = 5 show that tan £ + sec £ = 1'5, 


10. If tan £ = Fr find the values of sin A and sec A. 


11. If cos 0 =-—2—, show that x sin 9 = cos 9. 
Vry Jj 


2 
12. If sin æ = 555, show that cot € = 246 


a*-—- b^ 


- (In this exercise, each of the angles involved in given 


triganometrical ratios and the trigometrical ratios to be 
found out in acute.) 
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Values of trigonometrical ratios of different angles: 


In the earlier part of this chapter, you have seen that 
the values of trigonometrical ratios with respect to equal 
acute angles of two or more similar right-angled triangles 
are the same, whatever be the lengths of their sides, 


angled 


AABC and ADEF are. two similar right- 
triangles in which LABC = [DEF = 9. 


A 


(N 
; (ii) E 
Fig. 22 


p , that is, tan /ABC = tan LDEF = tan 4. 


Similarly, other trigonometrical ratios in reference to 
these two triangles will have the same value. 

Hence it is clear that for an acute angle of any 
magnitude, we can find its trigonometrical ratios by 
drawing a right-angled triangle with that angle as one of its 
angles. For example, 


(i) An angle of 15° is drawn at the end point B of a line 


A 
E audi 
B Fig-23 C 


segment BC of length 5 cm. Now a perpendicular CA is 
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drawn on BC at the other end point C to meet the other 
arm of the angle at A. Thus we have a right-angled triangle 
ABC with LABC = 15° and base BC = 5 cm. On 
measurement with a scale we will get AB — 5:2 cm. 
(approx.) and AC = 1:3 cm. (approx.). 


Then we will have 


AC. Ll3cm 
sin ABC = sin 15° = —— = approx.) = 0:25 
nS eg nig GRP D 
5cm 
= o- BC. gu: 
mages cos 15 AB 52 2 cmd pprox. pereo) 


tan ABC = tan 15°= AC. E 3 a approx.) = 0:26 
BC. (approx.) 
Similarly, cosec 15°, sec 15°, cot 15° can be found out. 


Find yourself. 
(ii) An angle of 20° is drawn at the end point E of the 


line segment EF of length 6 cm. At its other end point F, a 
perpendicular FD is drawn on it to meet the other arm of 


E FK 
Fig. 24 i 
the "No at D. A right-angled triangle DEF is thus formed 
with [DEF = 20° and base EF = 6 cm.; now on 
measurement with a scale we- will get DE = 6:4 cm. 
(appróx.) and DF = 2:2 cm. (approx). 
Then we will have 


DF _2: 72 CM approx. )203 


sin DEF = sin 20° = DE 64cm (ap Pdl. ) 
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EF _ 6cm 
= paS OCM .) = 0-94 
cos LDEF = cos 20 DE 64 cm (aPProx )209 


(approx.) 
tan [DEF = tan 20° = DF 22 cmo pprox. ) = 0-37 
EF 6cm (approx.) 


Similarly, we can find the values of cosec 20°, sec 20° 
and cot 20°. You try it at home. à 

So you see, we can find trigonometrical ratios of any 
acute angle by geometrical construction and measure- 
ment. Now if we write those values in the tabular form as 
shown below, then, as is found necessary, we can have 
those values from the table to Solve a problem. 


Trigonometrical ratios 


angle cos fan | cosec 


15° 0-25 | 0-96 | 0-26 40 1:04 | 3-8 
approx. E AA approx. approx. approx, 

20° 0-34 | 0-94 | 0-37 294 | 1-06 | 2-70 
approx. approx. approx. approx. |approx. approx. 


Un 
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ratios of these standard angles are given below. The 
trigonometrical problems that you will face at the present 
stage will be confined within these standard angles only. 
So it is essential for you to know the values of trigo- 
nometrical ratios corresponding to these standard angles. 
You will also have to commit them to memory through 
repeated practice, ŝo that you can use them correctly and 
quickly if a situation arises. i 
Trigonometrical ratios of standard angles : 

It has been said earlier that 0°, 30°, 45°, 60° and 90° 
are standard angles, as we can find the values of their 
trigonometrical ratios with simple geometrical reasoning. 
The methods are given below: 


Trigonometrical ratios of 45° : 


In the right-angled triangle ABC, LACB = 45°; we are 
to fina the values of trigonometrical ratios of this angle. 


| LACB = 45°, 
Cs. LCAB = 45°, 
.. CB = AB. 


Let.CB = AB=a 
s. CA? = CB? + AB? 
=e +e =W 


s CA = Vid =aV2. ç B 
i Fig. 25 
So here, hypotenuse CA = aV2, perpendicular AB 
= a and base BC = a. 


icu 1 
So. sin 45° = perpendicular__@ _ 1. 
"es hypotenuse aV2 V2 


cosec 45° — hypotenuse _@V2 _ vy 


perpendicular a 
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cos 45° = bise =-=} 
hypotenuse @V2~ v3 


sec 45° = hypotenuse _ a v2 =V2 


base a 
‘tan 45° = perpendicular _ 4^ us 
base ntis 
cot 45° = — base  —— zem aue, M 


perpendicular — a 


Values of trigonometrical ratios of 60° : 


In the right-angled triangle AOB, LAOB = 60°. We 
are to find the values of the trigonometrical Tatios of this 
angle. | i 

Construction: Let OB be Produced to the point C, 
such that OB -= BC. A, C are joined, 


Fig-26 
Now in A AOB and ABC, 

OB = BC f 
AB is common 


and included LABO = 


included /ABC (both being 


right angles). 
-. Two triangles are congruent. : lis 
MOB = Gp S acp 

-- AAOC is an equilateral trj 

Let OA = 2a, oC y n 
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But OB = 3 OC-ix2a-a. 
<. From AAOB we get AB? = OA? — OB? 
= 4a? ~ @? ig 
<. AB = V3a = ava. 


Therefore, in AAOB, with Tespect to LAOB 
hypotenuse OA = 2a, perpendicular AB = a'V3, base OB 
=a 

So, sin 60° = Perpendicular _ aV3 _ V3 

hypotenuse 2a 2 


cosec 60° — bhypotenuse _ 2a _ 2 


o base a UN 4 
dr hypotenuse 2a 2 
sec 60» — hYpotenuse _ 2a 22 
i base a 
tan 60° = Perpendicular _ a V3 _ va 
base a 
base a 1 


piod perpendicular "avi. và 


Values of trigonometrical ratios of 30° : 


In the right-angled triangle AOB, LBOA = 30°. 


We are to find the values of the trigonometrical ratios 
of this angle. 


Construction: Let AB be produced to the point C, 
. Such that AB = BC. O, C are joined. 

Now, in A’ AOB and BOC, 

AB = BC, 

OB is common 
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and included /ABO = included /CBO (both being 
. right angles). 


Fig-27 
-. The two triangles are congruent. 
^. LOAB = 60° = LOCB 
^. AAOC is an equilateral triangle. 
Let OA = 2a, .. AC = 2g 
~ AB=5AC=1 xazi, 
In the right- 
OB? = OA? — AR? = 4q? — e 


Then in AAOB, with respect to LAOB hypotenuse 
OA=2a, Perpendicular AB=a, and base OB=4a V3. 


‘Therefore, sin 30°= perpendicular _ M NT 


hypotenuse 2 


A 
NI 


cosec 30° = hypotenuse == 9 


Perpendicular z 


o. base av3 V3 
cos 30° = =~. VI 
“hypotenuse ^ 25 775 Ò 


sec 30°= hypotenuse . C NEN 


base aV3 3 
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tan 30° = Perpendicular — a. 1 
hypotenuse aV3 V3 
av3 2/3 


cot 30°= hypotenuse _ @V3_ 


perpendicular a 


Remark: You can also find the values of trigo- 
nometrical ratios of 60° and 30° by (i) drawing an angle 
ABD = 30° to meet the hypotenuse at the point D or (ii) 
Joining D, the mid-point of the hypotenuse OA with B and 
using the property that OA is the diameter of the 
circumcircle of AAOB. Try at home. 


Values of trigonometrical ratios of 90° : 


A3, P2 
3 A, 


O A 
Fig. 28 

Here we are considering a situation when the rotating 
ray tends to form an angle of 90° and from any point on the 
ray a perpendicular is drawn on the initial position of ray 
to get a right-angled triangle. Figure shows that when the 
ray tends to produce an angle of 90°, the hypotenuse 
approaches perpendicular and base tends to zero. There- 
fore, in this case, we may take perpendicular = 
hypotenuse and base = 0. 
_ perpendicular _ perpendicular | , 

hypotenuse perpendicular 


Therefore, sin 90° 


hypotenuse _ perpendicular_ 1 
perpendicular perpendicular 


cosec 90° = 
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cos 90° —.. base — ES M. ee es 
hypotenuse hypotenuse 


cot 99° —.. base ——. — ae. 
Perpendicular perpendicular 


N.B.: sec 90° and tan 90° are undefined. 


Values of trigonometrical ratios of 0? : 


Fig. 29 


So, sin 0° = Perpendicular _ 0 =) 
à E oues 


: . hypotenuse _ hypotenuse 


cos 0° = base = base _ 1 
hypotenuse base 


tan 0° = perpendicular 0 — 0 
base base ^ 


N.B.: cosee 0° and cot 0° are undefined. 
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Table showing the values of trigonometrical ratios of 
Standard angles: 


1 Undefined 


1 


E. 
v2 v3 
v2 Undefined 
: 0 


2 
Et 
1 v3 


cosec | Undefined 


Undefined 


N.B.: Values of sin 0 and cos 0 lie between 0 and 1. 


Example 1: At one end point A of the, line segment 
AB, LBAX-22:5? is drawn and at the other end point B a 
perpendicular is drawn on it to meet AX at C. Now if 
AB=7 cm. and BC=2'9 cm, find sine, cosine and tangent 
of 22:5? and 67:5? (correct upto two decimal places). 


In the right-angled triangle ABC, LBAC=22'5° 


-. LACB=90°-22'5°=67'S° 
AC=VAB?+ BC 


= VPP 
-T6 


C 


goon 


A 7cm B 
Fig. 30 
dg in 7 cm.. AC=7.6 cm. and BC-2:9 cm. 
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Now, with respect to /BAC-22:5*. AB=base, 
BC=perpendicular and AC=hypotenuse, and with respect 
to LACB=67'5° 
BC-base, AB- perpendicular and AC-hypotenuse 
-. sin 22:5» = 29 cm (approx) = 0:38 (approx) 
76cm 
; 7cm 
T5 = Sh = 0°92 (approx 
sin 6 76cm (@PProx) (approx) 
cos 22°5° = 2 (approx) = 0:92 (approx) 


cos 67:5? = em (approx) = 0°38 (approx) 


tan 22°5° = = em (approx) = 0°41 (approx) 


tan 67°5° = 392- (approx) = 2:41 (approx) 


Example 2: A boat Crosses a stream-188 metre wide, in 4 
minutes. If the Speed of the boat is 3 km/hr. and being 


' cos 20?—0:94 C B 


188m 


A X 
Fig-31 
A Let US Suppose that the boat Starts from A and reaches 2 
in 4 minutes. ; 


/ 


| 
| 
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LXAB=70° and AC=width of the stream=188 m. 


"^" LXAC=90 
.007 and LXAB=70°, 
-. LBAC=90°—70°=20° 


<`. the boat covers distance AB in 4 minutes moving 
With a speed of 3 km/hr, 


4 
AB=3 km x —- 200 m. 
m X5 200 m 
'. cos LCAB=cos 20° = AC 185. 0:94 (proved). 


Example 4: Find the value of sin?30°+4 cot^45?—sec?60* 
sin?30°+4 cot?45*—sec?60* 
1 1 
= (5)? + «ay-Qoy-iua-4-i 


Example 5: AD is a median of an equilateral triangle 
ABC. Prove that, sin BAD=cos LABD. 


Since AABC is equilateral and AD is a median, 
.. AD is perpendicular on BC and it bisects LBAC. 
A 
'. LBAD=30° sin and LABD=60° 
'". sin LBAD = 30° 
eed ues o 
= 5 =cos 60° = cos LABD. a E 
Fig. 30 A , 


es PL lcm 30" Cos 60°=} 
mple 6: Prove that cos 60 1+ tan230° OS 
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2 


1 
fat 
l—tan^30 _ (V3) 


“1+tan?30° 


". cos 60° = 


1. In an isosceles 


1—tan?30* 
1-tan?30* 


Exercise 3 


triangle ABC, AB-AC- 


BC=16 cm. If LBAC=106°, find the values of th 


trigonometrical ratios (correct 


D 


Measure 


2. Show that : 


rt sin 60° 
— =t jo 
(i) cos 60° tan 60 


(iti) cos 60°=cos239° 


;,j 2 tan 30° 
ty) — SS 
Gv) 1~tan? 30° Ms 


(v) tan? 1 sin 3 tan 


) sin Z tan € 
(vi) sin 3 tan 2 


+ sin Z 


Trigonometrical Tatios 


10 cm and 
e following 


up to two decimal Places). 


(ii) sin745°+.cos245°— 1 


—sin?30* 


3 tan? Z = 4 


1 
2 


3cos g = 2 sin? 7 
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3. Find the values of: 


(i) sin?45° — cosec? 60° + sec? 30° 
(ii) sec?45? — cot?45° — sin?30* — sin?60* 


(iii) 3 tan^45" — sin?60° — 3 cot^30* — $ sec^4s* 
(iv) 1 cot?30° + 3 sin?60* — 2 cosec?60° — i tan?30* 
(v) 1 cos30° , tan 60° 

5 sin 45° cos 30° 


" 2 tan 30? cosec 60° 
260? — cot?309?— £——— 

(vi) sec*60°—cot*30' LEAF 

(vii) 4 sin?45° + tan?60° + cosec?30° 


(viii) ian 60" — tan 30" , 55 60° cos 30° + sin 60" sin 30° 
1+tan 60° tan 30° 


(ix) cot? 30*—2cos? 60°—3 sec? 45°—4 sin? 30° 


; 2 ee o 
(x) iw a +cos 60° cos 30°—sin 60° sin 30° 
1+tan 60° tan 30° 


24ne 2eno 
(xi) ae +cosec?60°—cos?45°+sin?45°4+ ++ cot 0 
1—tan* 45° 1—cot* 60° 
1—sin? 30° _ cos? 60°+cos 30° _,. 
ii) —————— —À—— + (sin 60? tan 30° 
p 1+sin? 45? ' cosec? 90°—cot? 90° e 130) 
4. Prove that— 
(i) tan? 60*—2 sin 60° = 3 —cot 30° 
(ii) ^ J 15698 30... o 2452 cot'as* sec 60° 


1—cos 30° 


s 2tan?30* 2460 2450 — o 
45?—cot^45? = sec 60 
(iii) pm EM sec co 


5. (i) BD is a median of an equilateral triangle ABC. Prove 


that tan LABD = cot /BAD. 


(ti) In an isosceles triangle ABC, AB = AC and LBAC = 
` If the bisector of BAC meets BC at the point D, prove that 


sec LACD _ 2 CAD 
sin CAD cosec* L 


45 
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6. If x sin 45° cos 45° tan 60° = tan245° 
value of x. 


2 o jo 
7. If x sin 60° cos? 30» = fan” 45° sec 60° 


—cos 60°, find the 


p > find the value of x. 
cosec 60 


-west directio. 
Which runs nort 
the National Hig 


National Highway, 
of the school from hway? 


CHAPTER III 
TRIGONOMETRICAL RATIOS OF 
COMPLEMENTARY ANGLES 


You know from geometry that one angle is said to be 
complement of another, when the sum of the measures of 
two angles is equal to 90°. For example, as 30° + 60° = 90°, 
60° is complement of 30° and 30° is complement of 60°. 
Thus 53° is complement of 37°, 67°5° is complement of 
22:5? etc. In general, if # be an angle then its com- 
plementary angle will be 90°—#. 

Let us now see how we can find the trigonometrical 
ratios of 99*—4^, if we know those of £^. 


B 


Fig. 31 


In the adjoining figure, in the right-angled triangle, 
AOB, LAOB = 4; then its complementary angle LOAB is 
90*—4. 

Can you name the hypotenuse, perpendicular and 
base with respect to each of these two acute angles? 

With respect to f? With respect to (90°—#) 

Hypotenuse = OA Hypotenuse = OA 

Perpendicular= AB Perpendicular OB 

Base = OB Base = AB 


1l 


Now, in case of (90*—0), 


Sin (909—9) = Perpendicular _ OB 
* Hypotenuse OA 
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OB Base . 
R VP a Er cos (P; 
But in case of 9s Hypotenuse 


" " = Base Ap 
In case of (90 —), cos (90 e) potene DA 


fiat in case of P. AB _ Per, endicular 


= sin 0°; 
Hypotenuse Hn 
, °°) = Perpendicular _ og 
In case of (90 £^), tan (90 P) = Bor E 
But in case of p OB _ Base 


= cot f? 
Perpendicular " 
From above discussion, WC get 
sin (90°~9°) = cos (P 
Cos (90°~gr) = sin £P 
tan (90°~g°) eot f: 


l 1 
Therefo : 90°~¢°) = =— = sec (P 
Ts Sate OP) sin (90°F) ^ cos 


ego) l a P 
Sec (90 ) cos (OO) ar cosge 


cot t 1 ——, = tan £P. 


Remark: Look at th 
of 22:5? and 67°5°, which you have found inE 
22:5? = (0:38 = COs 67:59; because 67-59 is complement to 
22:5*. From the results obtained in that 


example find the 
values of Cosecant, secant and cotangent of 22-5° and 67:59 


The values of trigonometrical ratios of 30° and 60° 
(which are complementary angles) are compared below. 
This will help you to have a clear understanding of the 
relations shown above 


Sin 30° = cos 60° = À cosec 349 = sec 60° = 2 


cos 30° = sin 60° 3 Sec 30° = cosec 6()° = 5 


i 
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tan 30° = cot 60° 2—- p= P= 
wa cot 30° = tan 60° = V3. 
Again from these formulae we get 
m 1 ; 
sin 45° = cos 45° 2 —- ez p= 
cos vA sin 90° = cos 0 1 


cosec 45° = sec 45° = V2 cos 90° = sin 0° = 0 
tan 45° = cot 45° = 1. 


Example 1: A and B are two complementary angles. 
Prove that, 
(sin A + sin B)? = 1 + 2 sin A cos A. 


-- A and B are complementary angles. 

e. sin B = sin (90°—A) = cos A 

z. (sin A + sin B)? = (sin A + cos Ay 
= sin2A + cos?A + 2sin A cos A 
= 1 + 2sin A cos A. 


Example 2: Show that, sin °21° + sin? 69° = 1 
sin 79° = sin (90° — 21°) = cos 21° 
- gin? 21° + sin? 69° = sin? 21° + cos? 21° = I. 


sec? 15° 


Example 3: Show that, tan 15°+tan 75? =_2=—_____ 
V'sec^15?-1 


Proof: tan 15° + tan 75° = tan 15° + tan (90° — 15°) 


= tan 15° + cot 15° = tan 15° +4 


tan 15 


= _tan?15°+1 EE _ 


tan 15° Vsec715°-| 
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Exercise 4 


1. If 1 and B are two complementary angles, prove that— 


Aun R, 
(a) si? + sin?B =] (b) cot B + cos B = oe (+sin B) 


(c) at cot?B = 1 
os 


2. If sin 17° = H show that 


sec 17° — sin 73° C AN 


yvy - 
1 
3. P. a eo ea 1 
Tove that, sec? 12 moe 
4./A+/B= 90°; show that, 1 fan A _ sec? A, 
tan B 


5. Prove that, 
Cosec? 22°. cot? 68° = sin? 22° + sin? 68° + cot? 68° 


-6. If [P + /Q = 90°, show that, 


m 
cos P = Vine = sinp cos Q 
cos 


7. AOB isa diameter of a circle with centre O. Cis a point 


on the circle. Join A, C; B, C; O, C and prove that, 


(i) tan /ABC — cot LACO 
(ii) sin? [BCO + sin? LACO = 1 i 
(iii) cosec? /CAB—1 = tan? [ABC 
8. ABCD is a rectangle. Join A, C a 
(i) tan LACD = cot LACB 


il) tan? /CAD + | Se 
G) sin* /BAC 
E 


nd prove that, 


CHAPTER IV 


APPLICATION OF TRIGONOMETRICAL RATIOS IN 
PRACTICAL PROBLEMS 


In our introductory note ‘Why Trigonometry’ we said 
that we could find easily heights, lengths of some objects 
or distances between two objects with the help of 
trigonometry, which could not be done so easily by direct 
measurement. Let us suppose that there is a steep high hill 
somewhere. We will have to find out its height. It is 
difficult to climb the hill; it may even be dangerous. But 
without taking the trouble and risk of climbing the hill, we 
can find its height standing on the ground with the help of 
trigonometry. Similarly, from one bank of a canal we can 
find the height of a palm tree on the other bank or the 
distance of the palm «~e from this bank without crossing 
the canal. We can also find the heights of trees or 
monuments by measuring the lengths of their shadows. 
Even more than that, we can say from the earth how long 
the diameters of the Sun and the Moon are, how far they. 
are from the Earth etc. Some of these are illustrated in the 


. following examples. 


Angle of elevation and angle of depression : 

Let AB be a pole with A as the top. BP is the 
horizontal line through the foot of the pole (see figure). 
A 


angle of depression 


angle of elevation 


P 


O 


Fig. 32 
Now let us suppose that O is a point on BP. 
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Therefore, the angle of elevation of the point A with 


respect to the point O is /BOA. 
Again, it may happen that a man climbs up the pole, 


keeps his eyes at the point A and sees an object placed at 


The measure of the angle of depression will be LOAO 
A point to be noted : 

Here, BO || AQ and OA is the transversal. So LAOB, 
the angle of elevation — LOAQ, the angle of depression 
(being alternate angles). But even then they are to be 
indicated to solve problems. 

Remark: It has already been mentioned that generally 
you may have to deal with standard angles. If a problem 


Example 1: A coconut tree stands on the bank of your 
Pond. You want to measure its height without climbing up 
the tree. What Will you do? 
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Let AB represent the coconut tree. Its height is to be 
determined. i 

: You proceed along the bank of the pond to a point 
Which is at some distance from the foot of the tree. Then 
you find the angle of elevation of the top of the tree. You 
can now find the height of the tree using trigonometrical 
ratios. 

Here, you suppose that you have moved along the 
bank of the pond to a point C, 12 metres apart from the 
Point B, the foot of the coconut tree. The angle of 
elevation of the point A with respect to the point C is 


Supposed to be 60°. Y 
Now, if A, C are joined the right-angled triangle ABC 


will be obtained of which LACB = 60°. With respect to this 
angle the base BC = ... metres and the perpendicular AB 
7 the height of the coconut tree — x metres (say) 


*. tan LACB = tan 60° =Petpendicular _ x 
à 3 base 12 


Also you get, from the table of standard angles, 
tan 60° = V3 

x 
“a= V3 

12 
or, x = 12V3 = 12 x 1:722 (approx.) 

= 20:784 (approx.) 
.. the height of the coconut tree is 20784 metres 
(approx.) or, 20 metres and 78.4 centimetres (approx.). 


Example 2: A light post is bent at a point due to storm 

and the top of the light post meets the ground at a point 4 

Metres apart from the foot of the light post making an 

angle of the light post making an angle of 45° with the 

tha zontal line through these two points. How long was 
© light post? 


the a AB be the light post. It is bent at the point O and 
°P of the light post meets the ground at the point C. 


‘54 MATHEMATICS 
-. AO = OC and AB = AO + OB. Let AO = OC = 
x metres. 


A 


eA Do 
Fig. 34 ^m 


From the figure, you see that in the right-angled 
ABCO, LBCO = 45°, the base BC = 4 metres and the ! 
hypotenuse OC = x metres. 4 

Also see, since /BCO = 45°, therefore, the com- 
plementary angle /BOC = 45° 

.. BC = BO = 4 metres. 


Now, cos LBCO = cos 45° — Oe = 
hypotenuse * 


B 


Again we get from the table, cos 45° =L 
g g m the table, cos EA 


= 4V2 = 4 x 1414 (approx.) | 
= 5-656 (approx.) MN 

.. the height of the light post AB = AO + OB = 

75:656 + 4) metres (approx.) = 9-66 metres (approx-): 

that is, 9 m 66 cm (approx.). 


Example 3: A three-storied building stands on the 
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: pes a canal. You observe from a corner of the roof of 

uilding, the foot of a kilometre post just on th 
Opposite bank. If the angle of depression of the foot of thd 
Post at your eye is 30° and the height of the building is 10 
metres, what is the width of the canal? 


Let A, B, C denote the corner of the roof of the 
building, the foot of the building vertically below the 
corner point and the foot of the kilometre post just on the 
opposite bank respectively. A right-angled triangle ABC is 
formed by joining these points. 


Let AD be the horizontal line through A. 


LDAC, the angle of depression = LACB = 30°, and 
with respect to this angle perpendicular AB = 10 metres 
and base BC = width of the canal = x metres. 


quM X TS 
2. tan 30° = BC x Và 


sex = 10V3 = 10 x 1732 (appox) = 1732 
(approx. ) 
ory .. The width of the canal is 17.32 m (approx.) 
" m 32 cm (approx). 


s 60°, the 


shaq temple 4: When altitude of the Sun i 
the height 


of uo” Of a palm tree is 12 mi in length. What is 
“7 palm tree? 
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Lei AB denote the height of the palm tree and BC 
denote the length of the shadow and then 


AR A 


a 
B 12m C 


Fig 36 
^. LACB = 60°, BC = 12 m. Let, AB = x metres. 
pa AB Xo A 
Now, tan 60 BCD 3 
*. x = 12V3 = 12 x 1-732 (approx.) 
= 20784 (approx.) 


-. the height of the palm tree is 20:784 metres 
(approx). 


Example 5: You are standing on a bank of a river. A 
A 


B 


Y 


i ` D 
! Fig. 37 3 s 
factory is Situated at t 


he other bank. You are observing thé 


m OCC 


| 


\ 
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upper part of the chimney from a point. 
You see.how the height of the chimney can be 
determined from this bank without crossing the river. 


Let AB denote the height of the chimney. Let AB — x 
metres. At first you observe the top of the chimney from a 
point C on this bank, just opposite to the point B. The 
angle of elevation of the top of the chimney at the point C 
is 45° and D is a point on BC produced, at a distance of 14 
metres from this bank and the angle of elevation of the top 
of the chimney at the point D is found to be 30°. 


Let BC = y metres = breadth of the river. ` 


AB x a 

L -l- 45° = 1 e 
Then, 56 y tan (i) 

AB x 1 

a2 —_* '-(an30-2- " 

BD y-4 A eA V3 RE 


Now from equation no. (i) we get, x=y 
and substituting x for y and in equation no. (ii) we get, 


" went 

x+14 V3 
or, x VÀ = x+14 
or, xV3 — x = 14 
or, x( V3 — 1) = 14 
— 14 14 V341) 
v? vV3-1 2 


=7 (1-7324-1) (approx.) 
= 19-124 (approx.) 
^. the height of the chimney is 19-124 metres 
(approx. 


Example 6: The angle of elevation of fhe top of a 
ii nument when observed from a point on the roof of a 
“Storied building, 18 m high, is 45° and the angle of 
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Cepiession of the foot of the monument, when observed 
from the same point, is 60°. What is the height of the 
monument? 


C 
4 
R^ 
x—18 
[ol N 
A à P ? 
18m 
B A p . H 
Given that, Fig. 38 


AB=height of the five-storied building=18 m, /CAP = 
45°, LPAD = 60° = LADB. Let the height of the 
monüment- CD=xm .. CP=(x—18) m. 

Also let BD=y m=AP 

Then, tan LCAP=tan 45° 


BD) s ... (ii) 


Dividing equation no. (i) bye 

x18 1 | 
18 v3 

or, x V3 — 18 V3 = 1g , | 

or, x V3 = 18 V3 + 18 


quation no. (ii), we get, 
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or, x = 18 vH = 6 V3(V3 + 1) 


= 6 (3 + V3) = 6 x 4-732 (approx.) 
= 28-392 (approx.) 
the height of the monument is 28-392 metres 
(approx. ). 


Example 7: A ship lies at anchor at a distance from 
the sea shore. From a point on the deck of the ship the 
angles of elevation of the top and foot of a light-house 
Standing on the sea shore are 60* and 30? respectively. If 
the light-house is at a height of 8 metres from the sea level 
and the deck of the ship is at a height of 3 metres from the 
sea level, then what is the height of the light-house? 

A 


B 
5m 
D 
3m 
Fig. 39 
Let the height of the light-house = AB = x metres. 
LBOD = 30°, and 
SA ee 60°;BC = 8 metres and DC = 3 metres. 
- BD = 5 metres. 
HD B omui i 
Op ~ 3 = tan 30 “V3 . (i) 
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Again, 2 =**> — tan 69° = V3. ii 
gan, G y (ii) 


Dividing equation no. (ii) by equation no. (i), we get, 
x+5 


= 3 
5 
or, x+5 = 15 
or” X = 15-5 
or, X =10 


^. the height of the light-house is 10 metres. 


Example 8: From a point on the roof of a house, 11 
metres high, it is observed that the angles of depression of 
the top and foot of a lamp post are 30° and 60° 
respectively. What is the height of the lamp post? 

A 


lim 


xm 


D 


Fig. 40 
Given that, the height of the house A 
= 30° and /PAD = 60°; 
height of the lamp post C. 
<. PC=(11-x) m. 
Also, Jet AP=y m. 


Now, tan [PAC = 


and PD=AB=11 m. Let the 
=x m. 


PE s 
APO tan 30°, 
- Ii-x | 


y Cw (i) 


B=11 m, LPAC 
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Again, tan [PAD = P2- tan 60° 


5 U v3 (ii) 
y 
Dividing equation no. (i) by equation no. (ii), we get, 
IH-x d 
11 3 


On x =S=73 


^. the height of the lamp post is 7 metres. 


Example 9: From a quay of a river, 600 metres wide, 
two boats start in two different directions to reach the 
Opposite side of the river. The first boat moves making an 
angle of 30° with this bank and the second boat moves 
Making an angle of 90° with direction of the first boat. 
What will be the distance between the two boats when 
both of them reach the other side? 


P É D AQ 


x Y 


O Fig. 41 
fon, Let x Y be one bank of the river and the boats start 
the M Point O on this bank. Let OA be the direction of 
the we boat and OB be that of the second boat. A, B are 
"each ~Pective points, where the first and second boats 
© Opposite bank. 
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To find the distance AB. 


Given that, LAOY = 30°, LAOB = 90° 
and OD = 606 m. 
` <. LDOA = 60° and LBOD = 30° 
Let AD = x metres and BD = y metres. 
Now we get from right-angled triangles ABOD and 
AAOD, 


ee RV, 

200 tan 60° = V3 ..(1) 
m => 5 Pul. 

and zg ^ tan 30 x ...(2) 


`. adding equation nos. (1) and (2) we get, 


aT... f’ alk 
&9 ^ V3 +T 


or, x+y rage 600 = 4 x 200 V3 = 800 V3 


7800 x 1-732 (approx.) = 1385-6 (approx.) 
^. The distance between the two boats when they 
reach the other bank is 1385-6 metres (approx.). 
€ | 


N 
m 


B Fig. 42 
Example 10: ^ tadder is kept in contact with one wall 


iug[ 


P 
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of a five-storied building, vertically on the ground and it is 
found that the top of the ladder is 2 metres high from the 
roof of the building. The foot of the ladder is moved away 
perpenducularly from the bottom edge of that wall and it 
makes an angle of 60° with the line that joins the foot of 
the ladder and the point at the bottom of the building just 
below the point with which the ladder was in contact. If 
the height of the building is 16 metres, what is the distance 
Of the foot of the ladder from the wall? How below is the 
top of the ladder from the roof at present? i 


From adjoining figure, AB = height of the five-storied 
building = 16 metres, 
PQ = length of the ladder 
BC = (16 + 2) metres 
= 18 metres 
and /BPQ = 60° 
,, To find the lengths of PB and AQ, 
() Let BP = x metres, 
BP _ 1 


` By cr 
' PO 1g 008 60 5 


T" 9 
x 2 9 


f -’. The foot of the ladder is at a distance of 9 metres 
"Om the wall at present. 


fü) Now, let BQ = y métres, 


S BQ_y_ e = V3 
BP ~ga tan 60 


Uy =9 V3 =9 x 1-732 (approx.) = 15-59 (approx.) 

;,'- The top of the ledder is below the roof by a 

sistance of (16-15-59) metres (approx.), that is, 0-41 
“tte, (approx.) 


66 MATHEMATICS 
l dt = 
n= (i) 
"nox-y = 9V3 = 9 x 1:732 (approx) = 15:588 
(approx.) 
Substituting the value of x obtained from equation no. 
(i), we get, 
34-615 — y = 15:588 
or, y — 34:615 — 15:588 
= 19-027 (approx.). 
That is, the boat traverses approximately 19:027 


metres in 40 seconds. 
.'. Speed of the boat 


19-027 
40 


x 60 x 60 metres per hour (approx.) 


— 1712:43 metres per hour (approx.). 
Therefore (i) The width of the canal = 34:615 m. 
(approx.) 
(ii) The speed of the boat — 1712:43 m/hr. 
(approx.) 


Exercise 5 


1. The angle of elevation of the top of a coconut tree from à 
point on the ground is 60° If the point is 20 m apart from the 
foot of the tree, what is the height of the tree? 


2. One flies a kite with a thread 150 m long. If the thread of 
the kite makes an angle of 60° with the horizontal line, how high 
is the kite from the ground? 


3. Fire breaks at the second floor of a house. Fire brigadiers 
fix the top of a ladder at one window of the second floor and 
throw water by a hose pipe. If the ladder is 6V3 metres long and 
makes an angle of 60° with the ground, find the height where the 


window stands. 
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4. A telegraph Post is bent at a point above the ground due 
to storm. Its top just meets the ground at a distance of 8V3 
Metres from its foot and makes an angle of 30°. At what height is 
the post bent? What is the height of the post? 


5. Two houses stand just on the opposite sides of a road. A 
ladder that stands against the wall of the first house is at a 
distanc of 6 metres from the house and makes an angle of 30° 
With the horizontal line: But if the ladder stands against the wall 
of the second house keeping its foot at the same point, it makes 
an angle of 60° with the horizontal line. Assuming that the points 
where the top of the ladder is fixed are just above the opposite 
sides of the road. Find 

(i) the length of the ladder, 
(ii) the distance of the foot of the ladder from the wall of 
the second house, 


(iii) the width of the Toad, 
v+, the height where the top of the ladder is fixed with 
the wall of the second house. 


6. The angle of elevation of the top of a chimney from a 
Point on the horizontal line through the foot of the chimney is 
60°. The angle of elevation from another point on the same line 
at a distance of 24 metres from the first point is 30°. What is the 
height of the chimney? 

[Find the approximate value correct to three decimal 
Places, assuming V3 = 1:732 (approx.)]. 


. . 7. A palm tree stands on the bank of a river. A post is fixed 

'ū the earth on the other bank just opposite to the palm tree. On 

moving 7V3 metres from the post along the bank it is found that 

i he tree makes an angle of 60° at that point with respect to this 
"nk. Find the width of the river. 


su S The length of the shadow of a tower is 9 metres when 
1's altitude is 30°. What is the height of the tower? 


Of a 9. When sun’s altitude increases from 45? to 60°, the shadow 

Pos: St is diminished by 3 metres. What is the height of the 

Va. n und approximately correct to three decimal places taking 
2 (approx.)]. 
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10. When the top of a chimney of a factory is seen from a 
point, on the roof of a three-storied building, just opposite to the 
chimney, the angle of elevation is 30°. If the building is 9V3 
metres high and the distance betweén the factory and the 
chimney is 30 metres, what is the height of the chimney? 


11. Three points one each at the bottom of two ships and a 


light-house are on the same straight line, From a point at the top 
of the light-house just vertically above the point at the bottom, 
the angles of depression of the points at the bottom of the ships 
are 60° and 30° respectively. If the distance of the points at the 
bottom of the light-house and at the bottom of the first ship is 
150 metres, what is the distance between the two points, one at 
the bottom of the light-house and the other at the bottom of the 
other ship? What is the height of the light-house? 


12. From a point on the roof of a five-storied building the 
angle of elevation of the top of a monument and that of 
depression of the foot of the monument are 60° and 30° 
respectively. The height of the building is 16 metres. Assuming 
that the distance of the point on the roof from the monument is 
same as the distance between the monument and the building, 
find the height of the monument. How far is the building from 
the monument? 


13. The thread of a flying kite is 250 metres long. When the 
thread makes an angle of 60? with the horizontal line through the 
end of the thread fixed with the reel, what is the height of the 
kite from that point? If the thread makes an angle of 45*, what is 
the height? In which of these two cases, will the kite be at a 
greater height from the ground? 


14. A passenger in an aeroplane observes that Howrah 
Station is on one side of the plane and Saheed Minar is just on 
the opposite side. The angles of depression of Howrah Station 
and Saheed Minar (which are taken to be two points) as 
observed by that passanger are60° and 30° respectively. If the 
aeroplane is at a height of 545 V/3 metres at that time, what is the 
distance between Howrah Station and Saheed Minar? 

15. The length of the flag post set at the roof of the second 
floor of the Writers’ Building is 3-3 metres. From a point o 
B.B.D. Bag the angles of elevation of the top and foot of the 
post are 50? and 45? respectively. Find the height of the Writers 
Building in metres approximately correct to two decimal places- 
(Take tan 50° = 1-192) 


A 


"A 


A 
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16. The heights of two towers are 180 metres and 60 metres 
respectively. If the angle of elevation of the top of the first tower 
from the foot of the second tower is 60°, what is the angle of 
elevation of the top of the second tower from the foot of the 
irst? 


17. The shadow of a tower becomes 60 metres longer when 
the altitude of the sun changes from 45° to 30° What is the height 
of the tower? 


18. From a point on the horizontal line through the foot of a 
chimney the angle of elevation of the top of the chimney is 30° 
and the angle of elevation of the top of the chimney is 60° at a 
point on the same straight line 50 metres nearer to the chimney. _ 
What is the height of the chimney? 


19. A boat is approaching straightaway a bridge on a canal. 
From a point on the board of the boat the angle of elevation of a 
point on the bridge just vertically above from the straight line in 
Which the boat is moving is 30°. The boat reaches below the 
bridge proceeding 24 metres along the same straight path. What 
is the height of the bridge from the board of the boat? 


20. A vertical post, 126 dcm high is bent at a point above the 
Bround and it just meets the ground making an angle of 30° with 
the ground. At what height was the post bent and at what 
distance does it meet the ground from the foot of the post? 


21. The angle of depression of the top of a fountain from a 
Point of the window on the fourth floor of a multi-storied 
building is 45*; but the angle of elevation of a point of the 
window on the first floor vertically below the point on the fourth 
floor from the top of the fountain is 30°. The distance of these 
two points from the fountain are the same as distance between 
the building and the fountain, which is 12 metres. What is the 
distance between the two windows? (V3 = 1-732) 


. 22. A man standing in the midst of a field observes a flying 
bird in his north at an angle of elevation of 30° and after 2 
Minutes he observes the bird in his south at an angle of elevation 
S 60°, If the bird flies in a straight line all along at a height of 

V3 metres, what is its speed? 
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23. A man Standing on a railway overbridge 5V3 metres 
high observes the top-most point of the front of the engine at an 
angle of depression of 30°, But just after 2 seconds he observes 
the same point on the engine at an angle of depression of 45°. 
The point vertically below the point where the man Stands are in 
the same straight line with two positions of the point on the 
engine. Find the speed of the train. (Find in kilometres per hour 
approximately correct to three places of decimals, assuming V3 
= 1-732 (approx.). : 


24. Two boats start from Bhatpara quay making an angle of 
75* with each other and reach at two separate quays on the other 
side of the river. The first boat moves making an angle of 60° 
with this side of the river. Both the boats take 10 minutes to 
reach the-other side. If width of the Banges at that time is 1200 
metres, then (i) What was the speed of the first boat? (ii) What 
was the distance between the two quays on the other side? (iii) 
What was the speed of the second boat? (V3 = 1-732) 


25. In the morning Anupam standing in the midst of a field 
observes a bird to fly from east to west. When the bird is just 
over his head he observes that its shadow falls‘on the ground at a 
distance of 200 metres from him. If the altitude of the sun is 30°, 
what was the height of the bird from the ground? 


26. A betel-nut tree is bent at a height of 15 metres above 
the ground and its top just meets the ground. If this bent part 
makes an angle of 60° with the ground, what was the height of 
the tree and at what distance does its top meet the ground from 
the foot of the tree? 


27. Two light post of equal height stand just on opposite 
sides of a road, 12 metres wide. A multi-storied building is on 
the same vertical plane with them. Murshid observes from a 
point on the roof of the building the tops of the light posts at 
angles of depression of 60° and 45° respectively. If the point at 
the bottom of the building just vertically below the point from 
where Murshid observes and the foots of light posts are on the 
same straight line, find the distance of the house from the road. 
If each light post is 5 metres high, what is the height of the 
building? 
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. _ 28. A flag post stands on a monument. When sun's altitude 
is 30° the length of the shadow of the flag post is 3V3 metres. 
What was the length of the flag post? If the height of the 
monument is 15 metres, what will be the length of the shadow of 
the monument together with that of the flag post? 


29. A bridge stands at right angles to the bank of the river. 
If one moves away a certain distance from the bridge along this 
side of the river the other end of the bridge is seen at an angle of 
45°. If that person moves a further distance of 400 metres in the 
same direction the other end is seen at an angle of 30°. What is 
the length of the bridge? 


30. A house, 15 metres high, stands on one side of a park 
and from a point on the roof of the house the angle of depression 
of the foot of a chimney is 30? and the angle of elevation of the 
top of the chimney is 60*. The distance of the point on the roof 
from the chimney is the same as the distance between the house 
and the chimney. What is the height of the chimney? What is the 
distance between the house and the chimney? 


31. Babai observes, from a point on the roof of the house, 
Papai at a point on the window on the ground floor of a 
five-&toried building which is just opposite on the other side of a 
field and also observes Tatai at a point on the window on the 
fourth floor of the same building. The distance of these two 
points from the vertical line through the point from where Babai 
Observes is the same as the distance between the house of Babai 
and the five-storied building. The angle of depression at which 
Babai observes Papai is 30*. and the angle of elevation at which 
Babai observes Tatai is also 30°. If the distance between two 
houses is 24 metres and tlie point on the window of the ground 
floor is at a height of 2V3 metres, find the distance between 
Papai and Tatai and also the height of the house of Babai. 


32. Bablu was flying a kite in the morning with a long 
thread. The kite was on the western sky making an angle of 60* 
with the ground. The shadow of the kite falls on the ground at a 


distance of m metres from Bablu. If the altitude of the sun is 


60°, find (i) the height of the kite from the ground, (ii) the length 
" the thread that Bablu released. (Ignore the height of the reel 
om the ground and take V3 = 1-732.) i 
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ANSWERS 3 
Geometry à 
Exercise 1 


1. 55°, equiangular 2. (i) 16 rt. angle, 4 rt. angles, 20 rt. 
angles, 4 rt. angles (ii) 9 (iii) 12 (iv) 140°, 40° 3. 64° 4. 55°, 117:5*; 
55°, 117°5°, 70° 5. (i) non-collinear (ii) collinear (iii) collinear 
(iv) non-collinear (v) collinear (vi) collinear (vii) collinear (viii) 
collinear 6. 90° 7. 90° 8. AB=AD 9. 135°, 45°, 135° 10 60°, OA, 
OD; OB; OE; OC; OF; regular hexagon 11. (i) BC, AB, AC (ii) 
LA, LC, LB 12. LAOD-108, LDOB=72°, :LBOC=108°, 
LCOA=72? (i) LBAC + LACD = 2 rt angles (ii) LABC = [BCD 
(iii) (A) LCDB+LABD=2 rt. angles (B) [CDB=LABE 14. (ü 
and (ii) possible, in case of (i) sides 2 cm and 6 cm are on the 
same side of the diagonal and sides 5 cm and 4 cm are on the 
other side of the diagonal, in case of (iii) sides may be taken in 
any order. 15. 12 cm. 16 OR, smallest, OQ=OS, no 17 (i) If two 
adjacent angles are equal and if two exterior angles are in a 
straight line, then each angle will be a right angle. (ii) Of two 
triangles sides and the included angle of one is equal to two sides 
and the included angie of the other, then those two triangles are 
congruent. (iii) Of two triangles if two angles and one side of one 
is equal to two angles and the corresponding side of the other, 
then those two triangles are congruent. (iv) If two triangles are 
congruent then the corresponding angles and corresponding 
Sides will be equal. (v) (a) Since two corresponding angles /BGE 
and /DHG are equal, therefore, AB and CD are parallel (5) 
Since two alternate angles /BGH and /GHC are equal, 
therefore, AB and CD are parallel. 18 (i) /A—/Q, LC=LP (ii) 
PR=XY, PQ-YZ (iii) LA-IZ, LB-LY, iC-1X 


Exercise 2 


1. parallelogram 2. ABEC, ABFD 3. AC || DB, AD |! CB 

parallelogram 5. AB || EF, rectangle 6. AD|| BC 7. 
Concurrent 8. each is a parallelogram. (i) AP=AQ (ii) BP=BR 
(üi) CR=CQ (iv) AB=} QR (v) BC=} PQ (vi) CA=} RP 9. 
Perpendicular bisectors are concurrent 10. internal bisectors are 
Concurrent 11. medians are concurrent 12. parallelogram. 


Exercise 3 


1. 360°; 180°; AB || DC 8. BCEF would be a parallelogram. 


6 MATHEMATICS 
Exercise 24 
1. (i) 6 units (ii) 9 units (iii) 4 units 2. (i) No (ii) Yes. . 
Exercise 28 
2. On the circle 3. The point D lies on the circle 4. Radii are 
equal. 5. The point B lies on that circle, ABCD is an isosceles 
trapezium 6. The point of intersection of the diagonals will be 
the centre. the radius will be half of any of the diagonals. 
Exercise 29 
1. (i) 1:6 cm (approx.) (ii) 1:9 cm (approx.) (iii) 2:2 cm 
(approx.) (iv) 2:3 cm (approx.) (v) 2 cm (approx.) (vi) 2'1 cm 
(approx.) 2. 4 cm (approx.) 2 cm (approx.) Circum-radius is 
twice the in-radius. 
Exercise 30 
4. Parallel 5. Square 


Exercise 31 


1. 6 cm 2. At the point B or C 3. Common tangent 4. 90° 


Exercise 33 
2. 10 cm. 8 cm. 
Exercise 34 
1. (i) 3 cm (ii) 3*5 cm (approx.) (iii) 5:7 cm (approx.) (iv) 
5:7 cm (approx.) (v) 5:5 cm (approx.) (vi) 6 cm 3. (i) 2:6 
(approx.) (ii) 3:9 (approx.) (iii) 3-5 (approx.) (iv) 42 (approx. ) 
. (v) 49 (approx.) (vi) 5:5 (approx. ) 


Miscellaneous Exercise 7 


1. 4 cm, will pass 2. 7 cm 3. 6:5 cm 4. 2 cm 5. 13cm 6 10 cm 7. 


ANSWERS 7 
(ii) 8. 91° 9. 70° 10 114° 11. 90°, 65° 12./BDC=125°, 
LDCA=125°, CAB-SS, [ABD=55° . 13. /BA C=60°, 
LABC-50*, LBCA=70°; LEAC=20°, LCEA=130°, LACE-30* 
14. 8 cm, 8 cm, 9:6 cm, 3°6 cm. 15. 12 cm, 6 cm 16. 5 cm, 17.°.5 
cm, 4 cm, 3 cm; right-angled triangle. 


Miscellaneous Exercise 8 


1. (i) three (ii) bisects (iii) 90° (iv) half (v) equal 
(vi) right angle, acute angle, obtuse angle (vii) supplementary 
(viii) concyclic (ix) cyclic (x) perpendicular (xi) equal, equal, 
bisector, bisects, at, right, angles (xii) straight, line, equal; sum, 
radii (xiii) collinear, equal; difference, radii. (xiv) proportionally 
(xv) parallel (xvi) corresponding, proportional (xvii) 
. proportional,  equiangular (or similar) (xviii) similar, 
themselves, similar (xix) hypotenuse, equal, sum, squares (xx) a 
right. 


2. (i) bisects (ii) concurrent, point, on (iii) isosceles 
(iv) rectangle (v) diameter (vi) parallel (vii) perpendicular, 
bisector (viii) equal (ix) point. intersection, perpendicular, 
bisectors (x) bisector. 


3. (i) Only one circle can be drawn through any three 
non-collinear points.. (ii) Correct (iii) An angle at the centre of a 
circle is double the angle at the circumference standing on the 
same arc. (iv) The corresponding sides of equiangular triangles 
are proportional. (v) The perpendicular drawn to the end point 
(which is not the centre) of a radius of a circle is a tangent to the 
Circle at that point. (vi) Tangents to a circle at any two points 
(which are not the end points of a diameter) on the circle must 
intersect each other. (vii) Correct (viii) Correct (ix) Correct (x) 
Correct. 


Miscellaneous Exercise 9 


ie L. Chord, bisecting any two sides at right angle, the line 
a na that joins the point of intersection of two perpendi- 
Mp. isectors and any of the vertices 2. Tangent, bisecting any 
inte drawing perpendicular to any side from the point of 
s ction of the angle-bisectors 3. They are situated at right 

ngles 4, 90°, 90° 5, (i) right-angled triangle (ii) equal to the 
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difference of radii of two circles (iii) drawing two arcs— one with 
the mid-point of AB as centre and half of AB as radius, and the 
other with centre A and the difference of the radii of two circles 
as radius (or, drawing a circle with centre A and the difference of 
the radii of two circles as radius, and drawing a semi-circle with 
AB as diameter) (iv) P is the point where AR produced meets 
the circle (v) Drawing parallel to RB through the point P 7. 
Rectangle 8. (i) Right-angled triangle (ii) equal to the sum of 
the radii of two circles (iii) drawing two arcs— one with the 
mid-point of AB as centre and half of AB as radius, and the 
other with A as centre and the sum of the radii of two circles as 
radius (or, drawing a circle with centre A and the sum of the 
radii of two circles as radius and drawing a semi-circle with AB 
as diameter) (iv) P is the point where AR meets the circle (v) 
Drawing parallel to RB through the point P 10. b?=ac, AD, 
AD, BC=a+b, will have to draw a semi-circle with BC as 
diameter, drawing perpendicular to BC from the point D. 11. 
AC, BD=a-b, will have to draw a semi-circle with BC as 
diameter 12. Right-angled triangle, Vab is the mean- 
proportional of a and b 13. 4-9 (approx.) 


Miscellaneous Exercise 10 
27. No. The property ‘If two triangles are equiangular, their 
corresponding sides are proportional’ that has been used to 
prove the theorem, but this property has again been used to 
prove the above mentioned property. 
Trigonometry 
Exercise 1 
1. (i) 13752" (ii) 2°1'52" (iii) 6'15” (iv) 27°5' (v) 72/2/24" 2. (i) 1 
ji) 3% (ii) -ŠT iv) 3 (y) f (vi) -37 (yii) 473, 100°. 974,7 
(ii) 1 (iii) 6 (iv) 20 (v) 8 (vi) 8 (vii) 1607 100°, 9 4. 1 
5. 75°, 60° and 2%, 6. Two complete revolutions and an angle of 
` 195°: clockwise direction 7. gr m 8. 60* 9, LBAD=LBCD=34; 
LABD-LCBD-. %10. /BAD=LDBC= 37/ABD = LBCD= 


and LADB=LBDC= 2 11. LEAC=LAEC=2, lACE- 28 


A 
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Exercise 2 
MIRE: g 40.24.5945 2.5 
S4 “mE rB £3. BDS "7 
8.a Lai v2«1 () 0 v0 (v) Lowo (vii) 221. 
2 13 v3 v3 
(viii) REV i 5 (xi) +5 (xi 1(xiii) A si V3 
1 a 19 1 ak | n Vm +n? 
or =. = (iv) (ev) 30,5... Vata 
ys (99 69 e) e EP 


n 
Exercise 3 


1. 0-6, 0-8, 0:75, 1-67, 1-25, 1-33 and 0:8, 0-6, 1:33, 1:25, 


1:67, 0:75 3. (i) ; (ii) 0 (iii) 1 (iv) 3 (E> (vi 0 (vii) 9 (vii) 
|y UV 
2V3 (ix) 0 (x) vs (xi) 53 (xii) 16. u^ 25 8. +5 9. 530 m. 


Exercise 5 


1. 203 m 2. 75V3 m 3. 9 m 4. 8 m, 24 m 5. (i) 4V3 m 
(ii) 2V3 m, (iii) 2 (3-- V3) m (iv) 6 m 6. 20-784 m 7. 21 m 
8. 3v3 m 9. 7-098 m. 10. 19'V3 m 11. 450 m, 150 V3 m 12. 64 m, 
16V3 m 13. 125V3 m, 125V2, in the first case 14. 2180 m 
15. 17-19 m (approx.) 16. 30° 17. 81:96 m (approx.) 18. 253m 
19. 8V3 m 20. 42 dcm, 42'V3 dcm 21. 5:072 m. 22. 6 km/hr. 
23. 42.588 km/hr. (approx.) 24. (i) 8:32 km/hr. (approx.), 
1892-8 m, 10-18 km/hr, (approx.) 25. 115-47 m (approx.) 26. 
32:32'm, 8-66 m (approx.) 27. 16:392 m, 33:392 m 28. 3 m, 18V3 
m 29. 200(V/3--1) m 30. 45 m, 15 V3 m., 31. 16V3 m, 10V3 m, 
32. 100 m 115-47 m (approx.) 


Mensuration 
Miscellaneous Exercise 


sa P 30 sq. m. and 50 m. 2. 864 sq. m. 3. 4200 sq. m. 4. 64 
r m. 5. Rs. 162 6. 2000 tiles 7. 659-34 sq. m., 62:64 sq. m. 8. 
n Sq. cm. 9, 45 cm., 10. height=4V3 cm, area = 16 V3 sq. m. 

` Perimetre = 30V3 cm, area = 75V3 sq. cm. 12. 42 sq. cm. 
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13. 4-615 cm (approx.) 14.24 cm. 15. 12sq. cm. 16. 12 cm., 48 
Sq. cm. 17. 15 cm. 18. 48 cm, 109 sq. cm. 19. 12 cm, 20. 
40V3 sq. cm. 21. area = 108 V15 sq. m? Yim, 22. 3:5 km, 
Rs. 33-075 23. 20 m. 24. perimetre = 24 dcm, area = 24 sq. 
dcm. 25. 15 m. 26. 324 V6 sq. m. 27. 30V13 km. 28. 26 m. 
29. 16 : 9 30. 15 cm. 


Exercise 2 


1. 132 m. 2. 110.cm. 3. Rs. 114-40 4.12500 5.2,5 6.17.5 
cm. 7. 1540 m, 154 m. 8. 46:2 km. 9. 7 cm. 10. 4-4 dcm. 11. 
21cm. 12.8cm, 12cm. 13.63cm. 14.3-5cm. 15. 77m, 21 m. 
16. 22 cm. 17. 14400 


Exercise 3 


1. (i) 5544 sq. m, (ii) 154 sq. m, (iii) 124-74 sq. m, (iv) 75 sq, 
m. 46 sq. dcm. 2. 154 sq. cm. 3. 42 m, 1386 sq. m. 4.28 m. 5. 
16:94 sq. m. 6. 1232 sq. m. 7. 550 sq. cm. 8. 56 cm, 196 sq. cm. 
9. 42 sq. m. 10. perimetre of square: circumference = 
2V7:V22 11. 21 cm. 12: 1389850 sq. m. 13. 45-5 sq. cm. 14. 
346-5 sq. m. 15. 6 kg 160 gr, 154 gr. 16. 9:25:49 17. 22176 sq. 
m. 


Miscellaneous Exercise 


22 Sq. cm, i-a A=36 sq. cm; 
l=b=2V5 cm; [-b-9V2 m, A=162 sq. m; A=32 sq. m; 
A-2V21 sq. m, h=V21 m; A=9-922 sq. cm (approx.); A=6 
Sq. m; A=154 sq. cm; A=38-5 sq. m; A (of circle)=145 sq. m 
2. (i) 39 cm (ii) 27 cm (iii) 84 dcm (iv) 36-m (v) 12 m (vi) 28 cm 
(vii) 64 V2 m (viii) 20 cm ‘(ix) 26 cm (x) 44 mm 3. (i) 10 m 
(ii) 30 m (iii) 4V3 m, 16V3 sq.m (iv) 12 V3 cm, 108 V3 sq. cm 4. 
30 sq. cm 5. 5-4 m 6. 12-5 m 7. 12 V7 sq. cm 8. 108 m, 144m, 180 
m, 432 m 9. 16V3 sq. cm 10. 2 km apart from each village 11. 
459 sq. m 12. AD=234 m, BC=270 m 13. 8 cm 14. 6400 pieces 
15. 484 sq. m, 212-5 sq. m 16. 30 cm 17. Rs. 1075 18. 3023-75 sq. 
m, Rs. 3045-00 19. 437-5 sq. m, 587-5 sq. m 20. 346:5 sq. cm 21. 
14 min. 24 sec. 22. Rs. 1559-25 23. 14 cm, 21 cm; 16 : 5 : 4. 


1. A=50 sq. cm; A= 


"d 


a 
Exercise 4 


1. Rs. 100-40 2. Rs, 374-00 3. Rs. 121-28 4. Rs. 201-00 
5. 3 m 6. 5-5 m, 4-4 m, 3:33 m. 7. 2:04 cu. m. 8. 3500 cu. m., Rs. 
14875-00 9. 11 pieces 10. 850 kilolitres 11. 1-1 m 12. 150 m 13. 
200 gms 14. 13-75 cu. m 15. 135 pieces 16. 0-75 m 17. 18 litres 18. 
Length 2-2 m, breadth 1-6 m 19. 26-25 c.c, 1:5 em 20. 10000 
pieces 21. 2 dcm 22. 2 m, 1-5 m; No, because only 1500 litres of 
oil can be contained in the tub 23. 1 m, 8 dcm 24. 2040 pieces 25. 
6880 litres 26. 2 metres 27. 5 dcm, Rs. 258-50 28. 7 hrs. 24 min, 
5 dcm. 


Exercise 5 


1. Rs. 145-53 2. Rs. 201-96 3. Rs. 554-40 4. 6 dcm 5. 6-4 dcm 
6. Rs. 277-20 7. 1386 c.c. 8. 3326-4 cu. dcm 9. 14437-5 litres 
- 10. 27:72 cu. m 11. 1232 cu. dem, 704 cu. dem, 352 cu. dcm, 176 cu. 
dem. 12. 1232 c.c. 13. 16 pieces 14. 1:5 kg 15. 325 gms 16. 13365 
litres 17. 7700 litres 18. 7 cm 19. 2660 litres 20. 7 hrs. 21. 3:2 cm 


22. 4-05 dcm. 23. 1:4 m 24. $ parts 25. 13 min. 26. 2-1 m 27. 200 


metres 28. 3-08 cu. m, 0-84 cu. m. 29. 302-4 cu. dem, 172-8 cu. 
dem. 30. 13-86 cu. dem 31. 134-75 cu. m, 19-25 cu. m 32. 41:58 
Cu. dcm, 2 quintals 7-9 kg. 33. 277-2 cu. dem, 55-44 cu. dém 


34. (i) 8:25 m (ii) 9240 litres (iii) 18-48 litres 35. (i) E (ii) 27720 
litres (iii) 55440 litres. 


Exercise 6 


1. 264 sq. cm 2. Rs. 132 3. 24 cm 4. 38.5 sq. m 5. 4273 sq. m, 
17 m 6. 0-616 cu. dem 7. 1617 cu. m 8. 23-1 sq. m, 12-936 cu. m 
9. 373 cu. m, 4m 19. 4 c.c. 11. 2:4 km 12. 3:5 dem 14. 14 cm., 
1755 cm. 15. 2849 cu. dem. 


Exercise 7 
1. Rs. 9-24 2, 2-8 dcm 3. 10-5 cm 4. 38-808 c.c., 55-44 sq. 


cm. 5, g pieces 6. 8 pieces, 4-851 cu. dcm 7. Rs. 41:58 8. 36 : 25 
z 50-4 cm 10. 1-4 dem 11. 8cm 12. 2-1 dcm 14. 4 pieces 15. 12 
cm. 


